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EVOLUTION OF QUANTUM THEORY 



. I Classical Mechanics deals with the macroscopic systems U-7 ■■ , 

lie systems containing-huge number of atoms or molecules an 
are directly observable or observable with the help of .instrum 
." like microscope.. If, the end of 19th century, with the discovery of 
■ electrons. X-rays,; and radio-activity, .the possibility arose of 
studying the individual atoms and molecules. It was then seen that 
classical theory was unable to explain the properties of atoms and 
'molecules and their interactions with electromagnetic radiation. 

- As a result of the efforts to modify the laws of classical physics* 

■Kso that they can explain the behaviour of atoms and molecules, a 
5'-new theoretical discipline, called the quantum theory,- was deve- 
^loped by Schro dinger, Heisenberg, Dirac and others. We begin 
i / this chapter by discussing, the difficulties encountered in explaining 
; a few of the atomic phenomena by classical theory and the subse¬ 
quent quantum mechanical explanation for them. 

1*1. BLACK BODY RADIATION : , 

- :V . . . v 

A perfectly black body is one which absorbs totally all the 
radiation of any wavelength Which fall on it. Since, Whatever 
'/ the colour of incident radiation may be, it neither reflects nor 
transmits any radiation, it appears black. On the other hand,. 

- When such a body is heated to some temperature, it emits radia- 
: lion of all possible wavelengths, called the black-body radiation. 

* Lummer and Pringsheim (1899) made experiments to determine 
v the : distribution of energy .among radiation of different waVe- 
lengths emitted by a black-body at various temperatures; Their 
results are depicted in Fig.T. • A close.. investigation reveals the / 
following important facts .* . 

y ‘ ^ * t . * - 

l V/, (0 At a given temperature, the energy is not uniformly 
. distributed in the radiation spectrum. , - >y • 

;;y 0*0 At a given temperature, the intensity of.'radiation incre- ( 

; ases with increase in wavelength and becomes- maximum at ; ,a M v ‘ 

F.v>:■•■•'•-i .! •*• ** 
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EVOLUTION OF QU\NTUM THEORY 


capable of vibrating wi ,h all possible frequencies. The frequence of 
a radiation emitted by an oscillator is the satne as fZfiZZ 

mm2 Tea An OScil,a,or canno1 em “ «»«» in a continuous 

’ ' '' an e ' mt ener Sy m the multiples of the unit called 

TZe'ini? T U T r h " ibra ‘ inS WM «frW**V ». U can only 

■ Planck's r ! ° f ™ SnUude h where h is « constant, called 

■ ■ Fianck s constant and its value-is &625 x 70" 27 erg-sec. 

If N is the total number of Planck’s oscillator and E is their 
o al energy, then the average energy per oscillator is given by 

\ = F .... . ...(3) 

hflvinn^ 0 ' •> N n , ...etc. be the number of oscillators 

g nergies 0, e=/iv, 2e, ..., /ie, ... etc., respectively, then 


. N=N 0 +N x +...+N n +..:= £ N n 

n=0 


...(4) 


and 


E -e (iVi-f2W a +...-i-niV B +...)= * neN„ ...(5) 

n-0 . 

According to Maxwell’s distribution formula, the probability 
for an oscillator to possess an energy E is given by 

exp (- ElkT ). 

Hence the average energy per oscillator can be written as 


- e n "° 

€ = 


2 me~ n * l kT 


A » 

£ g-nt',kT 


„.( 6 ) 


ti=0 


Putting e~*l kT ~x, we have 

£ g-»*/ fcr =l-{-X'-|-;x; 2 +...= 1 __ 1 

n-o l—x 


and 


2’ mer*'i* T =e (x+2x 2 +3x s +...) 

n = 0 


dx\l—x ] (l—x ) 2 

ee~ ( i kT 

~Xl-e-' ikT y * 
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~ fC~ , F' T 
€ ~- 


//V 


1 e <ihT_j ;;/tTZJ. 


...(7) 


per unirvo,ume in ,he rre - 

^_8/,V' f/y 

~ -(S) 

by equation (7)f xve^euhc to7^ gC GnCrgy per oscilJator ’ g ive « 

to ran S e ^ or the energy density Unjt V ° Jume beIonging 

ergy density belonging to range </ v as 

' £, ci v ^*J!?L _ l _ , 

rp, . c 3 • e Av/W_.j “V. *..(9) 

• Th ! S ! S n0Wn as Planck's radiation law 
This law can be represented in terms of wave,ength as 

v= — and , A 
877 /fC ] 

^ ...(JO) 


^A- 


p. A c ’ e c,t /*kT-.i M/ »* ...(10) 


17 t, Sn/lC 

E> dx ~~xr e ~ hc, *’ :T d\. 


This is Wien’s law, with ^=g„ rf and 


•■■(II) 


Therefore,' Sh temperatares “nd large wavelengths, Aris large. 


tl + 


he 


XkT 

SrzkT 

A 4 


■- 1 ' e T ‘ c H : >T, 

Using it into (10), we get 

This is the Rayfeigh-JeanltT^f ■ ^ 

... •» Starts «:« a „ 
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EVOLUTI 0K op studies of photoelectric effect 

as photoelectric effect. Expenme 

show that: . . =nllpncv t he photoelectric current 

(0 For light of any S‘ ven f [ q it ’ of light, provided the fre- 

- thereis acertain 

( ») 1 given frequency, below which 

fSShotSrons stops completely, no matter how 

great is the intensity of llght . ' js ^ instantane ous process. 

' (Hi) The photoelectric em ^ threshold frequency. 

As soon as the frequency . ^ j any apparent lag. ; 

the emission starts immediately rf ^ photo . electr ons is 

(<>) The maximum kinetic^^ ^ incide nt 

found to increase wi exceeds the threshold limit. The 

hght Pto^dt^ y howev er, found to be independent of 
maximum kinetic energy , 

the intensity of light. ■ _ ^ emission co u,d not be 

The above laws, f ic ^ wave theory of light. According to 
accounted forby th rad i a tion, having a stronger 

classical cons, derations,^mmejnt^ Contrary 

electric e . won ^ photoe lectrons is independent of the 

to this, ' . light. Also, the existence of a threshold 

difficult' o t^oXl^sonU wave theory of light,, 
ihe energy of wave is distributed equally over the entire wavefront, 
whereas the electron has a very small target area. Calculations 
show that in case of sodium, the time required for a photoelectron 
to absorb the energy of emission would be more than 100 days, 
whereas, experimentally the effect is almost instantaneous, i 

In 1905, Einstein proposed a theory based upon Planck’s idea 
of quanta of energy which gave a satisfactory explanation of-the 
various experimental facts. According to him, monochromatic 
light of frequency v,consists of photons of energy hv, where h is . 
ptanck’s constant. When a photon with a sufficient energy con¬ 
tent strikes an electron of a photosensitive material, a part of its 
energy known as the work function W Q of the surface, is used up 
in liberating the electron from the surface, whereas, the remaining 
is spent in imparting kinetic energy to it. If m is the mass and v 


■ i* 
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. the — ;mum ve)0 WAWUM THEORY AND 

. . The maximum kinetic S Ph °'°' e,ec Wc equation "'° 3) 

‘he emhtldIlectrond qU! “ i0n ^‘hat the m • -04) 

radiation A nT Pe ” ds “Pon the £. ® ax,mum «lochy of 

: -. r at •**« ~k? 2;° n ^ a 

An increase, in the intensity 0 f li2 c T° Unt of kim “' energy, 
‘he kinetic energy (or the maximum '"‘V 3 ^ “ ny cha "geTn 

.electrons.. More-intense light sTSlea '^ of,h = emitted 

quanta having the same energy 77, “ ore number of light 
S,nce one hght quantum can emit „ 'i" S ° n the surface P er sec.. 

? f 'ST .** * coK" * — - 

cause S the^L>^:^^^eque„cy which just 

therefore equation (14) reduce7to° 

_ .. . - > - \mv 2 =h (v— v „) 

' i zsssgdznsT*>r°^ 

the threshold frequency Thus thp p- • , ia Wn 1S ess than 
electric effect, bldZ Ws ° fpho, °- 

; y - e)tperin,cnta, facts about SX 

1 3., SPECIFIC HEAT OF SOLIDS : 

According to the classical theory of matter, the mean kinetic 
energy per degree of freedom at temperature T is \kT. A solid 
maybe supposed to consist of individual atoms which are bound to 
heir neighbours, but they can vibrate freely when heated. Now 
each atomic oscillator will have three degrees of freedom of oscil¬ 
lation. Thus the kinetic energy of oscillation of all the atoms in 
one gram atom of a solid will be . . 

N. \kT=\ RT; 

N is Avogadro’s number and JR is the molar gas constant. 
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r ™ e . mean P ot cntial energy for each of the three components 
of vibration is also equal to \kT ; since the kinetic energy is equal' 
to the potential energy for a simple harmonic oscillator. There¬ 
fore, the potential energy of each atomic oscillator is \kT. Hence, 
the potential energy for one gram atom is given by 

N.\ kT— \RT. 

Therefore,'the total energy of one gram atom of a solid is given by 

E=\ RT+lRT=3RT. ...(16) 

Hence the specific heat at constant volume is 



3 R. 


Thus the specific heat for 
all the solids at all the tem¬ 
peratures comes out to be 3 R, 
but for a number of subs¬ 
tances it was found to be 
much smaller than 3 R. More¬ 
over, it was found to vary 
with temperature, tending to 
zero at absolute zero. Fig. 2 
represents the variation of 
specific heat with temperature 
for some solids. Thus the 


..,(17) 



ZOO 400 


600 800 
7(°/0 


1 


Fig. 2: Specific heat of solids, 
classical theory is unable to explain the behaviour of the specific 
heat of solids with temperature. - . 

Einstein tried to explain this by applying the planck’s quanti¬ 
zation hypothesis. He pointed out that the average energy of an 
oscillator, vibrating with frequency v, is notArT per degree of 
vibration, rather it is given by an expression identical to that for 
Planck’s black body oscillators, viz., eqn (7). Under this assump¬ 
tion, the total energy of one gram atom of the solid will be given 

by ' ' ; •" 

/2V 


ft 


E=3N. 




e MllcI __ J 
e h'>!kJ' 


eto/rT — iyt 


,.(18) 


At high temperatures, ^-*0, and (^' tr -l) 2 « 
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Therefore, Cv&3R, in agreement with the kinetic theory. 
When T~< 0, -^--*00 and hence we can neglect unity in 
comparison to in the denominator. Therefore, we get 
r l hv Y on 1 (hvy 

y ~ R e WII:T \ kT ] eh n k T [ kJ J 


= 3 R 


(hv/kry 


>+s- + ?i (£•)■+•••: 1 


...(19) 




From it we see atonce that C K -0 as T-*0. This is also in 
general agreement with the experimental results. 

: Though the Einstein’s theory predicts almost correctly the 
variation of specific heat with, temperature, it was observed that, 
m the case of certain elements like copper,.aluminium etc. the 
a ornic heat at low temperatures decrease more rapidly than that 
predicted by equation (18). This disagreement, is due to the 
assumption of monochromatic vibration, i.e., due to the assump- 
ion that all the atoms of the solid vibrate with one and the same 
requency. In reality, atoms exert forces on each other and hence 
every oscillator is under the field of thousands of other vibrating 
atoms. Debye modified the Einstein’s theory which gives excellent 
greement with the observations over the entire temperature 

Dbye assum ed that a solid vibrates elastically with a conti- 
. ^ 0lIS s P ectn -im of frequencies.. When a continuous solid isthrowm 
in o elastic vibrations, two kind of waves are excited in it 

(a), transverse vibrations, which travel; with the velocity 

and (b) longitudinal vibrations, which travel with the velocity ‘ 
• l. ;. ■ - • v i= £ v{(K+t r l )/p},- 

density*of the ToM™' the bulk and , the 

The number of modes of longitudinal vibrations per unit 
volume with frequencies between v and 

The number of modes of transverse vibrations per unit volume 

with frequencies between v and v+A=2x^^-, the multipli- 

C “ U ° 11 factor °f 2 appears because the transverse vibrations have 
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EVOLUTION OF QUANTUM THEORY 9 

• two independent direction of vibrations, i.e., they are equivalent to 
two waves polarized at right angle to each other. 

Therefore, the total number of independent modes of vibra¬ 
tions per unit volume with frequency between v and v-j- d\> is 
given by 


\r, 3 v t * I 


If V be the volume of one gram atom of the solid, the number 
of modes of vibrations for this amount within frequencies v to 
v+</v will be 


4tv s V 


(»T* + tv 3 ) 


Therefore, the total number of independent modes of vibra¬ 
tions in the entire frequency spectrum is given by 


4!K (*+*)t- 3 * 

, 9 N 


Vi» 8 =- 


4 nV 


The elastic spectrum is thus cut at an upper limit v m which 
has a definite value for each substance. 

The total energy of the solid is, therefore, given by 


9A” fv m /;v 3 flv , . 

=—s j 0 FfiTL T [uSing eqn - 


t /iv ' kT , . kT , ' , 

Let ^en * and av=— «*. Let us also define 


.. kT e 


a characteristic temperature T e —-r , so that v m =—£_. Then, 

, x. h 


E= 9RT 


T \*(T e /T x » 


/—if 

U* J< 


e*-l 





Scanned by CamScanner 










Cy-9R 


•«£) 


ADVANCED quantum theory and fields 

For high values of T, x and T it 

’ JclT a^ very small and hence 

c^l+.v and c T d T ^]+h, Therefore, 

Cygs9R [ 4 (r c ) J„ 

A. very low temperature, x^co and ^ J 

term in (21) can be neglected and-the first term can be written 
0.0 

Thus at low temperature, the specific heat varies as T*. 

This is known as Debye’s T z law. 

For intermediate temperatures, integral in eqn. (21) is evalua¬ 
ted numerically It has been found that Debye’s formula explains 
quite successfully the observed variation of specific heat of solids. 

1-4. HYDROGEN SPECTRUM : 

Rutheford from his a particle scattering experiment 
concluded that the atom is consisted of a central positively charged 
massive nucleus around which the electrons rotate in circular 
orbits. The centripetal force for rotation being provided by the 
electrostatic force of attraction between the nucleus and the elec¬ 
tron. Since the electrons are subjected to centripetal acceleration • 
while rotating in orbits around the nucleus, according to classical’ 
electromagnetic theory, they will loose energy by radiating at the 

rate P=£~3 watts,, where a is the^acceleration.' Consequently, 

the electrons should spiral in towards the nucleus and ultimately 
collapse into it, which is not the case in reality. 

In order to explain this, Bohr, applied the quantization rule to 
the Rutherford’s model of atom and successfully explained the 
observed spectum of hydrogen atom. According to Bohr, an 
electron in an atom can rotate only in a number of allowed circu- 

w°!? tS l r ° Und the nUcIeus and these ci rcular orbits are such 
that the orbital angular momentum of the electron in the orbit is 

an integral multiple of /»/. 2v ; where h is Flanck’s constant.' 

Thus, the Bohr’s quantization condition is 


h 

mrv=n =- or 2vmrv=nh. 


...( 22 ) 
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Here, 72=1, 2, 3,..., oo. 

Also, for an electron rotating in an orbit of-radius r } the 
centripetal force acting on it will be rnv*jr. If Ze is the charge of 

nucleus, the electrostatic force on the electron will be Ze z /r 2 . 
Hence, we have 

Ze 2 ___ mv z 
r 2 r~~ 

From equations (22) and (23), we have 

2 *Ze 2 


...(23) 


and 


v — 


r= 


nh 
n 2 h 2 


...(24) 

...(25) 


4 n z Ze l m 

The total energy E n is equal to the sum of the kinetic energy 
and the potential energy, 

7p 2 

E n —\mv 2 - 


Using eqn (23) into (26), we obtain 
E n = 


Ze 2 

i — = - * mv z 


^ Putting the value of v from eqn. (24) into eqn. (27), 

r _ 2K 2 Z 2 e i m 

n ~~~n 2 E~ ' 


...(26) 


...(27) 


...(28) 


When correction is made for the motion of the proton around 
the centre of mass of the hydrogen atom, the energy for the system 
becomes, 

2n 2 Z 2 <?V 

£ "=—tpf ■ -(»)- 

where n is the reduced mass of the proton-electron system Bohr 
postulated that the radiation are emitted only when an electron 
jumps from one of the allowed orbit to another lower orbit If the 
electron jumps from the orbit of energy £ nl to a lower orbit of 
energy E U 2 , the frequency of emitted radiation is given by 

_ E ni ~ E n2 _2 v 2 me x / .1 1 

h 3 


Z 2 


(s? r ,?)' 


Wave number v of this radiation is 

v 2 ti*#»«?* 1 f,\ : __1 \ 

W n z ) 

—RZ 2 11 


- 1 

V= T 


U* »!“)’■ 


...(30) 
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where K=?^<Kl09, 677 cm" 1 is the Rydberg’s constant. 

qIjO 

There is striking agreement between the frequencies of the 

various observed spectral lines and t ose given • spectral 

«i=2 and *-3, 4, 5 ,... etc . we obtam the 

we obtain’the s’pectral lines of the Lyman, Pasehen, Brackett and 
Pfund’s series ; respectively. 

1-5 COMPTON SCATTERING : 

Compton (1923) found that when a beam of monochromatic 
X-rays is scattered from some light element, the scattered beam at 
various angles have a frequency lower than that of incident rays 
or a wavelength greater than that of the incident beam. 

P According tp classical mechanics, the electric field of the in- 
bident electromagnetic wave train exerts a force on the atomic 
.^electrons in the scattering material and set them into forced 
" vibrations of the same frequency as that of the incident waves. The 
’"' oscillating electrons will then emit rays of frequency equal to their 
|:p own ; like an oscillating electric dipole. The scattered rays should 
; thus be identical in wavelength with the incident waves Hence 
'. the classical mechanics is inadequate in explaining the Compton 
X. scattering. 

‘ Theoretical interpretation of the decreases in frequency or in 
}jcrease in wavelength was given by Compton himself on the basis 
Einstein’s photon hypothesis. He considered the scattering 
process as an elastic collision between a photon and an electron 
^ scattering material. As shown in Fig. 3, let the X-rays consist 
X: of Photons or quanta of energy /zv where v is the frequency. The 
; momentum of the phcton of energy fo will be /zv/c. Let m, be the 
rest mass of the electron and thus m 0 c 2 its rest mass energy’ Its 
initial momentum is zero During the [collision, a part of the 
energy of the photon is imparted to the electron wj&h acquires 
a velocity v along a direction making an angle 0 with the direction 
of motion of incident photon After having lost some energy the 
photon is left with smaller energy /zv' (and hence a lower-freauen 

with^ 8CtS ,T ,ered a, ° ng a direction ™king an aZ ; 

Corrals reCU ° n ' The . e,eCtr0n l movin * With velocity l 

-X’ 

immtfk-:-- ■.' • ' ; v > ;■ -■ . 


... - r ' 
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, P~o 
WCJ0EHT photo* 


E-h? 


SCATTERED 

EL&CTBOrt 


Fig. 3. X-ray photon being scattered by an electron. 
Wo 


in-- 


,,2\l/2 


frsr 

The electron thus has energy equal to me'* and momentum mv, 
From the principle of conservation of energy, we have 

/tv+W 0 C 2 =/iv '+WC 2 

or mc 2 =m 0 c*+h (v--v') 

Squaring both sides 

m *c*=m 0 *c*+h* (v-v y+2m 0 cVi (v-v') 

Applying the principle of conservation of momentum in the 

original direction of the incident photon, we have 

■ ...(32) 


!H. ,po= — cos <f>+mv cos 0 


Applying this law along perpendicular direction, we get 




0———— sin — mv sin 6 
c 

From (32) and (33), we have, . 
mvc cos Q—hv—hv' cos <f> 
and mvc sin 0=/tv' sin 4> 

Squaring and adding these equations, we obtain 
TttVc 2 (cos 2 0-f-sin 2 f/)=/i 2 v 2 -f/zV 2 cos 2 <f>-2h 2 W cos $ 

-j-/tV 2 sin 2 ^ 

or ?n 2 v 2 c 2 i=h 2 (v 2 -fv' 2 —2w' cos <£) 

Subtracting (34) from (31), we get 

/?t 2 c 2 (c s —v 2 )=/w 0 2 c 4 —2w' A 2 (1—cos ^)-f2w 0 c 2 h (v—v*) 


...(33) 


(34) 
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Putting m=in, 


■U( ■-? 


into this equation, we get. 


or 


or 


777 0 2 c 4 =w 0 2 c 4 —2vv' /z 2 (1—cos £) + 2m 0 c 2 /z (v-v') 
2w' h 2 (1—cos <f>)=2m c c 2 h (v —v') 
v—v' /z 


vv 


/?z 0 c 2 


(1 —cos 0) 


c C /Z .. .. 

~ — = — (i-cos <D 


m»c 


or 


AA==A r —A= — — (1 cos 0). 

ni 0 c 


...(35) 

Thus the wavelength A' of the scattered photon is greater than 
that of the incident photon by an amount A A, given by eqn. (35). 
Experimental values of A^ are found to be in good agreement 
with that given by eqn. (35). The important theoretical fact is 
that it was obtained by considering the light quantum or photon 
as a particle. . . 

16. WAVE PARTICLE DUALITY : 


It has been seen that'Hhe phenomena like photoelectric effect 
and the Compton effect could be explained if electromagnetic ^ 
radiation was supposed to consist of packets of energy called 
quanta or photons which behaved like particles and moved 
through space with the velocity of light. It is also well known 
. that light exhibits, the phenomena of interference, diffraction and 
polarization, which can only be explained by,wave nature of light. 
Radiation was thus regarded as exhibiting a dual wave-particle 
behaviour and the physicist made use of either the wave or the 
particle nature of light to explain an experimental phenomenon as 
it suited them. This fact led Louis de Broglie to make in 1924 a 
daring suggestion that if light which is known to consist of waves 
can, under certain circumstances, assume the aspect of a particle, 
then the particle of matter should also behave like waves. He . 
based his reasoning on the assumption that nature loves symmetry 
and that the two physical entities, matter and wave must be 
symmetrical.de Broglie’s suggestion about the wavenature of 
particles,was verified experimentally by Davission and Germer in 
1927 and G.P. Thomson in 1928, and thus the truth of his 
assertion was established. 


Now, if the material particles behave like wave, then what is 
the wavelength of the associated wave ? As already seen, the 
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energy of a photon of radiation of frequency y is given by E=hv 
where// is Planck’s constant. If the photon is considered to be 

a particle of mass m, its energy will be equal to me 2 , where c is 
the velocity of light. Thus. \ 

//v=wc*' ...(36) 

Prom eqn. (36) we have 


me— h 

mc ~ c T 

li 


| — —'A is the wavelength of the radiation | 


..(37) 


or . A= -- . . 

me p 

where p=mc is the'momentum of the photon. 

de Broglie assumed that eqn. (37) should equally be applica¬ 
ble to both the photons of radiation and other material particles. 
It a particle of mass m moves with a velocity v, then the wave¬ 
length of the wave associated with it should be given by 
. v h _ -h 

p mv ...(38) 

. Eqn - 3 s known as de Broglie wave equation and -he derived 
it by picturing a material particle as a standing wave system in 
the vicinity of the particle. Let the standing wave at any instant 
t 0 at the point (x 0 , y Q: z 0 ) be represented by the function 

4>=4>* sin 2n v t 0 , ...( 39 ) 

where v 0 is the frequency of the wave and 0 O its amplitude. 

If the particle is now given a velocity v along the positive 
^-direction, then the variation of 0 will be given by replacing- 1 0 by 
t—vx/c 2 • . . . . 

7(771^2) equation (39). 

2 r. v „(t-vxlc*) (4Q) 


•P—tf'o sin 


V(i -vyc 2 ) 

Comparing equation (40) with the standard equation' of wave- 
motion, 

. . 2i r 

y—A sin 

A 

where A is the amplitude, A the wavelength and u the velocity of 
the wave along the positive x-axis, we see that 


u= 


1 


v 


and 




A y (1 — v“/c 2 ) " • c 2 . 
? r ? 1 £.Ei n . s . te .in*s mass energy relationship, we have 
hv Q =m^c 2 or v 0 ~mc 2 Jh ... . .... ... . • 


...(41) 
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m 0 c 2 //z 


V 


>n n V m D 


A y/{\—V x Jc*)' C 


VO ~v' l !c*) h h 


VO 


or 



p 


which is exactly the same as given by eqn. (38). 

de Broglie’s wave equation provides a physical basis to 
Bohar’s empirical statement of discrete, non-radiating electronic 
energy states in an atom. According to Bohr. 


h 

mvr—n^~ 


2vr—n — —n\ 
mv 


or 


Thus permitted orbits are only those whose length, 2*r, is an 


integral multiple of the wavelength associated with the electron. 

The Davisson and Germcr Experiment. The particle waves 
predicted by de Broglie were first experimentally detected in 1927 
by two American Physicists, Davisson and Germer. Their appara¬ 
tus is shown schematically in Fig. 4. It consists of an electron gun 



Fig. 4. r Davission-Germer electron diffraction apparatus, 
which comprises of a tungsten filament F heated by a low tension 
battery. The electrons emitted by the filament are accelerated in 
an electric field of known potential difference from a high tension 
h tterv The electrons are collimated to a fine bealn by allowing 
them to pass through suitable slits. This entire arrangement to 
produce a fine beam of electrons accelerated Jo a desired velocity 

is known as electron gun. . 
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The collimated beam of electrons is made to strike a Nickel 
target T which is capable of rotation about an axis parallel to the 
axis of the incident beam. The electrons are scattered in all 
directions by the atoms of the crystal. The intensity of the elec¬ 
tron beam scattered in a given direction is measured by allowing 
it to enter in a Faraday cylinder called the collector C, which can 
be moved along a graduated circular scale S t so that it is able to 
receive the reflected electrons at all angles between 20 and 90 . 
The collector is connected to a galvanometer whose deflection is 
proportional to the intensity of the beam entering the collector. 
The whole apparatus is enclosed in an evacuated ch amber. 

If the electrons of charge e e.s.u. is accelerated through a 
potential of V volts and attains a velocity v, then 


1 2 eV 

~2 mv " 330 


m is the mass of the electron. 


„„ meV , 
wV= -yju and mv 


i/ meV \ 

= J\150) 


From de Broglie’s relation, we get 

=/, /(i“) 

mv • aJ \meV J 


- - - - - -W » ' 

Putting h=6- 55x 10~ 27 erg-sec., w=9xl0“ 28 gm. and 
e=4*77x 10" 10 e.s.u. in this expression, wevobtain 


,..(42) 


Thus, knowing the accelearating potential, we can calculate 
the wavelength of the electron-waves. 

In one particular.determination, an electron beam accelera¬ 
ted by a potential of 54 volts was directed upon a Nickel target 
and a sharp maxima in the electron distribution occured at an an¬ 
gle of 50° with the original beam. The incident and the scattered 
beam in this case make an angle of 65° with the family of Bragg’s 
planes (see Fig. 5). The spacing of planes in this family, which 
can be determined by X-ray diffraction, is 0*91 A. Applying 
Bragg’s equation 2d sin d=n\, for maximum in a diffraction 
pattern and taking n— 1, we have 

2x0-9 lx sin 65°= 1. A 
.i. A=T65 A. 


Now applying de Broglie’s formula, we have 

i -J\ l yhJ[W)~ 1 ’ 66k ^=54volts}. 
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Tlicic is an excellent agreement between the two results 
Thus Davisson-Germer experiment provides a direct verification 
of dc Broglie’s hypothesis of the wave of moving particles. 


\ 

\ 



' Experiment of G. P. Thomson :—Another experimental evi¬ 
dence for the existence of de Broglie’s waves was given by G.P. 
Thomson. A beam of bathode rays is produced in a discharge 
tube and passed through suitable slits to obtain a fine pencil of 
electrons. The electrons are then accelerated under potentials 
varying from 10,000 to 50,000 volts and made to bombard against 
a thin film of metal like gold, silver, aluminium etc. After passing 
through the film, the cathode rays are received upon a photogra¬ 
phic film or a fluorescent screen. The film or the screen shows a 
pattern consisting of a series of well defined concentric rings 
about a central spot, very much like that produced by X-rays in 
the powdered crystal method. 


Let AB be the incident beam passing through the film at B. 
Let BE be the beam which has suffered a Bragg reflection and 
falls at the point E on the screen at a distance ‘r’ from the central 
spot C ; as shown in Fig. 6. Let the distance BC from the film 
to the screen be D. The angle CBE=29, where 6 is given by 
Bragg’s relation, 2d sin 0—n\. Taking 6 very small, we can write 
it as 2d.d^an\. From Fig. 6 we have 

r=D tan 20 & D.20 ; since 0 and hence 20 is very small. 


or 


r=D. 


2n\ DnX 
2d^~d 



2ds=n\ or 0 
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wrin! qU )f' 0n ( | 42) f0r A Wilh Vcry high s P ecd electrons can be 
tcn by a PP , ying the relativistic correction as -V 

a =7(t w -^. ^ 

Substituting this value of A we get 


' a \“ 3 /2 

J + 9 “ , where a= - 

2 1 300 w 0 c 2 


/•: 


iiD 

d J 


150 

V 


1 + 


a 


1 - 1/2 



...(43) 


Fig. 6. G. P. Thomson’s experiment for electron diffraction. 


Putting the values of r, the radius of the diffraction ring ; D , 
^ the distance of the screen from the film and V, the accelerating 
potential, we can calculate the grating space *d\ The values of 
the grating space found from (43) in this way for various metals 
was in good agreement with those found by means of X-ray diffi- 
v raction. Thus, the de Broglie’s law was verified. 


17. HEISENBERG’S UNCERTAINTY PRINCIPLE : 


In the preceding section we have seen that a moving particle 
with a well defined momentum p, behaves like a wave of wave¬ 
length A —hjp, and that the state of the particle at any time can 
be specified by a wave function <p(x, y, z, t ). According to Max 
Born, the absolute square of the wave function at a point gives 
the probability that the particle will be found, if we look for it 
with a detector, in the neighbourhood of the point. Thus, the 
particle will most likely be found in those regions of space in 
which the amplitude of the wave function is large. If the wave 
function of the particle is such that its amplitude is zero except in 
a very small region of space, we can say that the particle is in this 
region, i.e., its position is accurately known. On the other hand, 
if the wave function has non-zero amplitude over a very large 
region, we cannot assign a precise position to the particle. . 
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Similar considerations apply to the momentum of the parti¬ 
cle. From de Broglie’s equation we see that the momentum can¬ 
not be well defined unless the wavelength is well defined. For the 
wavelength to be well defined, the wave function should be 
regular and periodic, As an example, a long sine wave has a 
well defined wavelength and hence a well defined momentum. 
But the position of the particle for a long sine wave cannot be 
accurately known. Contrary to this, if we have a wave function 
for which the position of the particle is well defined, i.e., the 
wavefunction has very large amplitude over a very small region 
of space and zero elsewhere, then the wavelength and hence the 
momentum of the particle cannot be defined precisely. This is 
illustrated in Fig. (7). 




A 


(b) Position poorly defined, wavelength well defined. 

Fig. 7. 

Thus, we are confronted with a problem of determining both 
the position as well as the momentum of a particle represented 
by a de Broglie wave. Heisenberg was the first to realise these 
consequences of the wave-particle duality. He stated that whereas 
there are no limits to the accuracy to which either the momentum 
or the position can be defined, there is a fundamental limit to 
the accuracy to which the position and the momentum can be 
defined simultaneously. He expressed it by the following equa¬ 
tion, known as Heisenberg's Uncertainty relation 

A x.i\p x f^h ....(44) 

i.e.; the product of the uncertainties in determining the position 
and momentum of a particle is approximately equal to Planck’s 
constant. According to it smaller the value of A*, z>., more 
exactly we determine the position, larger will be the value of 
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A Pxt l ess exactly we can determine the momentum. The con 

verse is equally true.* Thus the accuracies to which the position 
and the momentum of a particle can be measured at a time arc 
complementary to each other. This is, sometimes, also called the 
Complementarity Principle. 

Though Heisenberg stated the uncertainty principle for posi¬ 
tion and momentum only, the relation is universal and holds good 
for all the canonically conjugate physical quantities like energy 
and time, angular momentum and angle etc! Thus, if &e is the 
uncertainty in determining the energy of the particle and &t is 
that in determining the time to which this determination refers, 
then we must have 

/ 4 c\ 

Similarly, ' 

Ay.A^A „ ...(46) 

where A J and A# are the uncertainties in determining the 
angular momentum and the angle ; respectively. 

18. SUPERPOSITION PRINCIPLE AND CONSTRUCTION 
v OF WAVE PACKET : 

So far we have seen that a wave property is associated with 

a moving material particle and that the particle wave can be re¬ 
presented by an algebraic function of the space and time coordi¬ 
nates, called the wavefunction of the particle. Also, the wave 

like phenomena should be localized in the neighbourhood of the 

particle, so - that the position of the particle can be defined. 
However, due to uncertainty principle, we cann’t define the posi* 
tionofthe particle very well. Hence, we can only represent the 
particle by a wave packet (see fig. 8) which can define the position 
of the particle to an accuracy of A* Ay A* and hence the moment' 
turn to an accuracy of APxAPvPP^ where A*’s and An ’ s arP 
related by the relations of the form (44). Px 

t hJr; d r ,o r ore these aspects ° r 

that a particle whose position is defined to an accuracy of A*A „a § , 
consistency with the uncertainty principle) can be reortJn^H ^ (m 

wave function whose amplitude i, targe in a Lall 4 . ,ype of 

.he order A*AyAr an. negligible i„?L “ s? pa« E Such a 7“-° f 
be constructed by superposition of a group of waves ^ ,11,7"°” ““ 

constructive!, over only a small on region of sDace ?7 7 y ,n,erf,:r0 

interference elsewhere. Hence a wave tunc.ioh of this type ' 
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Fig. 8. Form of a typical wavepacket in one dimension. 

A wave-packet, which defines the position or the momentum 
of a particle to a desired accuracy, can be constructed by using 
the superposition principle, which states that 

(i) If a particle can be present in the states described by the 
wave functions *l>\ and i4,; it can also be in all states described by 
the wave function constructed from fa and \p 2 by the linear trans¬ 
formation 

where and a., are arbitrary complex numbers. 

(ii) If we multiply a wavefunction by an arbitrary non-vanish¬ 
ing complex number, the new wavefunctions will correspond to 
the same state of the particle. 

Let us now consider the formulation of a wave-packet. A 
simple harmonic wave of frequency v=o>/2n and wavelength 
\=h/p can be represented by the expression 

>4cosy(x— vt) ...(48) 

Here v is the velocity of motion of a point of constant phase on 
the wave and it is called the phase velocity of the wave. 

Defining a vector k (called the wave-vector or the propagation 

2 n 

vector) having magnitude equal to —and pointing in the direction 

of the wave propagation, expression (48) can be written as 
* A cos (fcx—uit)* _•••(49) 


* Expression of the form A sin ( kx—t*t ) and e ' ^ ^ also express 

simple harmonic waves all and these waves represent a particle of completely 
undetermined position travelling in the x direction with precisely known 
momentum and kinetic energy. 




Scanned by CamScanner 



EVOLUTION OF QUANTUM THEORY 


23 


where cu=2ttv=2tt -^- =kv. Hence the phase velocity v is given by 


CO 


Vph ~ k 


...(50) 


Now, a wave packet can be constructive by the superposition 
of the waves of the kind (49), interfering with each other in such 
a way that they cancel each other everywhere except in a limited 
region. Hence the wave-packet can be written as 

fCn ~t~ A k 

ifj {x, /)== J A ( k ) cos (kx—cut) elk. ...(51) 

k 0 —A k 

Here cu (k) varies only in the small range of values of k. It is 
assumed that A ( k ) is negligible except when k lies in the interval 
a/c^£<& 0 4-A&- If we assume that oj is a slowly varying 
function of k, we can expand <o (k) as a power series in (k—k 0 ) 
retaining only the first two terms in the expansion, 

w ( k—k 0 ), ...(52) 

in which the subscript zero specifies the value of the quantities at 
k=k 0 . Using (52) into (51), we can write 
MA^ _ 

t)=A (k 0 )j cos ^ kx~w 9 t—{k—ko)^JI^ t J dk 

k 0 ~Ak 

k 0 +[±k 

=A(k 0 )j cos [ * | *-(■£ )„ t J-<V+*o [Tk)o ' ] dk 

k 0 -&k 

~ AiK) r<m [ k \ x ~& a t \- t '° ! 


-!-- : sin 

I ciw \ 

[dk ) 0 * 


uco 

dk 


A(k 0 ) 


in [(*o+M){*—(jjjf)/ } 


ko + A k 
k 0 —A k 


-(* )„ - 

—*+*• 6)/H n } 
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= 2 A (k 




cos (k 0 x-w 0 t) ...(53) 


j^Using, sin A —sin B—2 sin cos ~ "2 j' 

Equation (53) represents a wave-packet of wavelength 2 -jk 0 
and frequency a> 0 /2 n with the amplitude given by the factor in 
front of the function cos (k 0 x—cv Q t). The form of this amplitude 
at f=0 is shown in fig. 9. 



Fig. 9. Dependence of the amplitude of a wave-packet on the distance 
from its centre, at r = 0. 

The maximum value of the amplitude corresponds to the value 
x=0 and it is equal to 2 A ( k 0 ) A k. For x=x n —nr/^k (n=-.± 1, 
±2,..,), the amplitude reduces to zero. The value a*—2^ 
—2ttI A k can.be considered to be the spatial width of the wave-, 
packet. The smaller the spread. in the momentum, £p=‘h/\k, 
the larger the spread in space of the wave-packet. We can write 
from A*=2 t 7/A£ that 

A*. A V—h • ...(54) 

It is clearly the Heisenberg’s uncertainty relation for the wave- 
packet. 

The average position of the wave-packet, corresponding to the 
maximum of the amplitude, moves in space with a velocity 



This is called the group-velocity of the wave-packet, because it is 
the velocity with which the group of all the waves comprising the 
wave-packet moves as a whole. On the other hand,, as we have 


J; 
' i 
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said earlier, the phase velocities are the velocities with which the 
individual component waves of the wave-packet moves. 


So far we have said that a material particle has the wave pro¬ 
perties and it can be represented by a wave-packet. We have also 
described that how to construct such a wave-packet. Now, we 
shall show that the veloc ty of the wave-packet is actually the 
velocity with which the material particle is moving. We know that 
p = hk. Also, Planck’s relation E=hv can be written as £=hu>, 
' because a,=2nv. From these expressions for the momentum and 
the energy of a particle, the group velocity of the associated wave- 
packet can be written as 

•••(«) 

dk dp .. 

Quantity on the right hand side is clearly the classical Hamil¬ 
tonian expression for the velocity of the particle. As an example, 
for a free non-relativistic particle 

o J P 


p 2 dE p 
£=V- ; -T- =— = v. 
2m dp m 


...(57) 

Thus, the velocity of a particle is identical to the group velocity of 
the corresponding wave-packet. 

19. MOTION OF A WAVE-PACKET AND THE SCHROEDI¬ 


NGER EQUATION : , 

We have seen.that a particle moving with a velocity t;can. e 
represented by a wave-packet, the velocity of wave-packet coin¬ 
cides with the velocity of the particle. Moreover, the wave-packet 
has large amplitude only within a small region of space and zero 
elsewhere, so the particle is most likely to be found where the 
amplitude of the wave-packet is largest. Hence we can also assign 
the position of the particle. Thus, we see that a wave packet com¬ 
pletely represents a moving particles i.e., gives both, us velocity as 
well as position. In order to describe the motion of a particle, we 
should, therefore, set up an equation, of motion for the wave- 
packet of the particle. It was done by E. Schroedinger in 1926, who - 
developed a differential equation to describe the motion of the 
wave-packet 0 (r, t). To understand the general features of the 
Schroedinger theory, we begin with a very simple physical situa¬ 
tion by considering the case of a free particle* 


*Tne concept of the free motion of a particle is an idealisation ard in 
reality it is completely impossible to exclude the influence of all other 
objects (gravitational and other fields) upon the given particle. Such an 
idealisation is, however necessary to simplify the theoretical description 
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The wave associated with a freely moving, non-relativistic 
particle of well defined momentum p and energy E can be repre¬ 
sented by the complex wavefunction 

...(58) 


if) (r, t)=A exp. ( r -P—£0 


where p = hk and E— Tio> ; w is the angular frequency of the 
particle wave and k is the wave-vector (or propagation vector) 
for the wave. The wave described by (58) is a plane wave and the 
planes of constant phase propagate with the phase velocity, 
v v —o)fk , of the wave. 

The energy E and the momentum p for a free particle are 
related by the equation 


E -2m 


...(59) 


Differentiating (58) with respect to time we obtain : 

H Eif) (r, t). ...(60) 

dt n 

If we differentiate the function «/» (r, t) twice with respect 
to the coordinate we obtain 


8x 2 h- V V ’ ' 

and similarly.for y and z, we get 


by* 


and 


dz 2 h a ^ ^ * ' 


Adding equations (61), we obtain 


- 


V 2 ^ (r, 0 

r ^ 

where is the Laplacian operator. 

dx z dy 2 9- 


...(61-c) 

...(61-6) 

...( 61 -c) 

...(62) 


Using equations (60) and (62) into equation (59), we obtain 

...(63) 


(r, 0* 


01 


*In order to get the Schroedinger equation we have represented a free 
particle by a plane wave of the form (58). We cann’t start with the functions 
of the form A sin [//ft (r.p—£r)] or A cos [//ft (r p-£/)] because the rela¬ 
tion E p 7 /2m cann’t be fitted for these functions. 


• V 


I 



*7 


T'' 
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Equation (63) is the desired Schroedinger wave equation for a 
free particle in the non-relativistic approximation. It is a linear 
differential equation and hence its;solutions satisfy the principle 
of superposition. As we see, this equation is satisfied by all plane 
waves of the form (58), i.e., for all momentum p and hence is also 
satisfied by every linear combination of the waves. Hence, the 
Schroedinger equations is satisfied by a free-particle wave-packet 
which can be constructed by a superposition of plane-waves. 

From equation (58) we have, 

ih —Eifj and — ih &ip (r, /) = p ip (r, t). ...(64) 

til 

Thus, at least for a free particle, the energy and momentum 
can be represented by the following differential operators,* which, 
when act on the wavcfuntion (r. /), gives the values of the 
energy and the momentum of the particle. 

.E-w'h ~ ; p-> — zhV- ...(65) 

at 

It should be-noted that these are also valid representations when 
the particle is not free. 

We now modify the free-particle Schroedinger equation so 
as to include the effects of external forces that may be acting on 
the particle. We assume that these forces are such that they are 
derivable from a real potential energy function V (r, t), i.e. 

F=-VF(r, 0 

Thus equation (59) modifies to • 

£= fs +F(r> °- ~ m 

If we now use eqs. (60) and (62) into (66), we get 

iti 'iipJl v 2 i|< ( r , o+y 0, ( r > 0 ' -(67) 

Equation (67) is the Schroedinger wave equation that describes 
the motion of a particle of mass m in a force field given by Eqn., 

*In quantum mechanics every dynamical quantity can be represented 
by an operator. When this operator acts on the wave-function, we get the 
original wave-function multiplied by a real constaet. This real constant is the 
value of the dynamical quantity which a measuement will, give, if it is made 
on the state of the particle represented by that wave-function. In such a 
case, the real constant quantity is called the eigenvalue and tne wavefunction 
as the corresponding eigenfunction of that operator. In the present example, 
when ihd/di and—/TV °P erat °r on the wavefunction of a particle, they, 
give the energy and the momentum of the particle, respectively. 
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^' == ~^ /r ( r > O’ Since time occurs explicitly in this, wc call 
it as the time dependent form of Schroedinger equation. 

We.can also write equation (67) as 

V*+V) 


ti 2 


2m 


,..( 68 ) 


Now noting that the operator ib S/dt operating the wave- 
function \Jj, gives the energy of the particle ‘E\ we can write (68) 
as 




■ ••(69) 


As time docs not occur explicitly in it, it is called the time inde¬ 
pendent form of the Schroedinger equation. 

From (69), we see that the operator (—h 2 /2m. V 2 +F), when 
operates on <];, gives the total energy (kinetic-f potential) of the 
particle. It is called the Hamiltonian operator. Thus eqn. (69) 
can also be written as ^ 

. - ...(70) 

This is known as the Hamiltonian form of the Schroedinger equa¬ 
tion. 

110. PROBABILITY INTERPRETATION OF ^ aND ITS 
NORMALIZATION: 

The wavefunction (r, t), which is solution of the Schro- 
dinger equation, is assumed to provide a quantum-mechanically 
complete description of the behaviour of the particle of mass m 
potential energy V, i.e. the result of an experiment performed 
upon the particle can be obtained from the wavefunction. So far, 
the only interpretative guide available to us is that the wavefunc¬ 
tion be large where the particle is likely to be found and small 
elsewhere. This must be supplemented by other informations 
which obtain from the wavefuntion (r, /). We, therefore, need 
postulates, which can allow us to deduce the result of an experi¬ 
ment from the knowledge of ^ (r, t ). 

The fundamental postulate in this regard was given by Max- 
Born, which states that the quantity <H| J, |« is proportional to 
the probability density , P (r, /), for finding a particle in the state 
4 (r, t). Thus, the probability of finding the particle in a volume 
element dh^dxdydz about the point r is proportional to 0*^ d 3 r 


i.e. 


P (r, /) d 3 r oc i p* ifi d 3 r. 


-(71) 
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If we make an investigation for finding the particle in the 
entire space, then the particle is certainly to be found somewhere 
in the space. Therefore, the total probability of finding the parti¬ 
cle in the entire space must be equal to unity; i.e. 


1 


..(72) 


P (r, t) d 3 r= 1. 
all space 

The proportionality between P (r, t ) and «/'*/' iu eqn (l) 
introduces a constant which can be determined from eqn 
From eqn (71), we get:— 

1 = [ P(r, t)i>r=C JV+dV. "( 73 ) 

all space all space 

Here, C is the constant of proportionality and it is given by 

1 ...(74) 


c= 


f M 


d 8 r 


all space 


P (r, 0=- 


4*<A 


• •(75) 


j* d 5 r 

all space 

From eqn. (75), it is clear that P (r, t) remains unchanged if 
ip (r, t) is multiplied by any constant factor. From the superposi¬ 
tion principle, this does not change the fact that ip is a solution of 
the Schroedinger eqn. Hence, two wave-functions differing only by 
a constant factor describe identical physical systems. If we intro- 
duce a factor which makes the denominator on the right-hand of 
eqn. (75) equal to unity, then P (r, 0=41*01* where 

• -..(76) ~ 




all space 

The function t^, defined in this way, satisfies the equation 


j" 4^*0, dh= 1 


.••(77) 


all space 

and it is said to be normalized. .... - 

J* v . 

The normalization constant of ip must be independent of time 
so that the wavefunction t^i may satisfy the Schroedinger equation. 
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\Vc shall now show that the constant /V is actually independent of 
time for every wave function 0 of the Schrodingcr’s equation— 

' h = -27„ VV(r,t) + V J,(r, /) ... (78) 

Taking the complex conjugate of eqn. (78), we get 

-it, d K. (r ’ +*('■. 0+V^(r, i), ...(79) 


St 


Now, from eqn. (76), we have that 

. 

all space 


rg+T*. 


d 3 r. 


...(80) 


...(82) 


Putting the value of df/dt and d into (80) from eqns. (78) 

and (79), we obtain _ 

d E=JjL f (A* V 2 ip — d 3 r. ...(81) 

dt 2m] 

all space 

■' . Using Green’s theorem, this integral can be transformed into 

a surface integral as : 

f (A*vd>-fVt*)- « ds 
dt 2 m J a 

where S is the surface enclosing the volume ol 
is the unit vector normal to the surface eleme • • ne the 

function <!> should vanish at large distances in or (8 2) 

position of the particle. Hence the surface integral in 1 
approaches zero as the surface of integration recedes 

Hence, 

. 37 -°’ 

and, consequently, the normalization constant is independ 

tim6 ' • •• f i rnjiv he given by considering a 

Another interpretation of ^ may be give y part ides 

single region of space that contains a arge n Then the 

each of which is described by the same 

quantity | 0 |* represents the average nurn er. o ^ ^ experiment 
will be found in unit volume at the point r, f t i, e W eve 

is made to detect them. Hence, the absolute square of the 
function represents the average particle density a r. , , .* 

cles are charged, the product of the charge o a par ic 
ives the charge density. 


✓ 
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1 11. STATIONARY-STATE SOLUTIONS OF THE SCHROE- 
DINGER EQUATION : 

If the probability distribution ^*0, for the state of the system 
described by the wavefunction ^ (r, t), is independent of time, 
then the state of the system is said to be a stationary state. In 
order to And out the stationary state solutions of the Schroedin- 
ger’s equation, 


(— 

V 2m 


7 2 + U 


) *-« s- 


• ••(83) 


we apply the method of separation of variables. If the potential 
energy Fis assumed to be independent of time and depends on 
position only, then may be expressed in the form 

>P=<f> (r) x (0 ...(84) 

Substituting this value of in eqn. (83), we get 

V 2 + v\<t> (r) X (0 = ?h ^(0 


2m 


dt 


Dividing throughout by ^(r) X(/), we can write this equation as 


<f> (0 


-tr 


ZA77 




z'Tl 


x(/) er 




...(85) 


In Eqn. (85), left hand side is independent of time, while the 

right hand side is independent of the coordinate r Therefore, this 
equation will be satisfied if each side of it is equal to a constant E 
(say). Hence we write 

n /—h- 


0 (r) \ 2m 


tf 2 t (r)+>(r) ,f (r) ) = £ and ...(86) 

or V 2 .4+^(£ n-*=0and -(87) 

Solution of the 2nd of the equations (87) may be written as 


X (j) = e 


T£7/h 


...( 88 ) 


Comparing this equation with that for a plane weve we see 
that the dimensions of E must be that of the energy Thus we can 
say that the constant E designates the energy of the particle which 
is described by this solution of Schrodinger equation. With this 
value of v (0 eqn. (84) becomes 

+ (MW(r)^. . •,<?> 

For a particle confined to a finite region, the function 4> (r) 

will be single valued, continuous and finite*, only for certain defi¬ 
nite values of energy E. These allowed values of E are called the 
eigen values . Corresp onding to each allowed value of E, there will 

See foot not on page 32 
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be one function referred as the eigen function: Thus vve have 
finitely many solutions of the Schroedinger equation for time- 
independent potential energy V (r). These can be written as :— 

•h W e~’ El (r) e~‘ E * ' /h .(r) e.~'' E " 


...(90) 

For each of these solutions we see that ^*tp is independent of 

time and hence these are the stationary state solutions of the 

• * 

Schrodinger’s Eqn. 

112. PROBABILITY CURRENT DENSITY 

The time dependent Schroedinger’s equation is given by 

Taking its complex conjugate, we get 


——-U 2 pd,*=_ih 


...(92) 


get 


and 


2m T 1 ’ T '"Sr 
Multiplying equation (91) by tb* and equation (92) by >p we 


or 


n> r 

+ v 2 r+vw =- it. 

Subtracting equation (94) from (93), we obtain 
(^) + 2r,' V. (J/*74»-0V+*)= a .O 


...(93) 

...(94) 


...(95) 


Since the Schrodinger’s equation is a linear partial differential equation 
of second order in space coordinates, its solution 4 (r, t ) should be continuous 
and ^ould have continuous first derivative with respect to the space coordi* 
na es so that the equation can be integrated to get the wavefunction. Further, ' 

the probability of finding the particle in a state represented by wavefunction 

4 ; given by 4*4 ; should be unique. Hence the Schrodin^er’s wavefunction 

Should also j^e single valued. Furthermore, the probability . j 4*4 dr 6 should 

all spacs 

be finite and hence the wavefunction should be finit everywhere and should 
vanish at infinite distances. 
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This equation is analogous to the well-known equation of cont¬ 
inuity in hydrodynamics, i.e., 


8p 

dt 


+v.s=o 


..(96) 


in which is the probability density, and S, the probability 

current density is given by, 

S= 2^?2 (^*V^-^V^*)=Real part j. ...(97) 

This equation makes more plausible the identification, of 
—zh V as the momentum operator even in the presence of forces; 
then h/z'w.V is the' velocity operator and S== ite. pv=pv is the 
current of probability density. 

In hydrodynamics, eqn. (96) corresponds to the conservation 
of mass of the fluid; /.«?., a change in the total amount of fluid con¬ 
tained within any small fixed volume element is accounted for by 
flow through the surface of the volume element. Therefore, in 
quantum mechanics, equation (96) tells that a decrease of the pro¬ 
bability of finding a particle within a volume V can be described' 
in terms of an outward flow of probability current S through the’ 
surface of V . The decrease of probability arises due to the change 
of i/j with time. 

It should be noted that.S cannot be 'measured directly like 
p—ifj*iJj. This is due to the fact that the measurement of S will 
require simultaneous measurements of the position and the velocity 
which is not possible due to uncertainty relation. . y \ 

1*13. EXPECTATION VALUES OF DYNAMICAL QUANTITIES: 

It has been seen that gives the probability density for fin¬ 
ding the position of the particle. We can, therefore, calculate the 
“average” or “expected” value of the position of the particle. It; 
can be written as : ■ - 

f r <£*(r, 0 K r > 0 d z r 

<r>=r- • ' ; -t 98 ) 

j f*(r> 0 vKu 0 d»r 

Thus, the average value of position • of the particle is the 
mathematical average for the result of a measurement performed • 
on the particle in the state ^ (r,/). 

If ^ (r, t) is normalized, we can write eqn. (98) as: 

<r>=J (r, t) rjrp,t) d 3 ,r ...(99). 
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• This is’equivalent to the following three expressions, 

<*>= | 0* (r, t) x <}> (r, t) d*r 

(y>r= f ijj* (r, t) y 0 (r, t)d 3 r ...(100) 

| 0* (r, t)zifj (r, 0 </»r 

In general, the expectation value of any function / (r) of the 
coordinates of-the particle would be given by, 

• ■ ■</‘-(r)>^f ;«£* ( r » 0/( r ) f...(101)- 

The expectation value of the potential energy, which is also 

the function of position, is written as 

<r>.. f ii* (r, o V 9 (r, 0 <Pr ...(102) 

So far we have considered the expectation values of the 

quantities which depend upon the position coordinates only. In 
order to define the expectation values of other quantities which ar 
of dynamical interest, such as momentum and energy, we 

with the reasonable requirement that 

«>-<£> w 

'Replacing p and E by their differential operators, -ih V and 
it i— ; respectively, we-can write (103) as : 

•*;: Now/ multiplying the Schroedinger’s equation by «£* and 
ihtegrat : ihg it,‘-we get: 

| d *jf (-j^ V 2 ) <1- rf 3 r+j 41 * Vtd'r ...(105) 

. The last term on the right hand side of eqn.- (105) is simply 
< ; thus Eqns. (104) and (105) would be consistent, only if, the 

expectation value is defined in the general case as the operator 
acting on f and multiplied on the left by and then integrated. 

Thus we obtain 

<£>=[•** ill 

< P >={ +*.(—fft) 


I • 

and 


...(106) 

...(107) 
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Eq. (107) is equivalent to the following three equations 


35 


Pz y =— i h f 

J dx 

< Py >~ —iTi f >\i*^~d 3 r 
J dy 

<p,)=-/Ti f ^dtd* r . 

J 9z 


...(108) 




M4 EHRENFEST THEOREM ; CORRESPONDENCE PRIN¬ 
CIPLE : 

It was discussed in the beginning of this chapter that the laws 
of classical mechanics were found inadequate to describe the 
observed behaviour of the microscopic systems. On the other 
hand,, the classical theory is well established on the basis of 
experimental observations for the systems of macroscopic size. 
Thus, we can think that the quantum theory will give the results 
identical with those of the classical theory if the masses and 'dimen¬ 
sions of the system under consideration are made to approach'the • 
macroscopic size. This fundamental idea was first : stated by Bohr 
and it is known as Bohr's Correspondence Principle. ■ Later on, 
it was shown by Ehrenfest that if we ignore the finite size and 
'internal structure of the wave packet corresponding to a moving 
particle, and consider only the average motion of the wavepacket, 
it indeed coincides with the classical motion of the particle. Thus,- 
the Bohr’s correspondence principle was actually demonstrated by 
Ehrenfest by showing that the newton’s laws of motion, in the 
form 


(i) 


dr p .... 
dim ’ (,l) 


dp_ __ 


dt 


V V 


...(109) 


are satisfied exactly by the average motion of a- wave-packet 
‘<1/ (r, /)’ which is a solution of the Schroeclingef’s equation, 


^+K+=/tf 


*(iio) 


To show it, we first consider the average expectation value of 
.* for the packet, 

( x )= J >fi*x t/t d 3 r. ...(Ill) 

Differentiating it w.r.t. time, we obtain 

, • X 


dt 


}[ « 3 '- 


...( 112 ) 
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Substituting the values of 808 / and 3 **/» from equation (HO) 
and its complex conjugate ; respectively, we can wri e 


V^+Wj d>r 


h fi 


2m 




=£Il f [0**v 2 'Mv 2 <P) cPr 

. 2 m J 


...(113) 


Now, . 

| (yV*) ^=f V • wvr)^-} V ' W) 

The first integral on the right hand side can be transformed into 
a surface integral by using the Gauss s theorem ; 


,j (*W% 


ds 


| V - (x^V*A*) 

where the subscript denotes the nonnal component of the ve^ 
tor inside the parenthesis The surface mtegral over the surface 
at infinity vanishes because the wave-paket 4- van.shes at infinity. 
Consequently, 


i 


i 


(V 2 f) i*0i 3 r=- j (W) • ^ (*|>) d*r 

= -[ J V • («/-*V .(* 10 ) d»r-J**V’(*» *r 

Once again, the first integral on the R.H.S. can be transformed to 
a surface integral which would vanish. Thus 

• j (v 2 ^*) x^ 3 r=| ^V 2 (*«l>) d 3 r 

Substituting this result in Eqn. (113), we obtain 

J ^=^J^{x 2 V 2 ^-V 2 (^)}] d *r. ...(115) 

Now, xV 2 ^— V 2 (xt/i)=xV 2 0 — V • V ( Xl P) 

■ '■ =x\7 z <I>-V • {(Vx) 

' ^xV 2 ^-(V*).(V4')-(V 2 x)‘/' 

-(V*). (V^)-xV 2 ^ 

= —2 (V^)-(V^) (*•* (V 2 *)=0} 

...(116) 


_9^ 

r ex '• 


</r /» J .9* W 


...(117) 
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Similarly, we can prove that 

d 4P^<P,>and d < z > 


1 / N 


...(119) 


dt m \ J 'y / dt m 

Hence, from eqns. (117) and (118), we have 

*-<!>=! <p> 

dt m v F x 
Now, the time rate of change of <( p x )> may be written as, 

dt dt y K 'ox 

““'ML TF-F+ 46 


.(118) 


>r ».... |(g)],, 


K 


cPr 




[Using Schroedinger’s equation and its'complex conjugate] 

-isr J[™* |-.** 7 is] *'-/** GO * 

...( 120 ) 

Applying Green’s theorem, we can write the first term on 


f[vV* —-r v . a 
J[_ Sx 


2 -l^- rr v*g--**?!]. 




the right hand side as, 

!-*w*iS]<*v= j[ 

6’ ..... 

= 0, for the surface at infinity 

■ A4>_[ 4 ,* f^j 4,<Pr=(- 

dt - }■ \(x I v \ k.x / ...( 121 ) 

Similarly, we can prove that, 

d<_p y _yyjz \ aud p* 

dt \ 3.y / dt \ 0 Z /* ...(122) 

From equations (121) and (122), we can write that] 

■ ^>=<-VF>. 

dt > ...(123) 

Equations (119) and (123) are analogous to equations (109) of 
classical physics. This proves EhrenfesVs theorem. 

1*15. EXACT STATEMENT AND PROOF OF UNCERTAINTY 
PRINCIPLE FOR WAVE-PACKET : 

Before giving the proof and the exact statement of the Heisen- 
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berg’s uncertainty principle, we first define the uncertainty in 
the measurement of the position and the momentum, from the 
analogy of standard deviation in statistics, we may define the 
uncertainties A* and A P» in the position and the momentum as 
the mean square deviations of position and the momentum from 

the averages and (p?) as : 

( Ax ) 2 = j *0* (*-<*» 2 ^-<{^-< x » 2 > ...(124) 

and (A_Ps) 2== *1* d z r=($Px—(P*)Yy’ ...(125) 

where, <*>=[ ** ^r. and <»=- i* J-0* f| cPr ' 

First we prove. the uncertainty principle for the case of a 

wave packet for which <*>=<>*>=0, so th ^ m6 ) 

(AAr) 2 =<x a > and ( A^) 2 =<Px 2 > ..-(120 ) 

Let us now consider the integral, 

j^ji joj) d 3 r=ih xifj ^r-ihj<p* d * r 


dx 


or 


: ,'tl <x>-ih jf* g x rf 3 r-/ti jVv f/ 3 '- 

(V <X>=0 and | d a r— 1} 
d a r+ih j> f x x d*r=-rti 
2iIm .Hi J^r xty d *r= -it i 


=h 2 


or ...(127) 

Taking modulus of both sides and then squaring we get 

(d<b* jo 

Since the magnitude of the imaginary part of a complex 
.umber cannot exceed the modulus of the number itself, we can 
/rite from eqn (128) that 

f dip* 


...( 12 * 8 ) 


4 ih 




dx 


According to Schwarz inequality , 

- | J d 3 r j 2 < j*/ */ d 3 r. J 


\Z 

...(129) 

g*g d 3 r. : 

...(130) 
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T # 

If we take/ *=zh -^-and g=xip, then eqn. (130) gives 
J zh Xiji d 3 r J ^ J /ft .—z‘ft ^ d 3 r. ^xij>*xtj) d 3 r 

ft 'jfc\ d 3 r. I x 2 I t j" d 3 r 

- ...(131) 


or 


• =<fV>-<* 2 > 

Using inequality (131) into eqn. (129), we get 

4 <P* 2 >-<^ 2 > 

(/\x) 2 .(A^) 2 ^ {using eqn. (126)} 


or 


ft 

A*. A/?* ^ -j 


...(132) 

This is the exact statement of Heisenberg’s uncertainty prin¬ 
ciple. But now we should show that the relation (132) also holds 
good for the wave-packets for which <2v)> ■ and ^Pxf are non¬ 
zero. For it, let us define a.=x~(xy and fi—p x —(p£)>, then 
(a)=(i-(x))=(A-)-(^)=0 and similarly <jfT>=0. - 

Since <(<*)>=<j3)>=0, therefore, as above we can reach at the 
equation. 

4<' 2 ><j3 2 ) > h 2 . - 


or 


or 


^2 

(Aa*) 2 (A Px) 2 > -r- {using eqns. (124) and (125)} 


(A*) (A PJ >~2- 

This completes the proof. 

PROBLEMS 

Problem 1. What is the energy of gamma photon having a 
wavelength of one A. Given Planck's constant /z=6*62x 10~ 27 
ergs-sec. 

Sol. The velocity of gamma photons is equal to that of the 
light, i.e., 3x 10 10 cms/sec. Here, we are given that the wave¬ 
length of the gamma photon, A=1 A=.10" a cm. Therefore, the 
frequency of the photon is given by— 

3x IQ 10 , 

v= -jQ7g- = 3x 10 18 cycles per sec. 
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, . . .1 
From the Planck’s law, E=h, the energy of the photon will 


be, 


£=6*62xl0 -27 x3x 10 18 ergs 
. 6 62x 10 _ 27 x3x 10 48i 


= l*24x 10 4 eV. 


~ 1-6 Xl0" 12 

Problem 2. The work function of zinc is 3'6 eV. What is the 
, maximum energy of the photoelectrons ejected by ultraviolet light of 
wavelength 3000 A. 

Sol. From'Einstein’s photo-electric equation, the maximum 
energy of the photo-electrons is given by 

; £mt> 2 =/iv— W 0 . ' • ' ...(0 

Here, the work function !F 0 = 3*6 eV=3*6x 1 • 6 x 10 ^ 12 ergs. 

• . Frequency of the U.V.' light of wave-length 3000 A is given- 
"by 


3x 10 l ° 


— = 10 15 cycles per second. 


. . v ~~ A = 30UUx 10- a 
/zv—,6'62x 10 “ 27 x 10 15 =6*62x 10 -12 ergs. ...(ii) 

Hence' %mv 2 — 6'62 x 10' 12 -3*6x l* 6 x 10-»=;86.X 10 12 ergs. 
Problem 3. The photoelectric threshold for a certain metal is 
3600 A. Calculate the maximum energy of the. ejected photoelec- 
trons by a radiation of 2000 A. 

Sol. Here, A o =3600 A = 36 x 10 _ 6 .cm.V 

' v — c 3xl0 lf) _i_x 10 16 cycle s/sec. 

v ° A 0 “36xl0- 6 "12 

= / 2Vft ^^2^10j^ 7 2<l^ : ^0'5521x]0- 11 ergs 


Wq — hv 0 — — j 2 

•'0*5521 xlO " 11 


=3 45 eV. 


~ l*6x 10 -12 
Now, the wavelength of the incident light, A=2000A 

• - == 2 x 10 -5 cm. 




c 


^ = 1*5 x 10 15 cycles/sec. 


‘ 2 x 10" 5 

‘ : , '■ j lr 6*625X10-"X1*5X1Q" _,. 01 cV . 

. /zv “ 1 * 6 x 10" 12 

From Einstein’s photo-electric equation, maximum energy is 

given by ’ W=Av-(y„=6-2)-3-45=2-76 eV. . 

■ ’ problem 4. According to classical theory, a charge e, subjected 
to an acceleration r, radiates energy at the rate 
. dE 2 e” (r ) 2 

dt~~ 3 c 3 ...(i) 

\ * . * . 

'• < X • ' '■ ' ' • • • 


J 
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Considering a classical model of hydrogen atom , with an electron 
moving in a circular orbit about the nucleus , find the time during 
which the radius of the atom would shrink io s-aij. {Initial 
r 0 =0'5xl0~ 8 cm). 

Sol. The total energy of the hydrogen atom is given by 

E- — where r is the radius of the atom. The acceleration is 

2r 


v i 


— where v is the velocity and m is the mass of the 


r mr l 
electron. 

The equation for the radiation rate may now be written as 

dE = { fr = _2_ e 2 / g 2 \ 2 
dt 2r 2 dt 3 c 8 [mr 2 j 


. 3 

*—r 


m 2 c 8 


r 

The time f for the radius to shrink from r 0 to -j- is, then 

3_ mW [r 0 /2 i <4 lo-ii sec . 

e 4 Jr 0 32 <? 4 

Problem 5. yf photon of energy 102 Mev is scattered through 
90° by a free electron. Calculate the energy of photon and electron 

after interaction. . 

Sol. Change in wave-length of the photon is given by 

. h 6*62x 10 -i7 n_ r ns 90 o l 

(1_C0S 4) “9-l x 10-«x3xl0>” (I ) 

WoC =2-42 xlO' 10 

. . c 3xl0 10 

Change in frequency of photon, Av - ~ 2 -42 x 10" 10 

cyces/sec. 

Change in energy of photon, A E—h. Av=0-51 Afev. 

This energy is transferred to the free electron. 

/. Kinetic energy of electron after interaction=0'51 Mev 
and remaining energy of photon after interaction 
= 1 *02 — 0*51 =0‘51 Mev. 

Problem 6. In an experiment on the diffraction of electrons 
by G. P. Thomson method , the diameter of the first order ring at 
an applied voltage of 10,000 volts was 1'82 cm. Calculate the spac¬ 
ing of the reflecting planes of the foil. (For simplicity , neglect 
*he relativity correction.) 

Planck's constant=6‘624 X 70" 27 erg sec. 

. Mass of the electron=9'113x 70" 18 gm . 
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Electron Charge=4802 x10-}* e,s.u. 

Distance between the. foil and the screen^2\5 cm. 

Sol The wavelength of an'electron, accelerated through a 
potential difference of V voUs^given by /, ■ 

tHere,* K== 10,000 volts. 

. x A=0T227xl0- 8 .cm • 

. ■ x io,ooo' ' 

: The radius of the first order ring will be, 

. h82 =0 -9i cm. ' v:’’ 

'■ 2 ... «■; ■ • • . , . ' •• • 

The distance of the foil from.the screen, Df=2 5..pm. 

Hence the spacing of the reflecting planes is given by 

DnX 2-5 x 1 x Q-1227.X 10~ 8 _n.rtAT a 4 . . 

d =— r - 0-91 • . 

-^Problem 7. A particle of mass O'5 MeVfc* has kinetic, energy 

WO eV\ Calculate its de-Broglie wave-length. 

O:\5MeV ,- r iJ f 

Sol. Mass of the particle: 


c l 


0*5 x.10 8 x 1 f 6y.A0~ n 
(3x10 10 ) a 

.i cn 

==^-X 10“ 28 gms. • 


gms. 


-rtf ; 

T* 

v.* 


f. 


Now-, the kinetic energy, iwn> 2 =100 eV * . . j . . 

= 100 x 1*6 x 10 -12 ergs. 

’ . on . ,‘- U 

,mH*;=2 XT00 x 1*6x 10-- 12 X~ xl0- 2fi v;; : 


9 


or 


10 -™ 

3 


Hence, the de-Broglie wave-length A is given by : -V 


‘ h _ 6-625x,10- 27 x3 
A ~mv 160x10-*° 


= 1:243 A. 


Problem 8. Determine the wave-length associated with an, electron 
having kinetic energy 1 MeV. , '-V 

Sol. Since.the energy 1 Mev, is comparable , with,ytjie rest 
mass energy of the electron, we pnust use the relatiyistic.equation : 

./wc**woc*+ ^.^.*=0-5124-1 . 

• m ~ l*M2,x l'bx.lQ., 6 1 8 x 10~ 17 

• ■ ... V., .. : 

' 

• ... 


V" 
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Putting this value of m in the relation, m= 


nh 


we get : 


x-sy 


3*18 x 12~ 27 = - 

A' 


9-11 xlO' 28 


?r 


(3xl0 10 )2f 

Solving it, we-obtain v==2-87x 10 10 cm/sec. 




6-625 xlO" 27 


=0-00276 A. 


' •' -mv : 3T8x 10" 27 x2*87x 10 10 

Problem 9. A beam of mono-energetic neutrons corresponding 
to 27°C is allowed to fall on a crystal. A first order reflection is 
observed at a glancing angle 30°. Calculate the interplaner spacing 
of the crystal. 

Sol. The energy of the neutrons at temperature T°K is 
given by, E=kT ergs, where fc=l*38 x 10“ 10 erg/°k’ is Boltzman’s 
constant. Here, . 

. £-273+27= 300°£ •; 

£=T38 x 10 _1G x300=4 14x 10 -14 ergs.. - • 

Thus, \Mv 2 —A'\Ax 10~ 14 ... 

or Mv=V(2x4-14x10- 14 xM) 

=V (2 X 4 14 x 10- 14 x 1 • 67 x 1 O' 24 ) 

A = — = T78xlO~ 8 cm. 

■ \mv ' 

Using this value of A in the Bragg’s law, 

2 d sin 0=7iA,. 

2d sin 30°=1 x 1*78 x 10 -8 + 

d—1'7% A. / 

Problem 10. What is the de Broglie wavelength of a neutron 
with a velocity equal to the most probable velocity of a Maxwell 
distribution corresponding to an absolute temperature of 300° K. 

i 

j^Hint : The most probable velocity is given by 

Hence the momentum of ttLemeutron iS: mv==if(2mkT) y 

Problem 11: At what velocity is the de Broglie wave-length 
of an alpha particle equal to that of a one kev X-ray. 

[Hint: energy of the Z-ray, 

■ • he 

£=1 to=10 3 xl*6x 10" 12 ergs=— , 

•. A • v+ *. 
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Wave-length of .x-ray, A = — 


he 


1 ■ 6 x 10 _D 

his is also the wave-length of the a-particles and hence it is 
equal to -77—. Therefore, , ; 


M a v 


he 


v— 


l*6x 10- 


-l 


1-6.X 10-9 ~M a v “ -.cMg, j 
Problem 12. Assuming the nuclear force between two protons 
to have a range ml0~ ls cm. due to v-meson exchange, use the, uncer- ' 

tainty relation [\E./\t mh to calculate the approximate mass of the 
~-meson in Mcv. 

■ • Since the range of the nuclear forces is TO -13 , cm'., the 

uncertainty in the time of the exchange of a meason is given by, 


A/ = ^ = . 10 ‘ 


=£ X 10“ 23 sec. 


.. . - 3x 10 10 ... , ... . 

* • Froui the uncertainty relation /\E l\tmh, we have the 
energy of the meson of the order of* 

A Eki fo^2—’=19 86xl°-"'ergs.f ’■* 

This energy is equal tQ a mass of, . 1 -. ■ 

„ _ 19-86x 10 4 - ' ‘ ' 

' ~ F6x 10- ‘ eV=12 '*X 10 s eV=12-4xlO s Me? (approx.) 

^ Problem 13 . Excited nuclear states may have life time as 
short as 10 sec. How sharp would be these levels, (i. e. can 
we estimate the natural line width of the states). ■_ 

Sol. Here A*=10:« sec. " Therefore, 


A f. ' 10- 15 


Since AE—hAv, we get 




Av= 


AE 


_ 1 _ 1 

A^10“ i5 


6‘62 x 10 12 ergs. 


TO 15 sec -1 , 


■_ . . h w - - A 

this is the line width of the state. 

Problem 14. Using uncertainty principle, calculate the size ■ 
and energy of the ground state of hydrogen atom. 

momentum of the.electon^n tihegroundltateof h ?° SltI ° n and 
then we have, . g d tate of hydrogen atom, 

A*. Ap~b - 

A - h 

A - 

A* . 

- 0 ) 


or - 


IV. V 






V 
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11/ i 


Ai v 


The uncertainty in the kinetic energy of the electron may be 
written as, 

(A/0 2 ^ 

2m 


A J=l 7?^=— 


2 m(&xy 

The uncertainty in the potential energy of the electron is 


...(ii) 


A V— 


Ax. 


So, the uncertainty in the total energy is given by 

ti* ' . • * «■ 


■ -(iii) 


...(iv) 


2w(Ax ) 2 (Ax) 

* • # 

The ground state of the atom will correspond to a minimum 
value of A E, therefore, mllst be equal tp Zer °’ i e " 




-?i 2 


ol 


d(Ax) ~~ m(/±x ) 3 (Ax) 

' h 2 . (1- 05 xlO " 27 ) 2 

*’* 9T X 10- 2B x(4-8xlO" 10 ) 2 

Putting this value of Ax.into (iv) we get, 


=0 


i0‘5x 10 _s cm. 

• ..-(V) 


i 


h 2 

^2 to 


m 2 e 4 


■ V_A_ — 

. 6 : h 2 


me* 

2 h : 


Ti 4 

= — 13*6 eV. . -• -(vi) > 

• Thus, the radius of the first Bohr’s ■ orbit, which is. of the 
order of the uncertainty in the position of the electron, is 
fl 0 ^Ax-p- 5 xlO - 8 cm., and the corresponding energy is - of the. 
order' of — 13*6 eV. • 

Problem 15. Calculate the ground state energy of. Helium 
atom using uncertainty principle . 

Sol. Suppose, the two electrons of the Helium atom can be 
localized in the,regions of dimensions A^ and Ax 2 of the space. 
Then the spread in momenta (which is . of the order , of the 
momenta themselves) of the electrons would be given by, 

A Pi^-rzr and A- ••’•U) 


Ax, "A^ 

Thus, the spread of the kinetic energy is given by— 


v'-(ii) 


~ 2m \ (A X,) 2 ^ (A x 2 ) 2 i 
The spread of the potential energy of interaction of the 
electrons with the nucleus of charge 2 e is given by— 
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a 2<? 2 (-JL , 1 ' 

\A*i + A** 


•••(iii) 


and the spread of the interaction energy between the electrons is 

A*V 


A^i + Ax 2 
Total energy, A^!* 2 ( . 1 

2m\(Ax 1 )* + (27 2 )* 

-2e{ ' ,_J_\ 

. - ^*2 / + A*!+Zi* 2 

For ground state, AE should be minimum. . For it, 

0 = 


...(iv) 


d(AE) -ti 2 2e z e , 

m(A^'« + (A*i)*;^C^+A5iF 

, n y(A-g) -ft 2 _2e 2 c a 

an ^(A* 2 ) m(A'*2) 3 "™(A* 2 ) 2 “(A^VfA^) 2 ' 
Solving > (vi) and (vii) we get— 


A*1=A* 2 = 


4Ti 2 


A^ 


4 9/77 e 4 

"T 6 TPT 


Ime 2 
= —83-3 eF. 


...(vi) 

•-(vii) 

...(viii) 


Problem 16. Cfor r/z<? uncertainty principle to estimate the 
ground state energy of a linear harmonic oscillator. 

[Hint. If A p and A* are the spreads ‘in the momentum 
and the position of the oscillator, its energy will be given by, 

E— ~ 2 m ~ T* 2 (Ax) 2 . Now, from Ax.Ap^h, we have’ 


A/^—. Therefore, 


h 2 


i moj 2 (A*) 2 - 


>( Ax ) 2 

This can be minimised to obtain the ground state energy of 
the oscillator.] ' ■ 

Problem 17. A neutron is confined to a nucleus of radius 
5xl0~ n cm. Calculate the minimum uncertainty in the momentum 
of the neutron and hence estimate the kinetic energy of the neutron 
inside the nucleus. What would be the kinetic energy for an elec¬ 
tron if it had to be confined within a similar nucleus ? Discuss the 
implications of the results obtained ? 

Sol. Radius of the nucleus=5 x 10 -13 cm,'. Hence _ the 
maximum uncertainty in the position of the neutron in the 
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nucleus may be equal to the diameter of the nucleus, i.e. (A*)maz.-- 
^2x5xl0- 3a ' cm = 10- 12 cm. 

According to uncertainty relation, Aif A* is ; 
maximum, A p must be minimum. 

If ' l-05x 10" 27 


(A/0 


win* 


(A*) 


max • 


i 0 -^ 

=-l *05 x 10 -16 ‘gm. cm/se'c. .:;(i) 
Therefore , 1 the kinetic energy of the neutron will be given by 

r?_ (A pYmm (l-OSxl O - 16 ) 2 . 

2 Mu ;^2xl*67xi0-'24 :er ^ s 

Ftr20 - 6 MeV. ...(ii) 

If we have an electron instead of the neutron, the kinetic 
energy will be given by 

beieotrou 2m7~ ~2 x 9* 1 X 1 (F 28 ‘ 

s^346*7 MeV. ...(iii) 

From the result (ii), the average of the potential energy <V> 
of the nucleus must be negative and greater than the -kinetic 
energy, therefore, - , 

. i - -<V> ^20*6 MeV, , .A --(iv) 

this gives*the order, of the strength of-the nuclear interaction . 

From (iii) we see that if the electrons exists.-; im the nucleus 
their energy must be of the order of 346*7 MeV. But in the 0- 
decay, the electrons with energies exceeding a few MeV seldom 
emerge. Thus the free electrons cann’t exist inside a nucleus 
and they are, in fact, created by .the " decay of a neutron into a 
proton at the instant the decay occhrs. 

Problem ^ 18 Show that if a 'component of ' diigular ' momentum 
of the electron in a hydrogen atom is known to be 2 h within 5 / 0 
error, its angular orbital position in the plane perpendicular to that 
component cannot he specified at all. 

Sol. The uncertainty in the angular momentum is given to 
be, ■ ‘ • 


, 5' _ , ti 

AJ -\00 x2tl “10 


...(i) 


Therefore,' from the uncertainty 1 relation AT. A» we have the 
uncertainty in the measurement of the' angle as 

v . _— = 10 'radians. >' 2rr radians.. 

• ^A/~‘ti/10 


Scanned by CamScanner 

















48 


ADVANCED QUANTUM THEORY AND EIELDS 


Since the angle in a plane perpendicular to the component 
of angular momentum cannot be greater than 2v, the orbital 

angular position of the electron in the plane perpendicular to the 
given component of angular momentum cannot be specified at 
all. 

Problem 19. A beam of silver atoms for a Stcrn-Gcrlach 
experiment is produced by collimating atoms that vaporize from a 
silver hela in a furnace at 120(PC. Jf the beam travel J metre , 
find the magnitude of the smallest spot that can be obtained at the 
detector. 

Sol. It is given that the silver atoms are produced at a 
temperature of 1200°C. Therefore, the energy of these will be 


1 


II 


3 1 

given by, E=-^kT— 


by 


}l3kT\ f3x T38 X10- 10 X (1200+273) T/2 

Vx ~'J[m 77 \)" L 108xl'66x 10' 24 J cm / sec - 

= 5-832x10* cm/sec. ...(j) 

Time taken by the beam to reach the detector at 0 is given 


100 

/=- sec. 
v x 

/ N 100 
(AOmax- =— SeC. 

t/fl- 


have 


*(ii) 

From the uncertainty relation, {AE) min . (AOmar.^h, we 


(AE)min — 


or 


(A p)' 


(At) 


'max* 


Tiv* 

~100 ergs 


min 


tiv. 


2 Mao- • 
(A p)min ( 


TOO 


l( (2MA g hv g ) \ 

' VI 100 J 


...(iii) 

This gives the minimum uncertainty in the measurement of 
the momentum of the atoms {at the detector. Hence the maxi¬ 
mum order of the size of the spot at the detector will be 

x h If I 00 h \ 

(Aj’W.«= (ApJmfa ) 
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r 100 x 1 '05 x 10" 2? 

= [ Job XJ *66 x I o- 21 >< 5-832 x To 4 J 

fz6'91 x 10 -6 cm. 

This gives the smallosl spot. 

Problem 20. A ball of 01 gm is thrown with a velocity 10 3 
cm/see through a circular hole of radius 10" 4 cm. What is the wtcer - 

. . t 

lainty introduced fn the angle of emergence ? ! 

Sol. We have Af )p * ~2 x T O ^ * - ^ X ^~ 2< 8 m cm/scc. 
p=tnv=0'\ x 10 3 *=> 10 2 gm cm/scc.^ 

0^ — 7 =- yl y—f=^5x 10 -2t5 radians 

Problem 21. /i particle is in a state given by the wave function 


(x, t)=c~ v ' X u7iere a ft are real constants . 

(/) -fa i/ a stationary state ? 

(«) S/joh’ that the expectation values of p x and x are zero. 

{Hi) Docs the result (w) mean that'the uncertainty relation 
kPx-A* > It w violated ? 

Explain your answer.. ... , • ••• . . ./ 

Sol. (i) The probability distribution Tor the given state of 
the particle is given by— , 


••• • v • ■ ,^-e , ?< V ....(a) 

Since this depends upon time, the given state, is not a stationary 


state. 


(ii) Expectation value of x is given by— 

'+ 00 ., - • .•+<*>•• . . I, ' /. '• ) 

<*> =■ jV* ^ dx= J xe ~ 

— 06 • N-C6 


{? the integrand is an odd function of „x} r . 
Expectation value of p x is given by, 



+® 

d*/ 1 » . * 

S* 

<P*> = -Vh 


, 

— a 


+ 00 

• t . 

=-2/ha 

xe 

-2<xx 2 —Zjt 


j 

— 00 



(Hi) The result (ii) does not mean that &p x . A * > h is 
violated because A P« and -fax are defined by— 


Scanned by CamScanner 
















50 


ADVANCED QUANTUM THEORY AND FIELDS 


A~<- v » 2 >] 1,2 and (A/?r)=[<{/; x -</7x» 2 >J^ 2 
From the result (ii) we have— 

A-v*[<.v 2 >] I/2 and (A>*)=[<Pr 2 >] 1/2 

The expectation values of .v 2 and p x z arc not zero, and hence 
A/vA-v^h is not violated. 

Problem 22. Show that for a three dimensional wave packet 

d -ijr^ f<^*>+< pxx>] 


sol. <a- 2 )=T// < ‘.\- , 'Hv 

t/<* 2 > ff 3** v . , , ,„ . 3+1 j, 

•• -V-=J vw x *+** x ' £\ dh 

Substituting the values of and from the Schroedinger 
equation and its complex conjugate, we can write 

...(i) 

Now, J(V V*) * 3 ^ 3 r = |v.(A' 2 $ V0*) <^ 3 '' 

-J(V4»*).V (* 2 <!0 d*r. 

The first integral on the right hand side can be transformed 
into a surface integral by using the Gauss’s theorem. This will 
vanish for the surface at infinity, because vanishes at infinity. 

j(V 2 <J'*) x* ifj d 3 r=— |(V4»*)-V (x 2 ifj) d 3 r 

c=~Jv.[i>*7(^)] d 3 r+ V 2 Gv 2 ^) d 3 r. 

Once again, the first integral on the RHS can be transformed 
to a surface integral which would vanish. Thus, 

f (V 2 0*) * 2 4> d*r=j< |i* V 2 (* 2 <!0 d*r. ...(ii) 

Now 7W)=V.7 (* 2 <!>) = V-[(V* 2 ) ifi+x 2 (V <»] 

=(V 2 * s )<0+(V* 2 ).(V <l>) 

+(V* ! ).(V <»+* 2 (V 2 40 
~2<|r+2x (V40+2* (V40+* 2 (V 2 40 ■ ■ 

=2V (x*)+2x (V40+* 2 (V 2 0) 
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j (V ' **) * s $ rf ' v =J 2V V (x 0) tPr+ f 20* x (70) rfV 


+ 


J0* .V s 


V 2 0 (Pr 


(iii) 


Substituting this value into (i) wc obtain 
d <x 2 > __ — /Ti 


dt 


2m 


01 *' 


I 


] 


V a* i/» r/ a /*-j- 2 | V 4 r/ 3 r 
“ [ V)xtyd*r 

H-jV* x (—/h V) 4 d*r j 

< P **> + (* F*) j = ~ <* /?*> +(p x x) J 

Problem 23. Show that for a Gaussian wave-packet the uncer¬ 
tainty product is minimum. 

Sol. According to the exact statement of the uncertainty 
principle, the minimum uncertainty product is given by 

Ti 


._1 

m 


A a. A />= 


(i) 


The sign of equality in' (i) occurs only if the sign of equality 
holds in the Schwarz inequality. For it the functions entering the 
Schwarz inequality should be proportional, i.e. 

. . v vtii) 

where C is a suitable multiplier. Integrating (ii) we get 

. ... >P=Ne- Cxi i 21 * '...(iiij 

Now, the relation of eqn. (129) should also have the equality 
sign for relation (i) to be true. For this, 


J 


d4>* 


/T» x tji d 3 r'—C * | x 4* xtp d*.r 


•(iv) 


should be purely imaginary. Hence C must be a purely imaginary 
number. For convenience, we write C=ih/C"< Therefore, 

„ — x 2 /2C" ' , 

’ • W=Ne ■ -...(v) 

For IF to vanish at infinity, C r must be positive. We write 
C'—a z , where a is a real quantity. So 

—x 2 /2<7 2 • .. .. . 

W=Ne 1 . .. i..(vi) 

This is a ; Gaussian curve. Thus the minimum wavepacket 
has the Gaussian shape. Gaussian wave-packfet represents' a 
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particle whose position and momentum 

neously, as closely as the uncertain y pr Q and proceed 

. It we do not make the assumption <x> (I 
exactly as above, we shall obtain the re. 

p. - j£ ^-] ex P' [,<p ^ /hl -" -( 

1 This represents a wave-packet 
turn <p>. The quantity <r mmurcs IK width^J 
constant N is determined by normal'. 

i-v ; + f” . v» ? Mx-MYI* *„,/(*) a | AT l«-» 

, ' dx=\N | 2 1 e 


— CO 


: Hence ’ 1 rri-<i>> ! lex P .( i<^) . 

" r <■*’«>-*” • J / > ,, ( viii, 

: Generalized to three dimensions, the Gaussian. packet can be 

WrittCnaS , [ | r-<r>P W,<&il 

, . * < r * 0 >-KA«lP exp - L 2o? ; •* 1 h -j ..,(ix) - 

: problem 24. Show that a Gaussian wave-packet, spreads . with 

time' piprtron has a dimension 

'' Suppose a wave-packet representi ig SD read to 

10 -Sen HOW: long will.it take for the, ware-packet, to spread to 

twice its dimension 17 . ; i \ „ 

' ’ Sol. It has been seen in the. previous problem that a Gaus¬ 
sian waVe-packet at the initial time f—0 is S'Yen it 

lrim 1 • exp. /,<£-*)...(!) 

. X F (x, °)=jf—/(^yj exp * L'i ",2a 2 *- J V I h ) 

and this describes a particle for rkhich the uncertainty Relation has 

its minimum value, £ x.&p~^i ft • ' ,< . , 

Now we shall consi'der the change of this wave-packet with 

time, which will show that the packet spreads out with time_ For 
it’we know that a particle of momentum p and energy E= P ^ can 

• * . * • . • • . ’ ' 1 * I 

be represented by wave-packet: 

' ’¥^&r) A (p) exp - [s 1 .' - (ii) 

— CO 
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where the amplitude A (p) is given by the Fourier transform : 


H (px - E,) dx 


— 00 

Putting t = 0 in (iiij and then using (i) into it we get 

-f CD 

" w- np - [--i?-] cxp - 


Completing the square in(x—<x», we get 
+ » 


^(P) = - 


1 y[2*t> <7V'W]1 CXP { {y(2)o + V(2)J. ,/ ’ <p>) }’ 

i - co 

- 25 2 (P~<P» <*>•] ^ 

+ 00 ’ 

— A" 

e dx = \/( 7r), wc can evaluate the above integral. 


We get 


^ W_ V[2"1> o VW] -V,(2) ^ (t,) 


exp - [ 2 ^ (P-<P>?- Y (p-<p» <*>] 

- 7 ( i>vw) exp [fF (p-<p»‘~r(p-<p» <*>]•••(") 

The wavefunction in momentum space is therefore also a 
Gaussian function, but it is independent of time. Substituting (iv) 
into (ii) we get 

+00 _ 

^(x, / )=* v/ ( 2 77 ti)-V(ih7oo) J exp ‘[2P (p-<p» 2 

-ao 

T (p_<p>) < x> ] exp - [tr ( pj: -^,')] “p- 

The integral appearing here is of the.same form as that en¬ 
countered in Eqn. (iii). We arrive at 

vW(")«] exp '[ 2 TM 1 { x '~ <x >~^r] 

xexp -Fj4y [t < p > ( x -tst)-iH ")<*-<*»* 

• - J Fr < p > < x >i] 


where a 2 =a 2 +/h//m. 
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It is evident that the centre of the wave-packet moves with 
speed <p>/m. The probability density is obtained as : 

I v <*• CXP ' [~(TP!*"<*> '}] 

»—(vi) 

— X-1 o 2 

When 1 «/< | 2 has the form c ’ then the width of the packet 

is given by a/V(2). Hence, the width of the wave-packet (v) is 
given by 

Ax= tmJ{' + wo *) - (vii) 

Clearly, the width of the packet increases with time. 

Writing T 2 for /n'o 4 /^ 2 , we can write 

V{ 1 + (f) } ...(vm) 

The packet will change its shape appreciably, only for 

Hence the time in which the width of the packet 

will become double is of the order of 

to 


ma - (A*) 2 {V at /=0 from (vii)} 


h h 

In the present case A*~10~ 8 cm. Therefore, 

10 -16 secs. 


t 


m 1A „ 9TX10- 28 X10- 1 «. 

_ i n-io __ 

ti 1-05 x IQ" 2 ’ 


Problem 25. Calculate the probability current density corres¬ 
ponding to the wave function 


pikr 

i>= — 
T r 


...(i) 


where r 2 = x 2 f-y 2 +z 2 . Interpret the result physically. 
Sol. The probability current density is given by 

S= 2Tm ^ V+)' 




7-ihr 


We have i/>= — — 

_ ifc 1 \ A A * 

— e' ikr - e~ ikr J r where r is a unit vector along 


r. 
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Therefore, S=-. r - = — 7 


-00 


m r* r~ 

This represents the probability current forho isotropic stream 

of outgoing particles. The intensity falls off as- 2 . 

Problem 26. Show that for a normalized one-dimensional wave- 
packet, 

r+ " .<?</*=<&> 

_oo - m 


/: 


Sol. We .have S=Rc. 


t — ih\ oip I 

V m ) ? > x \ 


f +C ° S dx=— Re. f + “ <J/* [-i*4 ) Re(p x y=^ Px \ 

J- oo m J-» V dxj ■ m / m 

Problem 27. The normalized wave function of a particle on a 


straight line is given by 


<P (x) = 


-x 2 /2o 2 ipoxfa 


-O') 


Vi( a ) V 00 ) 

(a) Where is the particle most likely to be found ? 

(b) What is the average momentum of the particle ? 

Sol. (a) The probability density for finding the particle is 
given by 

I + W P *~ X> ' - (ii) 

Clearly, it is maximum for x=0. Hence the particle is most 
likely to be found at „y = 0. 


*+« 0(A 

rw£ dx 

— co OX 


(b) <p>=-«ti j‘ 

1 f +c0 —x 2 lo 2 iip 0 2x\ , 

—'"wlT [*- 2 S>) dx 


~°V(n) 


n_r +M 

(n) J-® 


+ U3 — x 2j a 2 

e dxf 


_ih_ f+ a 

V(t) 


+ « —x 2 /o 2 

e x dx. 


•OH) 


The second integral vanishes, because the integrand is an 
odd function of x. The first integral can be evaluated from 

( + GO _ r 2 

e ' dx = \ f / (~), we get 


— oo 


<p>-- 


J>0 


°v00 


W( ")=Po- 


-(iv) 


Problem 28. The state of an oscillator of angular frequency a> 
is represented by 

—mcox 2 lh 
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(tf) What are the expectation values of the momentum and the 
Position. . ' 1 ■-> ' 

(^) fud the probability that the magnitude of the momentum is 
larger than (tn ti wfP. 

Sol. (a) We have 

<*>- £" ** * idx-fe- 2 * 1 " *1* X <fa-0. . : ' 

<P>=~ib ( : S) 

, 0 5 ) the Fourier transform a (p) of 0 (x) by : 

' ; ° (p)= * (x)e ~ ,n> ' px dx. ...(Hi) 

th eD T r tb n Jin.^iJ 2 f iS ,i he “ 0mCntUm P robabilit y density. Hence 
by P ability that the momentum is large, then (nrtia>)W is given 


[" : \°(p)\ 2 dp 

J(mhoj ) 1 / 2 • . 


' -.-Civ) 
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OPERATORS IN QUANTUM MECHANICS 


i 21. WHAT IS AN OPERATOR : 


According to tHe physical significance of wave function, the 
wavefunction belonging to any physical system contains all possi¬ 
ble information about the system. But just by looking at the 
wavefunction . of any system, we cannot tell anything about the 
system. In order to deduce the observable properties of the system, 
we have to perform mathematical operations upon the wavefunc¬ 
tion of that system. Operators are the symbols for performing 
these operations, i e , the symbols which when written infront of 
a function will change it into another function of the same varia¬ 
bles according to a definite law This can be represented as 

This means that the function <!>' is the result of applying the opera¬ 
tion represented by operator A to the function For example, 
multiplication by the scalar a* may be considered as an operator, as 

x (A 3 -f-l)=* 4 +* ...(2) 

< .... 

In operator ^language, when the operator A—x, operates on 
the function cj /=x 3 +l, it is changed into another function 
^'—x 4 +x. . 


As another example, differentiation with respect to x, may 
also be considered as an operator, as 

* . -O) 


^.M)=3A. 


* t' 


i.e. when the operator A—- operates on the function tfi=x?.+ 1, 


it changes to 0' 3 a- 2 . 

2 2. LINEAR OPERATOR : . , 

• * • « •. • ’ . \ • 

An operator A is called a linear operator if ; it v satisfies the 
following rules . * - 


A /ft^o • •: . ...(4a} 

and . • AleM-cAh,- \ ■ ' —(4b) 

where <pi and t|i : are given functions and c is a scalar constant As 
is apparent, the examples cited above are linear. Two linear 
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operators of fundamental importance are the null or zero operator, 
defined by 

0 *7°’ ...(5) 

which destroys the function to which it is applied, and the unit or 

identity operator I, 

-- - /<(-=--1|/,. . ,;;(6) 

which makes no change in the function on which it operates. 

It should be noted that all the operators of quantum mechanical 
importance will be linear operators. 

2 3. ALGEBRA OF LINEAR OPERATORS : 

If the operators A and B are such that for every function »/r, 

= ..,(7) 

then A and B ?re defined to be equal to each other, and we write 
it as A = B. The .operators for which the above equation does 
not bold are termed as unequal operators. 

: If the operators A, B and C are-of such nature that 

. . . Cty— Ab+Bb, ...(8) 

for every function tp for which the operations involved in equation 
(8) can be carried out, then C is defined to be the sum of A and B 
and we write it as C=A-j-B 

. ■•Simi-larly, if • 

C<b=A (Bifj), ...(9) 

then. C is the product of A and B. It should be noted that AB and 

BA may not .be equal. For example 

(fy) 

\dx) X dx 

But S (*♦)“*£+* 

d < 

whence if A —^ and B=x, then AB^LBA. Thus the order of the 

operators in the product is very important and cannot be changed 
in general 

If for operators A and B in some particular case, AB=BA, 
then A and B are said to commute with each other. ’ For com¬ 
muting operators A and B, 

AB — BA=0 

or, in symbolic form .[A, B]=0 ...(10) 

where [A, B] = (AB BA) and is called the commutator bracket of 
A and B operators If for operators A and B, [A, B]y± 0, then the 
operators A and B will be called as non-commuting operators. 


i 
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The square of an operator A is defined as 

A*=A-A ; 

Similarly, A'=A\A=A.A* and other higher powers can a so 

be defined. 

If two operators A and B are related by the cquatio 

AB~BA=I ; 

then they are called the reciprocal of each other, an 

A' 1 =B and B' l =A ' 

2 4. EIGEN FUNCTION AND EIGEN-VALUE OF AN OPE 

RATOR : a 

We have written the ( reSU '' ° f Is alunction^of the 

upon a w.veftart.°n # M A* + ^ J quite differen t from y 

BuHnlome l a es t come out to he some constant mu,t,pie 

of the function <j/, /«•,' .. '...(14) 

where A is acoattaat in 'vita 

sxcr s--;.) a ” 

the operator .4. rf* • . 

As an example, if we take *=cos 4x an dx v 


<L 

dx 3 


cos 4x*= —16 cos 4x ’ 
^=- 16 i/r, 


rf 2 


ve 


w ,6 is an eigenvalue of the operator ^ 

say that the number -lt> is an * ■ ’ 

ISS T 

I, operator. In 

nent of the dynamical variable tep 0l ■ 

Hina chanters we will see that, -zhV.. apd ih > H 
hesuccee i the linear momentum and the total 

iperators correspo ® ive the momentum and the 

::S of thesvhen operated on their respect.ve e.gen- 

unctions', ; ' 
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and 


...(15) 

-(16) 


(-,hV) 0= Pi 6; 4.=(2^j5T 2 e ‘P- r/T * 

(<t> Jj-J >H£’P ; <!>=» (r) ^ 

in the above equations p and E are the eigenvalues of the 
momentum and the energy operators ; respectively, and give the 
momentum and the total energy of the system. We have also defi¬ 
ned the Hamiltonian operator, 


H — Sk VW) ’ 


..(17) 


which gives the total energy of a time independent system. In the 
succeeding chapters we shall come across some more operators, 
which will correspond to the dynamical variables of a system, and 
shall study their properties. In the above examples, the momen¬ 
tum and the energy operators have continuous sets of eigen values. 
The set of eigenvalues and eigenfunctions may also be discrete. In 
general, for a bound state, the sets of eigenvalues and eigenfunc¬ 
tions are discrete sets, while for a free state, these are continuous 
sets, 

Thus we see that if ‘F’ is the operator corresponding to some 
dynamical variable and if we make a measurement of that variable 
for a system represented by a statefunction ‘ip\ then the result of 
that measurement will be ‘A’ and is given by 

Fy=ty. ' ■ ...(18) 

Also, the average value of the dynamical variable represented 
by in a. series of measurements performed on an ensemble of 
systems in identical states is given by - 

7<|/* Ftyd*r 


0F>=__ 

. . • •. . ' Jt/t* tjj d*r ’ 

Substituting (18) in (19), we get 


...(19) 


' s. 


V 7 fdi*d >d*r ~~ A ' 


d 3 r , ...(20) 

' • Thus the average value of an . operator F in a state represented 
by an eigenfunction of Fis the corresponding eigenvalue. Since'the 
physical quantity corresponding to F id an observable , it must be 
real. Thus the eigenvalues of the operators corresponding to the 
dynamical variables are real numbers. '.—. 

2-5. . ORTHONORMAL SET OF EIGENFUNCTIONS : 

Let the eigen values be discret e and the corresponding eigen- 


• * A 
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functions be represented by ^ 2 , ^ 3 , ..., '\>m, etc. If for any two 
eigenfunctions <{/ m and (j» n , we have the condition 

J <J/ m * j/» n r/V«= 0 ; /«s£m and m, //=»!* 2, 3, ...etc. ...(21) 

where the integration is over the space in which the fuhetions arc 
defined, then the functions <j> m and »/v n arc called as orthogonal to 
each other and the set of the eigenfunctions will be called as an 
orthogonal set of eigenfunctions. , 

The integral of the product of «j; OT * and in (21) can also be 
represented by the symbol (<}/„„ d» n ) = ('An, W* an ^ ' s known-as the 
scalar product of the functions i{/ m and i / j „. ' Thus 

(•pm, ^„)=(tLn, *l'm* tJl n (Pr ...{22) 

If the relation 

^n)=(^n, tym* p n r/ 3 /‘= l’for W*«= I, 2, 3, ...etc. 

• : ...(23) 

holds, then the set of the eigenfunctions will be called as normali¬ 
zed set of eigenfunctions. 

If the set of the eigenfunctions is orthogonal-as well as 
normalized, then we shall call it as an ort/ionorm al set of eigen¬ 
functions. In general, the orthonormal set of. eigenfunctions 
satisfy the condition, 


...(24) 


(^m, lj/n) = (^n, </'"»)* =J lfl m * tfi n d l r=B„, u 
where S mn is the Kronecker delta defined as 
* J1 for/;/=« 

"" lOfor/n^/7. 

2 6. COMPLETE SET OF EIGENFUNCTIONS : ‘ 1 

Let us consider a hnear combination of the members of an 
orthonormal set of eigenfunctions of some operator, ’ 


00 
£ 

/-i 




(25 


where c ( ’ s are complex numbers. 

If the series (26) converges, it defines a function 
00 

/= <-f c, *‘ , ...( 26 ) 

above tvnf T bCr f !! U ” ctions can be expressed as a sum of the 

with rJ P Vf Tl u ^ ° f funct,ons to is said, to be a complete set 
ith respect to the members of such a class of functions. • : • 

/ asse ™^ lat an y arbitrary wave/unction *</i’ of physical interest 
a nays e written as a linear combination of eigenstates of the 
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operators corresponding to the dynamical variables of a system which 
ore observable and measurable experimentally ; i.e., 

27 C/t/ji, ...(27) 

/-i 

where <J/<’s arc the eigenfunctions of an operator corresponding to 
the dynamical observable of the system. Thus the set of the 
functions ^ is complete vv.r.t. all the wavefunctions ‘f of physical 
interest -To find the coefficients c f , we make use of the orthonor- 
mality of the eigenfunctions 4-,. Multiplying (27) by V and 

integrating over, we get ... 

J'r'y* d 3 r *=» 27 Cf j" 4'i* i/j { d^r 

• co . 

/:>. " ■ — £ Cl $j<=c, ■ 

t-i 

... C/=7 4v*-0 d 3 rs(tyh <J0 ‘ .--(28) 

In order to understand the physical significance of the expan¬ 
sioncoefficients, let us suppose that {fo, 0 2 ,. is an orthonormal 
set of eigenfunctions of some operator A and A 2 , ...} is the set 
oF the'corresponding eigenvalues ; i.e. 

A <4/=A, 4// ; / = !, 2, ...etc. ...(29) 

" Now, if we make a measurement of dynamical variable A on 
the system in the state 4 ), it will’be given by the averhge value of 

A > .'..y j ■ 

(A) = (ip , Aty).— (27 c, 4 ,-, A 27 c ,• 4uj ‘ . . . .,... 

Cj X,-ipj)— s h'Ci* Ci (ifc/M *'V* : 

* *t *. j f ^ * • ... . r • ( ” ■. ■.. ... " ... 

= 27 Ay c,* c) 8^=27 A* C/* 

V < . ... 

or <^>=27 A,- 1 ^ I* - • ...(30) 

< . ...... 

If ? (Ai) denotes the probability that an individual measure¬ 
ment will give the value A,, then by definition 

<^>=27 Ai P (a.) ' ...(31) 

/ 

'.Comparing (30) and (31), we get 

i.e. the absolufesquare of 'the coefficient of expansion in the expan¬ 
sion- of t!/- in, the' -eigenfunctions of A is the probability that a 
•measurement.of./T will give the value A,-. 


1 


! 


/ 

I 

i 


,'j 
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II an operator lias a continuous set of eigenvalues, then the 
summations in the above expressions will be replaced by integra¬ 
tions. As an example, we have seen that the momentum operator, 
/tlV, has a continuous set of eigenvalues ‘p with eigenfunctions, 

4,=— e' vrl ‘ h ...(32) 

” ( 2 r.tl) 3 l 3 • 

1 he Fourier transform, 

4 (L 0=J ^ (P. 0 4r ^ s / ; > ...(S3) 

is a representation of the state t0 (r, /) as a liner superposition of 
the states ij) p ; i.c., it is analogous to the expansion (27). The 
lormula (28) for the expansion coefficients becomes, 


4 (p» 0=(4r> <!>)■ 


l 


*!• 


-/p.r/h 


4 (r, 0 d 3 r 


-.(34) 


( 2 nTl ) 3/2 

To summarize, we have said that every physical quantity can 
be represented by an operator with eigenfunctions {0 l5 4 2 . ...,.4/> • •■}> 
which forms a complete set of orthonormal functions w.r.t. every 
physical state i ft in the sense that every arbitrary physical state 4 can 
be written as a sum of the form (27) where the coefficients are defined 
by eqn. (28). 

27. COMPLETENESS RELATION. 

Let (4 l5 02. •••> 4 j. •••} he a complete'set of eigenfunctions of 
some operator corresponding to a dynamical observable of some 
physical system. Then an arbitrary state 4 can be written as, 


4= T c { ; Ci=(4/, 4)- 

i-i 


..(35) 


;>»(36) 


Now, we have ; • • . ” •• ' i 

(4, 4)=f S ci 0,, £ cj ; 0;) = % efi cj (4», h) '■ 

< \*-i i-i / <,#-i * • \ .. 

= £ a * cj S t j=£ c*.Ci—£ | c, | 2 . a 

Equation (36) is called the completeness relation for the given 
set, because, it is the necessary as well as sufficient .condition for a 
set offunctions to be complete. To prove this^.we shall show that 
00 

£ c { fi { indeed converges to 4, if the relation (36) is satisfied. 


i«=l 


The quantity, 


e»=f [0-£ aful'dh, ...(37) 

J i ” 1 ■ • ., ■ ;*f - •.. . : •/; \ 
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is.a positive.number which measures the departure of 2 c,- fa from 

,•; •• *■ • ..._. _ ;. ' ; . ' 1 

ty» Ife«->0 as n-^co ) then there will be no departure of L c t d*. 


from i]/ and we can Say that £ d fa converges to Such a con¬ 
vergence is called as the convergence in the mean. Now we have, 


' e„ = 

n->oo ?i->. col 


f | 4“ Ci ipi ] e d*r 

Ct* fa *j [^ — 2 c } ip/j J 3 /* 


Lim 
«-> 00. 


+ n^n]E{ c <* V c > +> dv 


t.1-1 

■n 


i*?/***a-J'Too «>* ’ 

v ' ; :• »=* "jA 

. ■ ''V. • H 

, Lim V * „ 

' ) "h n-+ oo c l c * &ti 

{V JV ^ d*r^Ci ; ^ d*r^c,* and ffa* ^^=8^} 

- fl * fc.% 

. . „ . '=* 1=1 U 

hand side) arrymS ° U ' tt>C SUm 0Ver ' in the last term on the tight 

00 


1-1 


t»»(38) 


*0 (if equation (36) hold good) 


00 

Conversely, if *-£<»*, then ..-0 in the equation 


(37). Or from (38) we have, 


t 
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y|c,p- 4 , 

f~ I 


>i > 


i 


l 

\ 


or 



This proves that the completeness rclnlion is the necessary as 
well as the sufficient condition for a set to be complete. 


2 8 UKttMlTIAN OPERATOR'S : 

An operator /l, representing, some observable, must for stale 
</»> yield an expectation value, 

</!>-!.% fV '} 
which is a real number. Consequently, A must satisfy the condition, 
(H* Aty r/ :l r)*~J'l'* /f-V <Pr 
or (Pr**M,* Aty d*r \ 

or equivalently, (^, ^)«(^, ^) j 

A linear operator which obeys the rule (40. is called a Jlcrnti- 
rion Operator. More generally, a Hermitian operator satisfies the 
r relation. 


M)-{Aty, <D ,..(41) 

for any two functions and ■/>. To prove this for a Hermitian 
operator A, we have for the stale-function 0H~(/')> 

A{ty + $) (Pr=$\A{ty-\-<f>)]* OH*^) <P r 

A is Hermitian} 

or J y* /fy rf 8 r-l-J A,}, W n r+J </,*■ A<\ r/Vl- J A<[. <Pr 

^ W 'V **r+ J (/I*)* (Pr+ J (/ty)* ,/, ,/Vb ; (/!*)• <J, ( fir 

or I c/V-H ** ^ rf*r«J (/!,/,)♦ 4 , (^)* * ,/•> ...(42) 

( 7 A is Hermitian, therefore, J Aty r/V=J (/ty)* ,j, f /-v 

and J </>* A<f> </Vr=J (A,/,)+ ^ d 3 r} 
Again, for the state function OH-/0), we have 

f OHty)* A (Hty) </ 3 r»J 1/f OH-/«/.)]* OR//.) r/v 
or J 4 ,* ^ rfVR </>♦ /!</> r/V+f J A<f, ( p r ~i J «/,* ^ d'r 
■=] MR ^ W : V-(-J (/ty)* «/, JV-|-/; (^)* ^ d'r 

-1 J MR ij, iPr 

. 0r ...(4.t) 

; Now, both the cqns, (42) and (43) holds good simultaneously. 
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if / +• ^ dV=J W)* 4 d 3 r i.e„ (*, At)=(At, 4) 
and / 4* Ai/ dV=J W)* rfV ^ )=Wj w _ 

This proves the assertion of eqn. (41), f or a Hermitian opera- 

tor, )>., the operator can be applied to either factor in the scalar 
product. . 

2*9. PROPERTIES OF HERMItlAN OPERATORS : 

Following are some important properties of the Hermitian 
operators. 

(I) Sum of two Hermitian operators is Hermitian. 

Proof. Let A and B be two Hermitian operators. Then, for 
any two arbitrary functions ^ and f, we have 

J <[,* At (At)* t &r 
and / t* B6 d 3 r=$ (Bty)* t d 3 r 

Adding these equations, we get 
J.4/* At Pr+S i>* Bt d 3 r=J ( A ^)* t Pr+$ (Bty)* t d 3 r 
or / (A-\-B) t Pr—l [(AA-B) ^]* t P? 

This shows that (A-\-B) is a Hermitian operator. 

(II) Product of commuting Hermitian operators is Hermitian. 

Proof. Let A and B be two commuting ( AB=BA ) Hermitian 
operators. 

and $ and t be two arbitrary wave-functions. 

Then, for.Hermitian operator A and the states and Bt, 
we have • J ty* A (Bt) Pr=$ (Aty* Bt d 3 r ...( 44 ) 

Also for Hermitian operator B and the states Aty and t, 
we have J (A<\,)* Bt Pr=j [B (^)]* t Pr . ’ ..(45) 

O'* ABt Pr=j i>* A (Btf.) d 3 r=l [5 (^)]* t py 
or f ty* AB t d a r=$ (ABty)* t efir {7 AB—BA) 

This shows that AB is Hermitian. 

(III) Every eigenvalue of a Hermitian Operator is real, 

. Proof - Let i be any eigenfunction of a Hermitian operator A 
with eigenvalue A, then 


;v\ . 


or 

. *T 


■ 

B5K 4 . . 


I $>* 4$ d*r=f (Aty* 4 Pr 
5 w Pr—j( (ty)* $ d*r 
\lA* Pr=\* J d*r. 
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Since ^O, therefore, J d 3 rjLQ. 

Hence eqn (46) gives, 

A=A* or A is real. . ' . : 

(IV) Two eigenfunctions of a Hermitian operator belonging 
to different eigenvalues are orthogonal. 

Proof. Let A be a Hermitian operator, and be its two 
eigenfunctions with eigenvalues Aj and A 2 which are different; 

*' e '* , /f4' J =A 1 4' J ; .^ 2 =A 2 ^2 i Aj^rA 2 . 

Since A is Hermitian, therefore by definition . .... •- 

(^’ ^ 2 ) = Oh, 4> a ) OTt (4*, A 2 ^ 2 )=(A^„ <h) 
or A 2 (tjiji ^ 2 )=Ai* (^,,^ 2 ) or A 2 ^ 2 )=A 1 (^, 

(7 eigenvalue A 2 of a Hermitian operator must be real) 

0r (^x—A 2 ) (^, 

^ Oh, ^ 2 ) = b ( V A 1 t^A 2 => (Ajl—A 2 )t60}. 

This shows that 4^ and d> 2 are orthogonal to each other.. 

(V) If 4^ and di 2 are two linearly independent eigenfunctions 
of A, belonging to the same eigenvalue, then every linear combination 
of 4^ and 4^ 2 will also be an eigenfunction with the same eigenvalue. 

Proof. Let 4^1 and 4> 2 both have the eigenvalue A, 

/f^i —A^x and 

In this case, A is said to be degenerate w r.t. 4>j and & 2 . 

Now for any linear combination of 4>i and 4> 2 , 

we have 

A 1 ^24*^) == c 

~A (cx^+c^a). 

Here C x and C 2 are arbitrary constants. It will be shown in 
the next chapter that by selecting these constants properly, we 
can always construct orthogonal eigen-functions. 


2 10. ADJOINT OF AN OPERATOR : 

Let A be an arbitrary operator, not necessarily Hermitian, 
then we define its adjoint Af (read as J-dagger) by the equation 
/ 4;* Af (/fy)* <f> d 3 r 1 

or equivalently ($» A^) —Oh <f>), J 

where 4/ and $ are two arbitrary state-functions. 

If A is Hermitian, then 

( 4 *> A$)—(Aty, <£), . . --( 48 ) 
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. . . orn P ar ir»g (47) and (48), we get A\—A ; i.e., A is Hermitian, 
i it is self-adjoint. The converse of this is also true. Hence, 
Hermitian is a synonym for self-adjoint. 

, ^ A and £ are two .arbitrary operators, then the adjoint of 
their product is given by 

- _ (AB)\=B\A \; ' ...(49) 

i-e., the order of the factors is reversed. To show it, we have 
from the definition 

J <p* (AB )f <f> d 3 r—\ (ABty)* <f> d 3 r=j (£<{/)* Af <f> d 3 r 
=j* BfAt <f> cPr. 

; But <P and <f> are arbitrary, hence (49) follows. If A and B are 

i both Hermitian, 

(/f£)t=5p4t=ft4. 

From it we see that AB will be Hermitian if and only if 
BA=AB, i e., if and only if A and B commutes as we have proved 
in the last article. 

211. • SIMULTANEOUS MEASURABILITY AND COMMUTA¬ 
TORS : 


If A and B are two linear operators corresponding to certain 
dynamical observables and <p is a wave-function satisfying both 
the equations, 

Aty=*ty and ,..(50) 

then $ is called a simultaneous eigenfunction of A and B ; i.e., the 
value of the quantities corresponding to the operators A and B 
can be measured simultaneously for the system or particle repre¬ 
sented by the wave-function <[». 

Now, we shall find the condition satisfied by the operators A 
and B for which a simultaneous eigenfunction exists. For it w? 
see from equation (50) that ' ' ' • ’ ] 

BAty—B (a(p) = a (U<p) = 
and • AB^A (A 

Subtracting the above two equations from one another 
we £ et {AB-BA) <p=0. ^ (5 

From this equation we see that ( AB -BA)=[A B] =0 i 
and B commutes. Hence, it is necessary for two operators’ i 
commute with each other for having a simultaneous eigenfunction 
We can show that ,t is a sufficient condition also ; i.e , the e ff 
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functions of commuting operators can always be 
a way that they are simultaneous eigenfunctions. 
A and B be two commuting operators ; 

i.e., [A, B]=AB-BA=0, 


69 

constructed in such 
To prove it, i et 



and let ^ be an eigenfunction of A with an eigenvalue a, 


Aty—cup. 

Now we have to find out an eigenfunction, which is a simuh 
taneous eigenfunction of A and B both. For it we have, 
AB<p=BAip—Btxip=aBip, 
i.e. ■ A (ity). 

If Bfyyt 0, then we see from this equation that (Bty) is also an 
eigenfunction of A with the eigenvalue a. Now, two cases may 
be distinguished. 


(I) a is non-degenerate. By non-degeneracy we mean that 
there is only one eigenfunction corresponding to every eigenvalue. 
Then, the function must be a constant multiple of tp, 
i.e., Bdi-fity ; ft is a complex number. 

This shows that ^ is also an eigenfunction of B with the 
eigenvalue fi. - 


(II) a is degenerate. By degeneracy we mean that there are 
more than one eigenfunction corresponding to an eigenvalue. Let 
us suppose that a is an n-fold degenerate eigenvalue of A ; i.e , 
there exists V linearly independent* eigenfunctions {<p v <{/„} 
of .4 with the same eigenvalue a, 

/%=atp; ; i= 1, 2, ..., n. 

From this equation we have, 

A (B=BA'l> l —BaAi = a (Btyi) ; 


*By linear independence of (he functions we mean that no function of 
the given set of functions can be expressed in terms of the other functions of 
the set. Mathematically, the set of functions {<h, ..., <J> n } will be linearly 

independent, if and only if, the equation 

c i ~h +... + C u (Jj n =*0 

or 2 c,^.=0, 

;=*i 

is satisfied for Ci~ c 3 ==...c„«=0 and for no other values of tj 
Also see section 3-1 C. 
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i.e., (#47) * s a ^ so an eigenfunction of A with the same eigenvalue 
a. If (-640 i s linearly independent of 4< (/=1 to n), then we shall 
have a set of (n + 1) linearly independent eigenfunctions, (4i, 42 >--- 
4*. ^4<)» °f with the same eigenvalue a ; i.e , a will be an 
(n+1) fold degenerate eigenvalue, which violates the hypothesis 
that a is only an 77 -fold degenerate eigenvalue. So, Bfa is not 

linearly independent of (4i, 425 4 n ) and can be expressed in ' 

terms of them as : 

n 

= fc fi C<k 4 fc ’ •••(52) 

where c ik s are the coefficients of expansion. 

Now, from the above equation we cannot say that 4»’s are 
also the eigenfunctions of the operator B. However, we can .cons¬ 
truct a new set of eigenrunctions 4 , of A with eigenvalue a, which 
are linear combinations of 4 /s, and which are at the same time 
eigenfunctions of B. We write 

n 

4 dji 4/ 

1-1 . 

and demand that 

__ __ n 

B'] s >j=P'l>j or B Z d)i 4 1=(3 Z d n 47 
1=1 1=1 

. n n n n n 

or 2 d n 54,= Z pdj, 4 , or £ d iX Z c, k 4*= £ j3 dj, 4 , 

7“1 l°l 7=1 fc=l 7=1 

j V From (52), we have 2?4i= Z c lk 4*1 
' 7t-7 ‘ J 

n n 

or . Z dj 7 c lk 4fc = Z (3 Sifc d n 4, c 

l 7;-l l fc=» 1 

? 5 

or Z^cnt—p 8,0 <7„=0, ...( 54 ) 

for k— 1, 2, 3, ..., n and j fixed. 
These are ffi’ homogeneous linear equations in ffi’ unknown 
dji (/= 1, 2, ..., n). For a non-trivial solution of these, the deter¬ 
minant of the matrix of the coefficients, [{c lk — j3 S Ifc )], should 
vanish ; 

he., || c lk -p Si, { H=0. ...(54) 

On evaluating the determinant, we get a polynomial of degree 
in ft hence, it will have ffi’ roots {£„ p 2 , Using these 
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values of fi (/= 2, ..., n) in (53) we .can .calculate the .coefficients 

dji arid hence the simultaneous •eigenfunctions of ' A 'and B. 
Clearly ••• ; ■ ) 

A <\>j=A E d n ifo ; y'=l, 2, ..., n= E dj L Afy 
/=! 1=1 

rt 

= ZdjiaAfi {V Atyi=<xfy t ; l— 1,2, 

1 

, n _ . , • r 

=a E dji 4>/ = a 

1 = 1 : = 

and Btyj—ptyj (j—1, 2, ..., n ) by our demand. 

Thus, if a is /z-fold degenerate eigenvalue of A, then we can 

find ^-eigenfunctions <}u (j—1, 2, i.., n) of B which are also the 
eigenfunctions of A ; i.e., they are the simultaneous eigenfunctions 
of A and B. 

Thus we see that the necessary as well as sufficient condition for 
two dynamical variables to be measured simultaneously is that the 
operators corresponding to these variables .must commute with each 
other. 

2 12. UNCERTAINTY RELATION FOR OPERATORS : 

In the previous section we have seen that the commuting 
operators have simultaneous eigenfunctions and hence the observ¬ 
ables corresponding to such operators can be accurately and 
simultaneously measured. But when the operators do not com¬ 
mute, it is not possible to measure the dynamical variables, to 
which these operators correspond, accurately and simultaneously. 
-In such a situation, the operators satisfy an uncertainty relation as 

shown below : 

Let A and B be two Hermitian operators which do not com¬ 
mute ; 

i.e., [A,B]=iC, CVO. ...(55) 

Then the uncertainties if A and /fB in the measurement of 
the classical variables corresponding to A and B, satisfy the 

relation 

&A.AB^i<C>. ... ...( 56 ) 

Here (Cf is the expectation value of the operator C. 
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To prove the above uncertainty relation we must first define 
what we mean by A A and A B. Although many expressions arc 
possible, the simplest is the rootmcan-squarc deviation from 11 
mean, where “mean” implies the expectation value, 

(A/J) 2 =<(/l-<^» 2 > \ ...(57) 

(AZ?) 2 =<(£-<ZO) 2 >-J 

Now we consider an operator 

where f} is an arbitrary real number. Then, the expectation value 
of • | D \'={A+iPB) (/lt-iW) 

=(A + iJ3B) (A—ipB) 

{Y A and B arc self-adjoint or Hermitian} 
=A? + f>*b 2 -ip (AB - BA), 

is given bv— 

<1 D | 2 >=jV [A*+P 2 B*-W (Ap—BA)] $ d*r 

—Jtj>* (A z -t-p 2 B z -\-pC) 4» d 3 r (using (55)} 

=<^ 2 > + /3 2 <5 2 >+(KC>. •••(58) 

Clearly, the left hand side being the expectation value of the 
square of the absolute value of an operator must be positive. We 
therefore, have from (58) that 

</f 2 >+j3 2 <JJ*>+j3 <C> > 0. ...(59) 

Now, the left hand side of the above equation is a quadratic 
equation in /?, and the condition for a quadratic equation 

ax 2 -j-bx-)-c t — ° 

to be always positive is that the discriminant^/? 2 — Aac) should be 
negative. Thus for (59), we have 

<C> 2 —4 <^ 2 > <£ 2 > ^ 0 

or <^*> <5*> > i <C>*. ...(60) 

If we consider a special case ; <(A)=(B)=0, then from (57) 
and (60), we have v ' 

(A^) 2 .(A5) 2 > l <C> 2 
or >i<C>, 

which is the uncertainty relation, but it is true only when 
<;4>=<£>=0. To generalize the proof of the above relation for 
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V 


the cases where (Ay and (By are non-zero, we write 
F x —A—(Ay and F z r=B-(By. 

/. [F x , F 2 ]=[(A-<CA», (B-CB»] 

~{A-(A» ((A-<A» 
-AB—A (B)-(A) B+<A> (By~BA+B (A) 

~h<B) A—(By (Ay 

= AB~BA {y (Ay and (By are scalars} 

= iC, 

i.e., Fj and F 2 satisfy the same commutation relation as A and B. 

Moreover, </ r J >=<(^-<^»>=<^>-<^>-0 
and (F 2 >=((B-(By)y=(By-(By=0. 

Thus, from the above proof of the uncertainty for the special 
case (Ay=(By=0, we have 

AFj.AF 2 > i(cy. ...( 61 ) 

Now, (AF,)*= <(F,~<^» 2 >=W>=<U-<^» ! >=(A^) 2 
and (A/y 2 =<(^-<F J ,» 2 >=<F 2 2 >=<(i)-<B»2>=(A£) J . 

Hence, we have from (61), 

■■■ &A.(±B^ } <C>. .... 

This proves the uncertainty relation for the case where (A', 
and (By is not necessarily zero. 

213. THE FUNDAMENTAL COMMUTATION RELATION : 

The fundamental quantities in terms of which all the dyna¬ 
mical observables of classical motion can be expressed, are the 
position coordinate ( x c ’ and the linear momentum 'p xc ’ along the 
direction of motion, which we call as the x-axis. The connection 
between the classical and quantum theories is given by the 
correspondence. 


K e -» x ; p xc p x ~.~ih 


_0 

dx 


where x andp x are the quantum mechanical operators correspond¬ 
ing to the classical quantities * and Pzc . The commutation 
re a ion for the operators at and p x , corresponding to the funda¬ 
mental quantities of classical mechanics, is called the fundamental 
commutation relation. It is given by 

[x,p x ] — ih /g2) 

To prove this relation, we have for any wavefunction 


f 
' 1 
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xp K ^——i^x~ 


• t ■ ‘ * 


8x 


and 


or 


p x x +=-Hi ~ (^) = -fh x^-ih 
xpzty— P*X'\i=ih ^ 

(xp x -*p x x) ^=/Ti or j^jc,/? x ] 4»=iti ^ 

=> L x,p x \=ih 

Similarly, we can show that 

[y,Pv]=[z,P t ]=i^ .:.(63) 

Relations (62) and (63) are all called as fundamental commu¬ 
tation relation. 

214. CONNECTION BETWEEN THE COMMUTATOR 
BRACKETS AND THE POISSON BRACKETS : 

Poisson bracket for any two classical dynamical observables 
f c and g c , which are the functions of x c and p xc , is defined by the 

equation 

^ y 1 /> ^_ r ^. W o_ 

(64) 




f xJIl z i± _ y? z 3i 

Uc,gc)- dXc - epxc dp xc ' dXc 


If, as a particular case we take f c —x c and g c — p X c> then 

{x c , Pxc} = l ...(65) 

Also, the commutator bracket for the operators, x and p x , 
corresponding to x c and_ p X c, is given as 

[x, p x ]—ih ...(66) 

Comparing (65) and (66), we can give the following relation 
between the Poisson bracket of x c , p xc and the commutator bracket 
of the corresponding operators x, p x , 

/ft {x e , Pxc) [*» Tsl ...(67) 

In general, if / and g are the operators corresponding to the 
classical functions/„ and g c , then 

Zh {fc, gc} -*■[/> S1 -( 68 ) 

Thus, all the identities satisfied by the Poisson brackets can 

be seen to be satisfied by replacing the Poisson brackets by the 
corresponding commutator brackets 

{f, C gc } = « {fc, gc }-*•[/.«?]-» «.[/> s 1 ; 

a is a constant 

u„gc}=-{gc,fc} -* if,g]=-[g,f i 

{/../.}=o [/./1»0 


ii 

! 


! 


Scanned by CamScanner 







OPERATORS IN QUANTUM MECHANICS 

{fc, gc + K } = {/<,, go } + {fc, he } “> 
{fc+gc, h e } = {f c , h c } + {g c , ho) 

{fc gc he } = {fc, gc } h c +gc {fc, he} 

{fc gc, h c } = {/ c , ll c } gc+fc {gM 

{fc {gc, h c }}+{h c , {f c , K gc}} -+ 

~h{gc, {he, / e }}=0 

(Jacobi’s Identity) 


75 

[f,g+h]=[f, gH[f,h ] 
[f~hg, h] — [f, h l + [^j h] 
[f,gh]=[f,g]h+g [f,h ] 
[fg, h ] = [/, h ] g+f[g, h] 

if, [g, h]}+[h, [f, gH 

+[g, r h,f])=o 


The above parallelism between Poisson brackets and quantum 
mechanical commutators allows an elegant expression of the corres¬ 
pondence principle and was first given by Dirac. We shall again 
return to this correspondence in the next section. 


'/2T5. EQUATION OF MOTION FOJR OPERATORS : 

■ The expectation value of an operator in the state ^ is given by 

Aty d 3 r. : 

••• d -w-. IT * dh+ !+*!?+ dh+ i rA I dh 

According to the correspondence (62) between the classical 
dynamical observables and the quantum mechanical operators, ‘A 
will be a function of x and p x , and the time does not appear expli- 

dA 

city in it. Therefore,^ will be zero and we can write 


c[(A) 
dt 


r=/f 


Sty 

dt 


d 3 r 


From the time dependent Schroedinger equation, we have 

sd) i rr, A ^ m* 

Tt=n> H * and 


Putting these values in the above equation, we get 

— Ai> al Vf i |-iliMfli]) dh • 

U* (AH-HA) ij; d»r 

{V. Hamiltonian is a Hermitian Operator} 
=T ((AH—HA))=h <[A , //]> ...(69) 
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Nv rite this in the operator form as 
dA l 

ie .-(70) 

the tinte de ‘ 

t atr . r lva live of an operator ‘ A ’ is equal to the commu- 

tator ofand fr mUli . . i 

Motion for ' PaCU U> *'*' LHU ' {,V) ia lhe equalion oi ' 

( iur an operator * a * j • 

don of motion p ro • and 1S bn °wn as the Heisenberg's Equa- 
commutes with the R * epuat ' on we see that, if some operator 

zero I he., the operator- 1 u ^ timC rate ° f change wil1 be 
represents a constant nf W - ° C constant i n time and hence it 
i n g to any quantitv ™° tlon ' Thus, if the operator correspond- 

quantity will be a constaTT 168 With Hamiltonia n, than that 
•xj „ instant of motion. 

.Now we find thr> 

the quantum theory C ° rreSpondence between the classical and 
last section we found a r ^ prpmised 111 the last section. In the 
Pr °m a classical expression' by which we can transit 
Here we shall discuss a corrp^ & paantum mec hanical expression, 
classical limit 0 f a quantum p ° ndencc which we can get the 

The eon trot " n,eChamcal expression. 

5 • ( 9) can be written for A=x as 

Now the I fr f ~ -( 7 ‘) 

for the velocity ^ 

compare eqn. (71) with th c , “ renfest s ‘heorem. If we wish to 

cannot simply kt the operator? f Lpression °f‘he velocity, we 

analogs, because classical observabL^ m ° their classica l 

lave the R H.S. equal to zero Hen ' C ° mimte and we W ™U 
same time. r0 ‘ Hence we must let ti ^ 0 at the 






M 

^Pxc 


where the R.HS ic " . dPxc •••(•72-a) 

tonian formulation of » the Kami,. 


Similarly, 

Lint ( PxH . 
h -^0 ' 


-Hpf> 




a/4 


Eqns. (72) are true for any H wh' r' C •••(72-6) 

powers of and p M . For exa^’k ntTve^ eXpanded in ‘he 
by taking H c=Xc and be verified 

6 6 funda <»cntal commu- 


V 


Scanned by CamScanner 






OPERATORS IN QUANTUM MECHANICS 


7 1 


tation relation. The verification can be continued by taking 
Hc~x c * and other higher powers of x 0 and p xc , 

Tfj [Px, x z ]= — [p x , — [p x , x] x 


This is I a agreement wuh the classical limit {/2~b) wjih 
H c —xf. . . 

More generally, this type of arguments can be continued to 
prove that for any two functions /and g of the position and 

wh , ic h ca n be expressed in the powers of x and p x , 
the following relation holds good : 

I->'m <£/-*> dgc dfe 0/e Sgc 

ill ~8x c dp„ Wc-fpZr^’M . " (73 > 

This relation between the commutator (gf—fg) and the Pois¬ 
son bracket {g„f c } is a little more precise statement of the corres- 
pondence between the two. 

From the above discussion we see that, if a quantum system 
Pas a classical analog, expectation values of operators behave in the 
hnut h-*0, like the corresponding classical quantities. 

2-16. UNITARY OPERATOR ; 

A linear operator whose inverse and adjoint are identical is 
called unitary. For a unitary operator U : 

U-i=Uf or UlTf—UfU—I ,..( 74 ) 

A unitary operator may be constructed from an ordinary 
Hermitian operator C, 

1 + iC rrJ . 1-iC 


~ 7 T. X &-Ftt X — i h x=-~2x= — ~- 

1 h I h ? x 


U-~ 


Ut 


UUf=I. 


...(75) 


\~iC \-FiC 

To have another construction from a Hermitian operator, we 
write an arbitrary unitary operator U as: 

U\ 


U-- 


v+ut, : u 

■— +i — 


■2 


2i 


U+Uf 


and B 


A+iB.(say), 

U— t/f 
2 / 


T 


and 




■ 


Scanned by CamScanner 



















78 advanced quantum theory and fields 

u. N°w we will show that X and B 

commutes with each other. For it w e have 

\ V *L : . uu t iPW-vn/ f uu-uwt 

2 2 1 4 i =' of 

{'.' (7C/t=£/t u=n 

, v-v t u+u-t. vu+m -uiu-mvt uu-vm 

and BA- 2 < • 2 - ; 

i.e„ AB—BA\ A and B commutes with one-another. Hence we 
can find a simultaneous eigenfunction i|> for A and B, 

where A’ and B’ are real numbers, because A and B are Hermitian. 
Now, ZJty—^AA-iB) ^i = (A ,J riB') vjj= U’ty (say) ■ 

the eigenvalue of U is U'=A'-\-iB'. ...(76) 

Furthermore, A 2 fB a =\ (t/+t/t) 2 -* (U-U-ff 

— UfU-I 

(A 2 +B 2 ) 4»«(i4*+i'*) ^=i ^ 

=» A' 2 +B' 2 =\ ; i.e. y | IT \=\A’+iB' |= V(^ 2 +£' 2 )=1. 

Thus the eigenvalue of any arbitrary unitary operator U has the 
absolute value unity. We can, therefore, write it as : 

C/'—exp. [/'C'] ; C is real number •••(77) 

Now, if we define a Hermitian operator C, such that 

C<1/=C'4>. 

Then 

(;c)S ...)v 


men 

■ T...... exp. + 


? i 


O’C ') 2 


^+ iC '+Tr+••■ 

=e lC 'i/=U'ty=Ult 


0 


•••(78 

Comparing the two sides of eqn. (78), 

U— exp. [iC] ; C is a Hermitian operator. ...(7! 
Hence a unitary operator can be expressed in terms of 
Hermitian operator by a formula like (79). 

^ PROBLEMS 

Problem 1. ' Show that a set of orthonormal functions is linear 
independent. 

Sol. Let us consider the orthonormal set of Function 

•••>’W* •••) ■ 



T X 
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* 

Now it will.be linearly independent if the relation 

is satisfied only when all the CV s are zero. 

' Now to find the coefficient Ci, we take the scalar product of 
the above equation with we get 

' c, (♦,. <h) fC 2 (*,, «+c, (4i, W+--+0 «'fW+-“°, 

or "C,.0+C 2 .0+C 3 .(j+ .. + C,.l + .'..=0 

{V the set is orthonormalj 
=> Ci =0 • . 

Similarly, all the coefficients will be zero if the relation (i) is 
satisfied and hence the given set will be a linearly indepen en 
of functions. 

• Problem 2. //{«, (*), « 2 (*)> •••} * “ complete set of ortho,tor- 

mal functions , then show that 


2 u n * (*') u n (x—x ), 

where S (x-x') is the Dime’s delta function. It is known as the 

closure-relation. , 

. Sol. Let us take any arbitrary function 4» ( x ). This can e 
expressed in terms of the given complete set as : 

” CnU n ( X ), 

where, C.=| (*). * W - 00 

Putting this value of C n in (i) we get, 

^(xj= j £ jy»* (^') $ 

{• • the integration variable can be changed 

•• . by any other variable} 

= b (*') f u„* (x') «, <*)] *' ■••(>“) 

Also from the definition of the Dirac Delta function we have, 
*(*)»=[ *(Y) 8 (*-.*')<**' -° V) 

Comparing (iii) with (iv), we get the required result. 

i «„* (*') w » (*)=s (*-*')• 

r»»l 


•Ik..'; 
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Probl ^ 

complete srtnf ei S^nfunctions of an operator F forms a 

ore real ti J orthonoTnt ol functions and all the eigenvalues of F 

Sol ^ ^ Hermition - 

t; nn , °1 ^ et ’I'l {*=*1» 2...} from a complete set of eigenfunc- 
t,0nS of F with real eigenvalues A, {/=!, 2- 

g. ^ ^ and Af*=A, ...(i) 

ince ^ O’—1, 2,...) forms a comlete set, the arbitary state s t!> and 

0 can be written as— . 


00 


and <f> = 2 d^, 


t-i 

GO 


i-1 


...(ii) 


(<K ?<£)=( 2 Crf„ 2 dj F<h) = ( £ C,fh, £ d,\fy,) 

. . * imml *»1 1 /-I 


00 


kfii* dj Ofo» '!'/)= 2 \ } C ( *dj $ii 

V -1 l Sal 

7 y 

= f KC,*d,. 

Similarly, 

$ '=( 2 Ct Ffy, 2 d, 40=( 2 Ci A, 2 d, $,) 


•••(iii) 


CO 


= Ci* a,* d, (4. f> 4>,)= 2 a, c ( *'</,.*</ 


as 




r-i 


•»(iv) 


Form (iii) and (iv) we have, 

(4s F#)=(Fty, <f>)\ i.e ., Fis a Hermitian operator, . 

Problem 4. iSAow that the momentum of a free particle is a 
constant of motion. 

. Sol.. For a free particle, potential energy K=0. 

T “", asi {•'—»!} 


and 


h^ 

2m 

pH*l> ( x)—Hp tjj (jc)—0 
=>pH—Hp— 0. 




' 




i.e. 


[ft //J-O, {(X l ^ 

. : ' 
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S] 

Thus the momentum of a free particle commutes v' ‘ " 

Hamiltonian and hence it is a constant of motion. : ^ tjj 

Problems 5. Show that the momentum operator . jj 

Hermitian operator. ... 15 a 

Sol. It the momentum operator is Hermitian, it 


s ho 




satisfy the equation ‘ ’ . , uu °bl^ 

f (-/tiV<W (-iti V 40 * <]* db .. 

or -iti f (Vt» <i 3 r=;h| (VO*) 4 ^ 3 '' 

Now, V «<* 40 =<1<* (V-W+CV**) 4 -::. 

v*'C-7v)=7(v*v)-(\7 . 

Integrating this equation throughout, we get .. 

| (V<W d*r= f| </>) (V 4*) + d * r , " 

= v | 0 d 3 r—J (V 4 J *) 0 ^ 3 '' 

= - f (V4»*) 4» d*r. jV * d*r=N (a consaW 

Multiplying both sides of the above equation by —zh, We 
get required condition (i) and hence the momentum operater is ^ 

Hermiti^n-op^rator^ 

\.fi/ /Problem (m Ij==% m x 2 -\-V{x), then show that 

ihx=xH—Hx 


dx 


■n . 


is satisfied if x p x —Px x—ih, where x— ^ . 


\ P > ■ 

{Here V(x) is a potential function ] <r /ph' 

Sol. The momentum p K —massX velocity —mx 


• px 
X =— 
111 


Hence, H=$m&+V{x)=*\m P -± +V(x)= P ^+V(x). 


Now we have, xH—Hxz=:[x, H ] 


[a, *tO 

\j*, eA A * ’ L 1 


[x> p * i] • 


ft 


__1 

2m 
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{V V (x ) is a function of * only and hence it will commute with 
x, therefore, the second commutator bracket will vanish} 

/. [X ’ P * ] Px+ 2m P * [x ’ Px] 

_ 1 .. .1 .. f i 

~ 2 m ' lh -P*+2m ' Px 1 * [x, p x ]=xp x -p a x=i1)} 

=ih — mx=ih x. j 

m m 

Problem 7. The parity operator v is defined by the operation { 

7t ty(x)=ty(—x); for any function ^(x). 

Show that, ■ 

(i) It is a linear operator. 

(it) It is Hermitian operator. 

(Hi) Find out the eigenvalues of this operator. 

(iv) If the potential energy is an even function, then show that 
% commutes with the Hamiltonian, ' • 

h =£ +v ^- 

Sol. (i) For functions ^(x) and ^(x) we have, 

k [^ 1 (x)+4» 2 (x)]= ! /fi(-x)f0 2 (-x) = 7i^(x)+77i// lt (x) ...(i) 

and 

n [Cfo (x)]=Cif> l (~x)^Cti ifjfx) ...(li) 

From (i) and (ii) we see that v is a linear operator. 

(ii) To show that n is Hermitian, we should be able to show 4 

that, 

(ty } 7zj>) = (irty, $), • . 

Now, J <j >*(x)4>(—x)dx. 

Since the variable of integration in an integral can be replaced by 
any other variable without affecting the value of the integral; by 
making the change of variable *'=-*, we get ] 

($, d>* (~x f ) <f> (x') dx' 

<P* (-*) ^ (*) dx 

or (<p, 77 $>.#)• . -.(in) 

Thus 77 is a Hermitian operator. It should, therefore, have 

real eigenvalues. . 

\/(ni) To find the eigenvalues of .w, we write the eigenvalue 

equation for it as, 

77^ = A^, 
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where A is the eigenvalue of tt in the state 
, Multiplying (iv) by tt, we get 

n 2 (]j=A n ^=A 2 ^ 

or 7 v V ^=A 2 ^ 

Because the original function is restored when the . transfor¬ 
mation x-+ ~x is performed twice. Consequently, the eigen 
values of k satisfy the equation A 2 =?l, whence A=±l. The eigen 
functions belonging to the eigenvalues A=-fl of the parity opera 
tor are the even functions defined by 

(-*)• . , ■ 

And the eigenfunctions belonging to the eigenvalue A 1 

the odd functions i}/ 0 , defined by 

(“*)• ' , 
The eigenfunctions of tt are a complete set w. r. t. the c ass o 

functions of -x. Any functions <p(x) can be expressed as 

where [iKjc)+i|;(— x)] is an even function of x and [<K*)— t K—*)J 
is an odd function of x. 

(iv) To show that tt commutes with H y we have 




{ ••• p,= - V 


df 

dx 2 


} 


and 




A 2 ^ ( 7— l +F(-*H(-*) 

2m dx z 

A ^7 — 

2m dx 2 


7! i v (a:) 


(•; V (x) is an even function} 
* (~*) 


r (*). 

» 7 i ]=0 because the above equation is true 

>r arbitrary ^ (x). 

Problem 8. If A and B are two operators , then show that 

[A, b-*i=-b-hA b\b~\ • 

Sol The right hand side of the above equation is written as 
—B~ l [A } B ] B' 1 — -B-y {AB-BA) B - 1 
. =-3-' (ABB* 1 -BAB' 1 ) 
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=-B~ 1 ABB-I+B-WAB - 1 . 

B-'A+AB- 1 ' 

{*/ By definition, 

__: J B" 1 /4=left hand side. 

Proble m 9. ) Show that the operators ' fx 2 p x 2 4- p 2 x 2 ) and 
2 ( x Px-hp x x) 2 differ by a term of the order of h 2 f C^V ^ ^ „ 

Sol. {x 2 p 2 +p x 2 x 2 )—\ (xp x +p x x) 2 1 ' 1 

=$ { x 2 pf -f x 2 pf + p x z x 2 -hpfx *} ^ ^ 

{xp x xp x + Xpfx+p x x 2 p x -fpxXpxX) 
= 2 {(x 2 pf--xp x 2 x)-\-(p x z x 2 -p x X 2 p x ) 

+ (X 2 p x 2 -xp x xp x ) 4- (Px z x 2 -p x xp x x)} 

=i {* [x, Px 2 )+Px [Px, x 2 ]+x [X, Px ] p x +Px [Px, A A 
—l {2i h xp x — 2ihp x x-\-i\\xp x —i h p x x } 

v [x,p x ]=ni; [p x , x]=-/h ; 

[*,/?/] = [*> pj />*+/>* [x,p a ] = i &/>*+/?*•*& °2ihp x , 

and [p x , x 2 ]=x [/7*, x]+[p x , x] x= — xzh-f(—*h) x 

= —2/hx} 


• =| {2zh [x, /ZzJ+zh [x,/?*]} 

= |/'h [x,/?*]=! ill./h = --1 ti 2 , 
which is of the order of h 2 . 

Problem 10. By mathematical induction on n, show that 

[x^, p]=ihnx»- 1 and [X, p n ]=nnip n -\ •••(0 

where n is any positive integer. Hence , prove that 

lf(x), p]=n e £ and [x,f (p)] = ib —00 

where f (x) is any polynomial in x andf (p) is a polynomial in p. 

Sol. The principle of mathematical induction states that if a 
relation is true for n=l, 2 ; and by supposing it true for n=k we 
can prove it for n=k+l, then it will be true for all positive integers. 
Now, from the fundamental commutation relation, we have 

[x,p]=7b, 

thus the relations (i) are true for « = 1. 

Also, we have 

[x 2 , p]= x [. x , p]+[x, p] x == x./h+x,/h — 2/ti x=z h .2x 2 ~ 1 
and [x, p 2 ]=p[x, p]+[x, p] p=p.ih+ihp=2ihp=ih.2p 2 - 1 4 
Hence the relations (i) are true for n= 2, also. 

Let us now suppose that for any positive integer n—k, the 
relations (i) hold good. 


f 

l 


» 

i 


I 

{ 

i 

f 


-•T 

i 

i 

< 

i 

1 


j 


i 

1 


i 
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z.e., [x*,p^ihkx*- 1 and [x, p k ]= iT\kp k ~ l t 

Then, 

[X*+\ p] = [X.X\ p]=X [x\ p] + [X, p] X* 

=x.rt\kx k - 1 +i1]x lt {using (iii)} 

=»* (*+l) 

and [x, ^+ 1 ]=[x, p.p k ]=p [x, p*]+[x, p] p 1: 

=p.i\\kp^ 1J ri\\p 1: 

= /h(/c+l )pVM)-\ 

Equations (iv) show that the relations (i) are true for 
also, if it is true for n=k. Hence by mathematical induction it j s 
true for all positive integers ?i. 

To prove the relations (ii), we note that any polynomial/^ 
can be written as 

k 

f (x) — £ a n x n . r 

«= o 


Here k is the degree of the polynomial 

cf{x) * . 

• J ' : £ na n .x n ~ x . 


ox 

Now we have, 


n- 1 


■••(v) 


f/(*)»/>]=[ £ a n x n , p]= £ a n [x», p] 

Ln"0 J n=0 

k 

—zb £ a„.nx n ~ 1 {using (i)} 

n— 1 

.* 3 f(x) f . ■ • 

= "lET ' ^ using ^ 


• k * 

Similarly, we can show by writing/(/>)= £ a n pn an d using 

«= o — 


(i), that [xj(p)]=i h SM. 

dp 

Problem 11. If H=~f\^ui z x z i then show that 
zb 



(i) xH—Hx= — /?. 

/* ' 


00 pH~Hp—~i\\p.w i x. 
Sol. We have, J' ) r a 7 . 

(i). /&=[*, #]=[*, £+y r<o‘x‘l 


r p‘ i, 

1 I ■ “1 


~[ x ’ If" * J 


V.. 
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0 ^ “27. t*. x^l [ X> p,] 

<■ ;;^ r o o p n^n commu,cs with with any 

-& 2n *-JP. 

(ii) pH-Hp=[p, "] = [/>,£]+[„, 

1 r 

2fx ^-/^l + W 2 t/7, X 2 ] 

= l/'-W 2 [p, X 2 ]. 

= ^/ia ,2 (—2ihx) 

{. [X 2 ,/?l = 2ltlX, t/;, x 2 ]=-2ihx} 


— i“h 


IJLOJ^X. 


^Problem 12. If H=-~~ -\-V {x) 


2 in 

m 


then show that 


Sol. We have. 


[x, H}= 


' x P -\ 

’ 2m J 


-[*. V(x)]. 


Now x will commute with V (*), which is function or v • for 
any operator commutes with itself and hence with any o t 
power and any function of itself. Thus, [ x , v ( x )i =0 and 

Problem 13 - The operators a and aj are defined as 

/ (5t)(*- , £) 


and a j= 

Find the value of [a, of]. 
Sol. [a, flj*]== 




mw\ . p 

2ti)r 


mco 

: 2h 


M) Ky] 
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mu 

= 2h 


mw r , unu) vl 
= r- [X, X\ -7yT— [Pi* J 
. 2n Inmu) 


imoi 


i z ma) 


= 0 - 




-it) 


2Tiww 

imu) 
2\\mw 


„ UIVJJ p 

[x, P]- 2 hmW [P ' P] 


.ib—0 


2b mco 
— \ 1 • 

[a, 

Problem 14. If A and B are Hermitian operators , then show 
that i [A, B] is also Hermitian .; 

Sol. Let us denote the operator i [A, B] by C, 
i.e., C=i [A y B]—i (AB—BA). 

Then C\=—i [(AB)^-(BA)ft 

= -i[B\A\-Am\ 

-~ — i [BA—AB] 

A and B are Hermitian, therefore 

Af—A and Bj=^B} 

= i [AB—BAJ—C, 

i.e. C\=C and hence C is also Hermitian. 

fp Problem 15. If A and B are two operators which commute 
with their commutator [A, B], prove that 
(a) [A, B n ]—nB n ~ 1 [A, B] 

{b) [ A n , B]=nA»- 1 [A, B] 


I 


...(i) 


have 

and 


So). Sinfce A and B commute with their commutator, we 


] 


A \A, B] — [A, B] A 
B [A, B] = [A, B] B 

It is clear that the relation (i) are true for «=1. 

Also [A, B 2 ]—[A, BB]—[A, B] B+B [A, B] 

=B [A, B]+B [A, B] {using (ii)} 
-2 B 2 - 1 [A, B]. 

And [A 2 , B]=[A A, B]=A [A, B]+[A , B] A 

=A [A, B]+A [A, B] {using (ii)} 

- =2 A 2 ' 1 [.A, B], 

Hence the relations (i) are also true for x=2. 


...(ii) 
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Let us now suppose that (i) is true Ifbi :n ■ (iii ) 

[A, £‘]=W' 1 [A, B\ and LA 1 , 

Then ^ wjji 

<••• ^ COm ™ teS ™V^J*ny pow°er; and 

=B.kB'" 1 [A, 5]+-5'’ t- 4 ’ B ‘ 

= kP- [A, Bl+B* [A. B] 

^(k+l) B'** 1 '- 1 A, B). 

and M e+1 > B]={A.A\ B}=A [AjBl+lA,^]^ ^ ^ 

-(*+1? W «• j f t h ey are 

true 7 0 S Induction : 

r in 

elecTfomagneticfield, 

/mw that, . . 

A(x)) 

/tf 171 \CJ . 

... ACll1f ; n terms of its classical analog. 

src.^. ts& *«*»■ ° f motion for an 

>erator, we have 

dx 1 


dt iti 


[x, H] 


[x, 


U p : 

f 4 (- 

[ x ’Tm{ P ■ 


<? 

<? 

c 


4-v) 

•4*) 

A (x) 


‘+e</>(x) 

+[x, e 4>{x)] 


r: 2 [x,e<j(x)]=e [x, 4 (x)}~ 0 , since the scalar 

potential $ is a function of * only and hence it 

commutes with *; for every operator commutes 

with itself.) 



Scanned by CamScanner 











OPERATORS IN QUANTUM MECHANICS 


89 


Now, 


+ 2Jn[ X ’ ( p -T A(X) ] { P ~T A(X) )' 


= [X, /?] . . 

{v x commutes with A(x), which 
is a function of * only} 

=i Ti 




=- ( P-~A(X) 

m \ c 


Hence, we have 


) = M p -T A(x) 

dt /Ti m\ y c ) ™ \ c 


If we treat the ‘x’ and as the classical dynamical variables 
specifying the position and momentum of a particle in the pre¬ 
sence of an electromagnetic field, then the above expression is 
exactly the classical relation between the velocity and momentum. 
Problem 17. If A and B are constants of motion, then show 

that [A, B] is also a const ant of motion. 

Sol. Since A and B are constants of motion, therefore, they : 

commute with the Hamiltonian; i.e., 

[A, /7J=0 and [B, H ] = 0. __ 

Now,. - 

[[A, B], H]=[tAB-BA), H] 

= [AB, H] — [BA, H] 

=A [B, H] + [A, H ] B-B [A, H]-[B, H] A 
— 0 (using (i)), 

i.e , [A, B] commutes with the Hamiltonian and hence it is a 
constant of motion. 

Problem 18. Show that xp x is not self adjoint while {xpx+PxX) 
is a self adjoint operator.-, 

Sol. Here we know that the position operator x and the 
momentum operator p x are both self adjoint. Hence their product 
x p x can be self adjoint if they commute with each other. 

But [x, 

i.e., they don’t commute and hence x p x cannot be self adjoiat. 


• '.1 

■■ 

:| 
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1 

' 


} •: 

5 ■ 


\ \ 


I \ 


Now, (x/7* f=(^C/7*)t H- 

=P«t*t+*tp„t 

~Px^ "L XPx 
= {xpx-\-p x x) 

Thus the adjoint of (xp.+p,x) is equal to itself and hence 
(xp,+P*x) is self adjoint. 

problem 19. If A and D are linear operators and le is a scalar , 
show that 


/c 2 


«“ Ae-* B =A+k [B, A)+~ [B, [B, A]]+ ^[B, [B, [B ,^]]] + ... 

Sol. Let us consider the function 
./ {k)^=e kB Ae~ kD . 

m \ d ^==B.e kB Ae~ kB —e kD Ae~ kB B 

— Bf(k)-f(k) B 

. =t Bjm- 

By inte ration of this equation, we have, 

d 2 f 


d ^ = \B d l\ 

dk 2 ’ dk\ 


'[b, 


=[i?, [b, [Bj(km 


and similarly we can evaluate higher order derivatives of f (k). 

Since f (0)=e°.A.e°—A, we can write the Maclaurin’s series 
for / ( k ) as : 

7,2 Zr3 

f(k)=A+k [B, A]+ 2J A]]+ ^ [B, [B, [B, ^[j]] +. 

le. e«*Ae-*i> = A+k [B, A]+f t [B, [B, 4] + ^ [B, [B, [B, 

N.B. If in particular case, we take k— 1, then we get 
eMe-^^+IB.^j+i [B, [3/f]]+... 

Problem 20. If A and B are two operators which commute w ith 
their commutator, [A, B], prove the identity, 

qAqB == qA +B+l/2[/4 , B] 

Sol. Let us consider the function 

f (/c)= e n A e w e -nA+D] 

df 

^~=Ae kA e kB e~^ A+B )-\-e kA e kD Be~ k - A + B ) 

~-e kA e kB e- k ( A+ V)x(A+B) ,..(i) 
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Now, + 

B+kAB+^ A 2 B+^A 3 B-\-..-J ...(H) 

Since A and B commute with their commutator therefore, 

[A n , B]=uA n ~ 1 [A,B] 

or A n B~ BA n -\-nA n ~ x [A, B] (see problem-15) 

=-BA n +n [A, B] A n ~ 1 (y [A, B] commutes with A) 
Using this result in (ii) we get : . - 

e ] ‘ A B=\^B+kBA+ , ^BA 2 +£ BA*+..\ 

+ (* [A, £] + ^. 2 [A, B] A+j-y 3 [A, B] A*+...\ ■ ■ 

=£•'( l+kA+JZA‘+?A*+..\- 

+k[A, B] [i+kA+'?- i A*+..\ 
le., e> :A B=Be^+k[A, B] e™. 

Similarly, e kB A=Ae kB ~k [A, B] e kB ...(iii) 

Also Ae kA =e kA A and Be kB — e kB B, because every operator 
commutes with any power of itself. 

Using these results we can write (i) as : 
df 

-jj-_t=Ae 1:A e kB e k ( AAB )-\-Be kA e kB e~^ A + B ^-\-k [A, B\ e kA e kB e~ k ( A+B > 

— ( A-\~B) e^ A e kB e~^A j tB) 

{•/ e kA e kB e~ k< > A (A-hB) — e kA e kB (A + B) e~ k ( A +« 

— e kA e lcB Ae~ 1: ( AAB )~\-e kA e kB Be~ k l A .+ B ) 

=Ae 1:A e kB e~ k ( A+B > — k [A, B] e kA e kB e ~ kU+B ) 

+Be kA e kB e~^ A + B )+k [A, B)] e kA e kB e~ k ( A + B l 
= (A+B) e kA e kB e-H A + B >) 

rlf 

A Tk^fW+ B fW+ k 14 *im-(A+B) f(k) 

—k [A, B]f (k) 

r jr—[A, B] k dk 

Integrating both sides, we get 
k 2 

log/=y [A, B] or f(k)=e k *t 2 [A, B] 

g\:AgkBg^liCA+B) — glc^l'2 [Aj 131 
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^ * 

Taking k=\, 

e A e d e -{A+D)— e WlA,D] or e A e d =e / * Dn,2 ‘ [A ’ 

From it we see that e*e'&*+* in case of operators. If 

„ - c0=e a +B . 

i e if the operators commutes, only iei , 

i.e., n me upei satisfied by the opera- 

Problcm 21. Find the commutation 

1 v £ • the momentum and the position operators 

tors pop—p and x ov =in ^ » inc 

in the momentum representation, respective ) 

Sol Since the operators are given in the momentum, epre- 
bol. oince liiu p operators operate are 

sentation, the wavefu net ions j / these operators 

also the functions o t e m h ntum representation 

operate on the functions t (p) m the mom 

Now, w», # <?)-» | (*»-»[^'5J 

and pop x op <j> (p)~~P 1 dp 

/. (Xop Pop-Pop x op) ^P) * = ^ 

This is the commutation relation for x 0P and p v . 

Prob.cn 22. Hamiltonian for a on. 


'imensioml system , then show that p gx a,lci 


m 


Sol. From Heisenberg’s equation of motion we have, 

;)=-i [p, Hi and [v, 

4 1 ’ h:> 

-AI'-l.lbTl'./Ml 


i Yw- 




P 


J 


__L[p K(a')] {v P commutes with its square, p“} 


.1 .,8V 

= —. — i h •— 

7 tl 8x 

8V 

- T 0* 


j.’. [/(.v),p]=it,|j 


l ; rC 


VH 


/ 
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And, x 


=1\ 


/hi 

5 2m 

1 

] . P 2 I 

“zh 

L ’ 2m\ 

l 

v P 2 ] . 

~ zh 

’ 2m J 


w] 



{v every operator commutes with any of its functions} 


zti 2m 


.{Vi*, p n ]=ihnp n ~ 1 } 

'2 z'wzh m 


£ unn . ... 

i , rnrmnt have more than one. 

Problem 23. Prove that an opeialoi cannoi 

reciprocal. p that an operat0 r A has two different 

reciprocals Pj and Z Then from the definmon of reeproeal. 

and ABn-=B 2 A=I. ;. > 

From (i) and (ii), we have 

AB t =AB z . 

Multiplying both sides from left by A \ we get 

A' 1 AB 1 =A~ 1 AB 2 

or ib,=ib 2 

or B ^ B *' 

Contrary to our supposition that B x and B, dl ^®^' al 
Hence an operator cannot have more than o c p 

Problem 24. Prove that the equation 

AKx)= r G (x, x') iKV) -O 

lefines alinear operation. G(x,x) is a given function of x, x\ the 

*dme for all (a). 

Sol Let us consider a function 4 (*) i =<l'i C’O+'ta (*) v ^ ere 

> y and are any given function of x. Then vve have using (l), 

; • : AMx)+M a)}= G (. x , x') (X') +* 2 (A")] dx' 


=j U G (A, A') ^ (a') dx f 

rb 


. + [*(? (a, a') (a') dx’ 

Jo ,• . \ - . 

~A<\> 1 (x)-j-A<\> 2 (x). 
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Again, by considering + (x)=OK (x), wherc c js 

constant, • a 

A {£%(*)}= f‘ G (x, x') [C+,(x')] Ax' 

G (x, x ) i)j(x’) Ax’ 

■ -C/% (x). '' 

Equation (ii) and (iii) show that A is linear operator. 

Problem 25. Let the operation A be defined by 

ity(x) = j + U (x -x’) <K*') dx\ 

where the function U (x) is the unit step function : ' 

u{x)=\°; x<0 > 

w l l,x > 0. 

If the class of functions 6 is the class for which tb and are in- 

dx 

tegrable for | x | -» o®, show that 

hjt 


Sol. To show that A. is the inverse of we should show 


that 


. d d 

— ,A=*I 

dx dx 


* -(0 


A d r r ^ 00 

Now |j U (x—x') <Kx') dx 

U (x-x') dx’~\ 

} x 


4 O’ 


) dx' 


i 

» ( 


{•• by definition, t/ [x— x’)=0 for x > x 
and U (x—x')® 1 ! for x' < x) 

w \ *••00 

" Vl (V <K*) * s i nte i rable for 1 * 1 “*■ 


Again, we have 


* i» 


A 
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£«£>&< 
J_„ Av' r/A 

= <K*)jv 


f + oo 

+] •• u [x-x") 


dx' 


*■ ^ 
I 


d(b . . ) 

— isintegrable for j x j -* ool 


From (ii) and (iii), we have 

^ = + (x), 

d 9 ❖ 


“■ dx A - A !ix~ u u - A =‘[di) 


| Prob lem 2j . Calculate -S and J~/or a particle whose -HamlU 

V » « 7 

HI/tM t n /Yfll/IM A 1 < 


toman is given by 


wto, v+«$ 3 - 


Here p and q are ike momentum and position operators for the par - 
tide and satisfy the commutation relation 

(7/,/;]=/h. 

Sol. From Heisenberg’s equation for an operator, we have 

% = ? ] = ,4 f fm+T m ^ 3 + a?= 


A ^ 

> 

) 


-1 


ih.2m 
1 


r^+A 



TTIn+jjf [?. ; 5 a ] 


fort! 


Again, 

dt di u J i h 


A 4 MoScf + ocf 


1 


;«oj 


2 

^ — m-xPq—'ivxf, 
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Problem 27. Show directly that i (p 2 x —xp 2 ) is Hermitian. 

Sol. Let us write, 

i (p 2 x- xp 2 )—A 
or A = i (p.p.x—x,p.p). 

A t = - i [(ppx)f- (xpp )fJ 
= - /' [xfpfpf - pfpfxf] 

= -/ [xpp-ppx] 

{’•* a: and p are Hermitian} 
= ~ i [* P * ~P 2 x] = i [p s x-xp 2 ]^A. 

Thus the operator A — i (p 2 x—xp 2 ) is Hermitian. 

Problem 28. Show that every operator can be written as the 
combination of two operators , each of which is Hermitian. 

Sol. Let A be any operator and let Af be its adjoint Now 
we can write A as : 


where 


A=^+dt H (fM =JS+iff(say) 

B=d+f and 

2 2i 


and 


Now ±M±)t Af+A A+Af A 

2 == ~=- 2~~ =B 

nf- A t~(At) t_ At-A A~Af 

' -2 i —2/ ~ 2i ~ H 


(V (AW°A} 


ter m JoftlfosTa d s^r]S. Herni '' tianand ^ Can be « 

nw, fry theposUion °P era >° r x ™d the momen- 

l tm operator p x satisfy the uncertainty relation. 

Ax A p x > ti/2. 

re.aS opener, A»n d B, satisfying the 

[A, B]~iC ; Cfh 0, 

A^A*> 

For x and /;*, we have, 

A', T’.i;] —/ h 


or 


Ax A px^ —^ 


{v hi 


is a constant). 
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Problem 30, Show that complex conjugation is not a linear 
operator. Also show that the operator which associates the square 0 f 
a function with the function is not linear. 

So). The complex conjugation is defined by the operation. 

where A is the operator which when operates on ^ny function 
changes it into its complex conjugate. 

Let us now consider a function S=C 1 S l fC 2 ^ 2 , where and 
'•\i 2 are given functions and C 1 and C g are arbitrary complex cons* 
tanls. 

Then, 

Aty—A (L'i^i T C^j) = ('Ci^i ^ 4 ^ 2 )* 

^CW+CSk*, 

U, AiCA + CtW-CS (A'bJ+Cf 0# 2 b ...(ii) 

Clearly, it is not a linear operation. This type of operator is 
termed as an Antilinear Operator . 

Again if A' is an operator, which associates the square of a 
function with the function, then 

A'tljx) = \^ e (x), ...(iii) 

Now for A’ to be linear we should have, for given functions 
and <{/ 2 ,' 

A' (CA+C^^C, (AA)+C 2 (AA) ; 
where Cj and C 2 are arbitrary complex numbers. 

By choosing ^(x) —C\ ^-f Cpj., vve have from (iii), 

A- (Ci^iTCo^)—(Ci^-pCo^a) 2 

t =CAp-{-Cfi]).fo r 2c 1 C 2 'J/j ipjj 
-c x 2 (A'^+cj (AAWa a 

Thus A is not a linear operator. 

Problem 31, Show that so far as the one dimensional motion 
\ apa " Kle 11 kerned, the function « x ,(*) = 8 (a- _*•) for all real 

„i 0 ° n f t ^ Ut . e a Con, P^ ete orthonormal set and that each of them 
eigenfunction of the position variable x with thl 

Sol We have U 1he eigenvalue x\ 


is an 


. ^ 
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=*'|s (x-x')dx . | v 1 8 (x_ a ) <fe = jJ . 




= fx’ S (x-x' ) dx, 

i.e. f x u x , (x) rfx=J x' u x , (x) dx. 

Comparing both sides of the equation (i) we git 

<*)=*'’ ’ ... (ii) 
Thus u x , (x) is an eigenfunction of the position variable * 
with the eigenvalue x'. 

Here the eigenvalues constitute a continuous set hence the 
orthonormality condition is satisfied in the form of Dirac rviT 
function, instead of the Kronecker delta ; a 

ie - } (x) 1 V (X) S(x'-x') 

Now, |» ^ (x) u x „ (x) <ix=Js (x-x') S (x-x*) dx -8 (x'-r) 

{v js (x—a) b (x-b) dx-h (u_ 4 )| * 

Thus u x , (x) constitu'e an orthonormal set. 

To prove the completeness of the set of functions n f (x), let 

us consider any given function ^ (x). Then we write, 

<Hx)=Jc(x')i^, (x)rfx’; ...(iv) 

where C (x') are analogous to the coefficients of expansion Q’s in 
case of discrete eigenvalues [see equation (27)]. Also, the comp¬ 
leteness condition of eqn. (36), here becomes, 

| <L*.(x) 6(x) dx= Jc* (x') C (x') dx' ,..(v) 

Now, j ^*(x) >p(x) dx— j| jc (x') u^, (x) dx'^j 

11 C (x") u x „ (x) dx"} dx 

=JJJc* (x') C (x") S (x-x') 8 (x—x") dx dx' dx" 
=Jjc* (x') C (x") 8 (x'~x") dx' dx" 
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=jc* {x')C{x’)dx' 


which is the completeness relation and hence the given set of 
functions is complete also. 

Problem 32. If A commutes with B and C commutes with B, 
then show that A and C may or may not commute. 

Sol. Since A and C commute with B, therefore. 

0 or AB=BA ...(i) 

and [C, 5]=0 or CB=BC . ...(ii) 

Now [A, C]—AC-~CA. •••(iii) 

From (i), and (ii) we cannot say, whether (iii) will vanish. It 
may or may not vanish. Thus A and C may or may not commute. 

Problem 33. Establish the operator equation 

s ,. a 

dx dx 


and hence show that 


0 1 

\=nx n \ 
dx J ‘ 


SoL Let us operate on any function <K*), then 

dx 


fy(x) 

dx 


±[*«4 W ]=*» 

3 , , 3 

c> — .x*—nx n ~ l -Lx n — 
dx dx 


+nx n ' 1 4»(*), 


Now, 


ii- -y 


d B 

dx dx 


0 0 

• =ziJX n '" 1 + X n ~—X n ——fix’ 1 * 1 . 

■ dx dx 


Probiem 34. Show that u (x)—e 
the operator 

'‘-(sp-4 

What is its eigenvalue t 
Sol. We have, 


_:i r 3 

oA 


is an eigenfunction of 




lx 2 ; & r _i x s 


ex 2 


__ _ 2 .V* 2 

^=x 2 e ** — e ^ —x 2 e 2 . * 


x - ——Ax 2 


—be* 


) j-x 2 e^ 






'jfhis «.(;*) is an eigenfunction of A with an eigenvalue »-*•!. 
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•• ADVANCED quantum theory and fields j 

*oblem 35. Consider the products ABC , ACB, BCA, BAC, j 

and CBA of operators A, B and C. How many of these products 
are different operators (a) if no two of the A, B and C commute, (b) if 
A and B commute with each other , but neither A nor B commute with 

( c ) z / every two of the three operators commute. : 

Sol. (a) In this case all the products will be. different. 

(b) When A and B commute, then [ 

aBC=BAC and CAB=CBA 

Thus only four of the products are different. 

(c) In this case, ; 

ACB—ABC (V C & B commute) 

BCA—BAC C & A commute) ... ; 

—ABC (7 A & B commute) . : 

Similarly, using the commuting property we see that 
BAC=CAB=CBA=ABC 
Thus all the products^are equal to ABC. ■' 

Problem 36. Show that p n is Hermitian operator and hence 
f(p)—£c„ p n , 

n i 

is also Hermitian, provided that the c n are real. Show that if any of 
the c»s is complex, f(p), is not Hermitian. 

Sol. We have shown that the momentum operator p is Her¬ 
mitian, therefore, 

PJ=P, . • ; , : .. 

Now p 1l =(p.p.p. ... n times) 

(P n )t=(P-P-P-. " times )f ; 

= (p\.p\ . p\. ... n times) 

— (p.p.p. ... n times)=/?«, • 

Hence p n is Hermitian. t i 

. Now, (f (p)-f=(2 c„p»)f^2 (Cnp n )f- 

n n 

—Z c n p n f (if all the c n are real) 
y P' —ZCnp” ( jr v is Hermitian) =/(//) 

Thus ' f(p) is Hermitian. 

If any. of the cf s, say c Jif is complex, then we have 
if(p))t s =( c o^9i'P+^c k pP +..;+.c n p« + ...)f 

=^-Ki Pf-hc z (/)f-H..,+^ (p*)f 

=e 0 -f c x p+c, p s +. ..-f c»* p 7; -h.. ,+ cw (p) 

(7 cfjSxj 
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Hence/ (p') is not Hermitian-.if any of the cfs is ccjtejplex. 
Problem 37. The translation operator is defined tribe such that 
D t 00)=0 (*+£); ...(i) 

/.e., the effect of D £ is to shift the coordinate~Fy a constant distance 
£. Show that :. ■ 

{a) can be expressed inter ms of the operator /?=—/ft 
(6) is unitary. 

Sol. (a) Using Taylor’s theorem,- we can write 

Dl (* + o-.£. n ^ v 


-Jr, (tt) * W 

f hi/ 

{• n* 


therefore 


i£pl h , . . 
=-e 0 (x) 

JZp/h 


(JP\ n _d» | 
\ h ) ~dx n J 


=>D £ =e* r '" ...(ii) 

(b) For any two functions p (x) and p (x), we define-Dgf by ; 
J <]>* (x) Dgf <f> (a:) dx=f (D{ <L (x)* (x) dx) 

SV (x) Det 4 (X) dx=tt* (X y$) 4 (x) dx 

By making the change of variable x+g-+x in R.H.S. integral 
we get 


J 4*{x) Dt f <f(x) dx=J p* (x) tfi(x—i) dx, 

=* T> £ f 4(x)=6(x-£) 

DgDtt 4 (x)=D £ <f> (x-€)=<f> ( X ) => D £ D £ f=I 

. Also, DtfDt 4(x)=D £ jp (x+£) = 4 (x+£-& = $ (x) => £ f tZ) f =/ 

.*. D £ Dff=D £ fD £ =I. Hence D £ is unitary. 

Problem 38. Let H(x) be an operator acting on the wave- 
function and be a coordinate transformation operator which 
acts on the wavefunctions in such a way that Ap (x)=i{; (*0 • Show 
that if H (x) is invariant under the coordinate transformation A ; 
he., B(x’)=H(x), then [Hi A]=0. 

Sol. A(ff(x)4(x))=H(x')p(x')=H(x)P(x')==H(x) Aty(x) 

=» AH(x)-H{x)A =0 
or [H{x),A]= 0 

Problem 39. Find the expansion of the operator (A—\B)~ l in a 
power series in A, assuming that the inverse A~ l of A exists. 

•fil 

1 


Scanned by CamScanner 





102 ADVANCED QUANTUM THEORY AND FIELDS 

Sol. Let the power series expansion we are seeking be 
written as 


(A-AB)- J = 2 Ln A" 


n-0 




in which the operators L„ are to be determined. 

Multiplying (i) throughout, by (A-XB), we obtain 

/= I (A-XB) L n A n 


IT-0 

CO 


or 


7=^4L 0 4- -T {AL„ BL n _j ) A n 
«>■ o 


—(ii) 


Equating the coefficients of various powers of A in (ii), we get 
ALq z= I L 0 =A ' 1 

ALn—BLn- 1=0 for 77=1,2,. 

=> L n =A ~ 1 BLn-i for 77=1, 2,. 

L^—A' 1 BLq—A -1 BA- 1 

L 2 =A ~ 1 BL^A ' 1 BA ' 1 BA' 1 ; etc. etc. 

So we can write, 

(A-XBy'^A-'+XA- 1 BA-'+XtA' 1 BA' 1 BA' 1 A- . 

Problem 40. The derivative of an operaior ^4(A) which depends 
explicitly on a parameter X is defined as : 

dA (A) Lim /4(A+g)—^4(A) 

. % d\ e 

Show that, 


and 


d(AB) dA dB 
dX ~dX dX 1 

d 1 ) — —A" 1 — A' 1 
d\ ~~ A dX 


...(H) 


A, 


Sol. We can write 

d(AB)_ Lim ^(A+e) £(A+e)-4A) B( A) 
dX e 

Lim ^(A +e) B(XAe)-A(X+e) B(X)+A{XAe ) B(X)-A(X)B(\) 

€->0 € 

Lim A(\+t)[B(\+*)-B(\)] , Lim [4A+e)-^(A)] J5M 

— e -»0 € + e ->0 g 

_ j dB dA & 

~ A 7\ + d\ B - 

To prove the equation (ii), let us differentiate AA~ l =I w.r.t. 


x- 
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SS^TT - 0 


i.e., 


dA - 1 




d\ d\ 

Multiplying both sides from the left by A' 1 we obtain 


dA- 1 


d\ 


A~X A -1 

d\ 


Problem 41. Verify the identity, 

[A, e-M]=e-M f e™ [A, B ] d\. ...(i) 

Jo 

where A and B are any two operators. (Kubo’s Identity) 

Sol. Let us denote the left-hand side and the right-hand side 
of (i) by COS) and D(p) ; respectively. 

Then, C(0)=/)(0)=0. ...(ii) 

If we can also show that CQ S) and D{fi) satisfy the same first 
order differential equation, then the identity is valid. This is in 
fact the case, since 

^p.^-AHe~^+He^ H A=H(e~^ H A-Ae^ H )-(AH-HA) e^ H 


and 


=HC(p)-[A, H] e-? H 
—jp- =HD-e-fi H -e* a e? H [A, H ] e~? H 




=HD—[A, H ] e-M ...(iv) 

From eqns. (iii) and (iv) we see that C(jS) and D(j 3) satisfy the 
same differential equations with the same initial conditions (ii). 
Hence they are identical. 
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MATRIX FORMULATION OF 
.QUANTUM MECHANICS 


In the first two chapters we have discussed the theory of 
quantum mechanics developed by Schroedinger. In that formu¬ 
lation we have included differential operators and differential 
equations. We shall now describe an equivalent formulation in 
terms of matrices. It was historically the first formulation of 
quantum mechanics to be discovered by Heisenberg, Born and 
Jordan. But we shall deduce it from the Schroedinger approach, 
discussed already. In the matrix theory of quantum mechanics, 
dynamical variables, such as the coordinates, momentum and 
energy etc., appear explicitly without their being operated on a 
wavefunction, and hence, provides a closer resemblance with the 
classical theory. .'Two start with we recall a few elementary ideas ^ 
about the vector spaces. 

31-a. LINEAR VECTOR SPACE: 

A non-empty set V—{u, v, w, ...} is said to be a linear vector 
space if there are two operations called ‘vector addition' and scalar 
multiplication' defined on V; i.e., 

(a) For every pair u, v e V, there exists an element w = u- f v 
in V, called the sum of u and v (vector addition). 

(b) For every element u £ V and every scalar «, there exists 
an element a.« in V, called the scalar multiplication of u by the 
scalar a, and these two operations satisfy the following properties • 

(i) u+v=v+u ; for all u, v £ V. 

(ii) (u+v)-{-w=u+(v+w) ; for all u, v, w £ V. 

(iii) There is an element 0 e V, called the zero vector, such 

that ’ 

0-fw=w-f 0=u ; for all u e V. 

( 1V ) Given any u e V, there exists an element -t/ e V called 
the negative of u, such that 

w +(— w )=(—w)Fw=0. 

(v) (a+ft «=« u+fl u for all u e V and any scalar « and /3. 
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(vi) a (u+v)*=‘au-\-o.v for u, v e V and a any scalar. 

(vii) (afi)u = a (Pit) for u £ V any scalars a and /?. 

(viii) 0.u=0 for any u e V. 

(ix) hu=u for any u e V. 

The set l F of all scalars for which the above properties are 
sat : sficd by the elements of set V is called a field and we say that 
the set V is a vector space over, the field F. 

The elements of a vector space arc called vectors, though 
they may not be vector quantities physically. For example, the 
set ‘C’ of all complex numbers forms a vector space over the field 
F, the set of all real numbers. Clearly, the sum of two complex 
numbers is a complex number is a complex number and the pro¬ 
duct of a real number by a complex number is also complex. 
Thus the ‘vector addition’ and ‘scalar multiplication’ are defined on 
the set C, and hence, it forms a vector space. It can very easily 
be verified that the properties (i) to (ix) are satisfied by the set of 
complex numbers. 

31b. DIRECT PRODUCT AND DIRECT SUM OF VECTOR 
SPACES: 

Let V x and V 2 be two distinct vector spaces 
V x ={u x , v 1} w x , ...} 

V 2 =(u 2 , v 2 , w 2 , ...} 

Then the vector space obtained by multiplying each element 
of V x by every element of V 2 is called the direct product of V x with 
V 2 . It is denoted as : 

V™V x ®V 2 ={u x u 2 , u x v o,. ; v x it 2 , v x v 2 , . ; .} 

The vector space obtained by the union of the sets V x and V 2 
is known as the direct sum of V x and V 2 . It is written as : 

V=V x ®V 2 ={u x , v x , w lt ..., u 2 , v 2 , w 2 , ...}. 

3 1-c. LINEAR DEPENDENCE OF VECTORS : 

It is clear from the definition of vector space that for the 
vectors it, v £ V and scalars a and f3, a«-f fiv also belongs to V. 
Generalizing it, we can say that for u x , w 2 , w 3 , ..., u n £ Land 
scalars a. x , a 2 , a 3 , ..., a„ ; 

u=<x x a x -\- a 2 u 2 -j-a 3 w 3 -j-a n w n £ V •••(!) 

Vector u, defined by eqn. (1) is the linear combination of u x , 

1^2j 
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nation 


The zero vector i‘0’ can always be written as a linear combi- 
1 of any .finite set of vectors as 

0=0.u 1 +0.u 2 +0.H 3 +...+0.u n ...(2) 

por some vectors u l9 u 2 , u 3 , u n it may be possible that 

Qz=za x u r -\-v. z u 2 -\-a 3 u 3 -\- ...-\-ct n u n ; ...(3) 

all the a,; a 2 ', v.'., a n are not zero. If the null vector can be 
'^^ssed like (3) then the vectors u u u 2 , u 3 , u n are called as 
eX P re dependent. On the other hand, if no such linear combi- 
fi ne . a exists, we say that «!, w 2 * .. u n are linearly independent. If 
^Vectors are linearly independent then the null vector can be 

expressed like (2) only. 

•jV DIMENSIONALITY OF A VECTOR SPACE: 

■ K" set of linearly independent vectors {«„ u t , w„) in a 
tor space V, such that every vector of the vector space can be 
VCC fessed as a linear combination of u u u 2 , .... u n ; is called a 
for the space V and the vectors u lt u 2 , ..., u n are called as 
MS1 ninz the space V. The number of basis vectors of a vector space 
Tthe dimensionality of the vector space. If this number is finite, 
we have a finite dimensional space and if it is infinity, we have an 
infinite dimensional space. 

We are well familiar with the Eucledian space. It is a three 
dimensional vector space because there are only three linearly 

independent vectors i, j and k (the^unit vectors along the *, y and 
2 direction, .respectively). Any other vector of the space can' 
readily be written as a linear combination of these 

A—Aii-{-A 2 y-\ A z k ^ 

We have defined the direct producr of two vector spaces Vx 
and V 2 . Regarding the dimensionality of the direct product space, 
if n x and n 2 are the dimensions of V x ond V 2 ; respectively, then Kj.® 
Vo will be a (n x x n 2 ) dimensional space. The direct sum space Vi® 
V 2 will be a (n 1 -\-n 2 ) dimensional space. 

31-e. ORTHONORMAL VECTORS : 

With every ordered pair of vectors u and v in a vector space 
K there is associated a scalar denoted by («, v), which is called 
the scalar product of u and v and satisfies the following properties 

(i) ■ ( k , v)=(v, u)* 

(ii) (au, pv)=a* p(u, v ) 

(iii) (u, av+pw)=«a (m, v)-\-p ( u , w) 


Jn 
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(iv) (w, u) > 0 

(v) (u, u)=±0 if and only if w=0. 

In the above, asterisk.denotes.the complex conjugate.- Two 
vectors whose scalar product is, zero are said to be orthogonal. . 

The. positive square root, of the scalar product of a vector 
with itself, Vm ■«)],- is called .dhe- norm of u. If the norm of a 
vector is unity, it is called a unit-vector or a normalized vector If 
two vectors are normalized and orthogonal also, we shall call 

them orthonormal vectors .. 

31-f. SCHMIDT’S ORTHOGONALIZATION METHOD : 

An ^-dimensional vector space is spanned by a set {u u u 2 , ...» 
un), of V linearly independent vectors which are not necessarily 
orthonormal. But we can construct a .set {w x , w 2 .. , w n ), ot n 
linearly indedendent orthonormal vectors, the elements w t 
(1< / < n) of which are linear combinations of w< (1 
We proceed along the following steps : 

(i) Let v x =Mj 

and (ii) v 2 =w 2 + ff 2 iv , i; , 

where c 81 is a constant to be determined from the condition that 

» -y 2 is orthogonal to v x i e. (y x »v^)=Q. 

Hence we have, 

( V X , t / 2 )+^21 ( v i » ^ = 0 

(v l5 w 2 ) 

Thus we have two orthogonal vectors v x and v 2 . 

(iii) ■. Take v 3 «=>t/ 3 + 032 ^ 2 + 

where a n and a m -z re constants to be determined front the condi¬ 
tion that *3 is orthogonal to % and This gives, 

XI , v _-Ol, « 3 ) • 

(tfj, = 0 = W 3 ) + fl 3 i(Vl» V l) =* ( Vl} Wl ) 

N (- U 3 ) 

and (v 2 . v z )=0—(v 2 , « 3 )+tf 32 v a) =* a ^~ ( v2j v2 ) 

Now we have three mutually orthogonal vectors v v v 2 and v a . 
This procedure can be continued and we can get ‘n ortho- 
gonal vectors v, (1< i < «)• Finally we can normalize these by 
dividing with their norms and can get {w„ w 2 > •••> w„}> 0 n 
orthogonal as well as normalized vectors, 

• vi 


w { - 


: VK V <» v '0] 


;!</<« 
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3 2. HILBERT SPACE: 

set fh space is a vector space spanned by orthonormal 

0 asis vectors endowed with ah extra property of completeness. 
e ca an orthonormal set as complete if it is hot contained in 
any ar S er orthonormal set. If we take any bigger set, the ele¬ 
ments of.that must be linearly dependent of the complete ortho¬ 
normal- set of basis vectors can be expressed as a linear combi¬ 
nation of the basis vectors. 


We have seen that any arbitrary quantum mechanical wave- 
unction, ^(x), can be written in terms of a complete set of orthro- 
normal eigenfunctions ^ (z=l, 2 , 3 , ...) as 


0 (a")— E Cfr ) . 

/=i f (4) 

whe re' C*=(d,<. 4 ,) 3 • • 

The wavefunction (x) is completely specified if all the Q’s 
are nown. We can write these in a column vector as : 




* • - V- 


bus a statefunction can be represented by a column vector 
m an infinite dimensional space by imagining an axis for each 
Junction and C £ corresponds to the component of the vector in 
e irection of that axis. This infinite dimensional’vector space 
spanned by the basis vectors <{,, (/=!, 2 , 3, ...) is a Hilbert space. 
As the statefunctions in this space are represented by column 
vectois, we may specifically call them as state-vectors. 

3-3. DIRAC’S BRA AND KET NOTATIONS, DUAL 
VECTORS: 


In dealing with vectors with complex scalar products we 

have had to be careful about the order of factors and complex 
conjugation. The scalar product of two state-vectors <L m and 
has been defined as, Y ^ n 

Of* fib iftn d 5 r 

whhe, (K M=JVn* d 3 r=^ in) 

Thus we see that (^ m , ^ m ) in general, and the order 


/ 
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of the two factors in the scalar product is very important. Fur¬ 
ther, we have 

(ipm, C<\>n)=C Opm, <K>) • 

while, (Ctym, */fn) = C* (ifim, l 

i.e., the scalar product is linear with respect to the post-factor 

while it depends on the prefactor jn an antilinear fashion. To 
elucidate this distinction, Dirac introduced two very elegant nota¬ 
tions, called the “Bra” and the “ket” He considered all possible 
state-vectors in the Hilbert space (with column matrices as rep¬ 
resentatives) and denoted the typical vector by the symbol .! >, 
called a “ket”. Into the ket | > may be inserted symbol* denoting 
eigenvalues, quantum numbers', ; etc., which specify the sta e in 

question. All the ket vectors of a system together form a linear 

vector space which may be called as the ket-space. 

The scalar product of any two state-vectors tj/m and >p n denot¬ 
ed by the kets | i /» m > and J d’„ ), is vvritten as 

where the symbol < ^ | is called the “bra” vector corresponding 
to the ket vector j >• Since the first three and the last three 
letters o f BRA (C) KET provide the designation, of the < |-vector 
as a BRA and the | >-vector as a KET, this somewhat whimsical 
terminology is due to Dirac. _ - 

Thus we see that the “Bra” and “ket” notations -distinguish 
very clearly the pre-factor and the post-factor wave-vectors, - in a 
scalar product. Merely writing i}> m or <J/„-we cannot know whether 
it is to be the pre-factor or the post-factor, but writing < ipm J and 
j > clearly tells that will be a pre-factor and will be a 
post-factor. We assume that to every “ket” 1 >, there corresponds 
a “bra” < I and vice-versa, subjected to the condition : 

1 1 > -h | 2 > <—> < 1 1 < 2 I 

and C | > <—» C*<1- 

where the double arrows indicate the correspondence between the 
two notations.. All the bra vectors of a system also form a linear 
vector space called the bra-spaCe'. Thus the bra-space is a Dual- 
Space to the ket space and hence the “bra < J” are called dual 
vectors. Each of the ket and the bra-spaces are linear in itself, 
but they are related to each other in an anti-linear manner as is 
seen from (7). 


...(7) 


... 
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Operation on a ket vector from the left with an operator A 
produces another ket vector, 

|6'>, .-(8) 
and the operation on a bra-vector from the right with an operator 
A produces another bra-vector, 

< I- -(9) 

The expectation value of any operator A in the state <\> can 
be wriiten in these notations as, 

Aty </ 3 r=jV d 3 /'—<0 | = M I +>» 

Now we consider the eigenvalue problem for the quantum 
mechanical states in these notations. If an operator *A* operates 
on a ket | from left and 

A | <K>=A | 0>, .-(11) 

then the ket | 0> is called an eigenket of the operator A and A is 
its eigenvalue. It is customary to represent an eigenket by its 
eigenvalue enclosed in a ket [ ). Thus | 0/’=| 

In these notations, the set of eigenkets 

{| •••» I •••> I 

will be an orthonormal set of eigenkets, if 
(jj) n I j m== 1’ 

If we have a complete set of eigenkets | &/> (i= 1, 2, 3, ...), 
then in analogy with the complete set of eigenfunctions, we can 

express any arbitrary ket | 4 1 ) as 


I di)= £ Ci | <W> 

/==1 

where Ci—($t 1 '!')• 

Substituting the values of Ci, we can write 

40 >= r<^K>l^>=i i ! W 


..(13) 


If we take | ^) = j ^iX'then 


00 


|<W>=- 2 | <<h ! <W> f ml I 4'<> <4* I =1- 

Thus £ I 0,> <0/1 is equal to unity or identity operator. It 
7-1 

is a linear operator. 
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We now define an aperator-P, called the Projection Operator 

P/=| tyi} I > 


as, 


Clearly, 


CO 


2 Pi^I. 

/-i 


...(15) 


The ierm projection operator, reasonably so, since it projects 
out the part of the arbitrary wave-vector | ^)>, which is parallel to 
the operator, 

Pi | 4>=I 4;> <+z I 'I') 

= 2 Cj | 4*> <<W | 4*> = 2 C) | 4/> ^i) = Ci | 4*>- 

j-i . . . . - ■ 

Thus we see that all of our old expressions can equivalently 
be represented in terms of Dirac’s “bra” and “ket notations. 

3-4. MATRIX REPRESENTATION OF LINEAR 
OPERATORS : 

Let us consider a complete set of orthonormal functions fa, 
so that every function 4 can be represented as 

&=2C ) '\>j. —C 16 ) 

i 

Now, let us suppose that the operation of any linear operator 
( A ’ transforms 4 >t into <f>j, 

i.e., •■•(17) 

Since 4< forms a complete set, we can represent fa as a linear 
combination of 4/’ s as 


or 


fa=2 an '4< 

i 

Afa=2 an 4/- 


...(18) 

...(19) 


Thus by knowing the values of for all values of i and j, 
we can represent the effect of operator ‘A’ on any fnnction $ as 

Ab—Z C, A'i/i=Z £ Cj a,i •Ifi. ■•■(.20) 

T j i i 

To obtain the numbers cr**, we multiply (19) from left by 41 * 
and integrate. 

' |4j* Afa d 3 r=2 4z ^r—2 a t j hu—aa, 

, = |4i*yI4z d z r=z{fa, Afa)=(fa I A | 4>> 


a u < 


...( 21 ) 


k 
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. The numbers a,-; can be written schematically in a square 
arrays— 


On 

°12 

*13 

a 2 \ 

a 22 

*22 

J ° 0 l 

i • 

a 22 

*33 

: 

L : 

• 

• 

• 

• 

• 

• 

• 


-l 


...( 22 ) 


J 


It is the matrix reprcsenicuiun ui uiu — 
bers do are called matrix elements of A, which is calle t e ma ri 
A. The subscript i denotes the row andy denotes the co umn o 
an element aij. 

3 5. ALGEBRA AND PROPERTIES OF MATRICES : 

A matrix with n rows and in columns is called an n by in 
matrix. If the number of rows is equal to the number of columns, 
then the matrix is called a Square Matrix . a 

A matrix, 



composed of only one column is called a column matrix or a column 
vector. Similarly, a matrix with only one row 

(Cj, C 2 ... C„) 

is called a row matrix or row vector. It has been seen that a wave- 
function of some physical state can be represented by column 
vector in the Hilbert space. * 

A matrix in which all the elements are zero is called a Zero 
or Null matrix. We shall denote the null matrix of order m by n as 
Omxn > 

C- • 8 • > 


O -f° 0 °1 
^ 3_ Lo 0 oj 

The diagonal going from the top left corner to the bottom 

right corner of a square matrix is known as the principal diago¬ 
nal. For a square matrix of order n it is consisted of the element 

“ n \ a22 ’ — a, ' n * A s q ua re matrix having non vanishing element? 
only along the principal diagonal is called a Diagonal matrix n 
will be of the form : K 


A. 
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0 0 ...... 0 " 

o 22 0......0 




...(23) 



.0 0 0.. .Ann-* . . 

If all the diagonal elements of a diagonal matrix are equal to 
some constant number C, it is called a Scalar or constant matrix. 
The special case of a constant matrix where C=1 is important, 
and is called the Identity or Unit matrix. We shall denote a unit 
matrix of order n by In, Thus, 


rl 



.0 


0 0 

1 0 

0 1 

0 ■ 0 


0 

0 

■ 1 J 



If the elements a { , of a matrix A are from the system of com¬ 
plex numbers, we define the conjugate of A by takmg the Comdex 
conjugate a ti * of each element a tj and denote it by A . , \\A A 
for some matrix A, we shall call that as a Real Matrix. ■ - •, .. 

The matrix obtained by interchanging the rows and columns 
of a matrix A h called its Transpose,*^* shall denote it by 

7 or A’. UT^A for some matrix A,. it will be called as ^'.Sym¬ 
metric matrix. On the other hand, if A=- ; A, it will be called an 
Antisymmetric or Skew-symmetric matrix. 

If A is a matrix over the complex numbers, then the transpose 
of its conjugate will be known as HermitianConjugate. We shall 

denote it by Af ; .... 

jfAf=A for any matrix A, it will be known as a Hermitian 
matrix. On the other hand, if Af=-A, it will be called an. Anti- 
hermitian or Skew-hermitian matrix. • • 


Addition and Subtraction of Matrices : ' - * 

The sum of two *m by «’ .matrices A and B with respective 
elements a„&nib, t is defined by the ‘m by ri matrix C with 
elements 

ctj—aiiA-bij 1 . ..-( 25 ) 


and . . C—A-\-B 

e.g., if we take ' • 
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then, C=4+5= 



4 2 r 

1 _ 

1 

4 3' 7 


0 — 1-1 24-0 041 

1+3 1+2 .344. 

1 

Addition is only defined for matrices that have the same 
number of rows and the same number of columns. 

Subtraction' is the reverse of addition and the matrix, 

with • ■ dii z=a i)—b i } • ...(26) 

is called the difference of A and 5. 

From the definition (25) it is obvious that the addition of 
• matrices is both commutative and associative, 

445=8+4 -'..(27) 

(4+5)4C=4+ (5+ C) .. \ ■ • ...(28) 

•• Scalar Multiplication and Matrix Multiplication 
The product of the matrix 4 and the constant c is defined to 
be the matrix cA with elements, • 

(c4)i^=cnii ...(29) 

The product C=45 of the matrices 4 and 5 is defined only 
when the number of columns of 4 is equal to the number of rows 
of 5. The elements of the product matrix are given by, 

...(30) 


i.e., 

and 


CiJ = B Oil: blc] 
s 


e.g., if we.take 



‘ 2 

3‘ 

. 

' 1 

T 

4= 

-1 

L 0 

2 

1 

and 5= 

.-1 

4. 


\ A , 

2 . 1 + 3 .—i 

•2.2+3.4* 


r-i 

16' 

then,- C=45= 

•=1- 1+2.-1 

-1.2+2.4 

= 

-3 

' 6 


O.l + l.-l. 

0.2+1.4 


L-i 

4. 


Observe that the number of rows of C is equal to the number 
of rows , of 4 and the number of columns of 4 is equal to the 
number, of columns of 5. Matrix multiplication is not commuta¬ 
tive, i.e., in general 

45^54 

However, matrix multiplication is associative, 
z.e., (45) C—A (5C). 

Also, multiplication is distributive over addition, 
A(BA-Q=AB+AC. ■' 


...(31) 

...(32) 

...(33) 


SSBMRBJEnMo 
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If the product of two matrices is a null matrix, then it is not 
necessary that at least one of them should be a null matrix 

i.e , AB—0 ^ A= 0 or B=0, . 

e.S; [| J][“j _i'] = [o 0 . 

Determinant and Adjoint of a Matrix. If ^ is a square matrix 
of order n, we denote its determinant by det (A) or det or | j , 
it is an entity of the same kind as the elements of A. 

The determinant of the square matrix of order {n 1)> °kjam 
ed from A by deleting its ith row and ;th column is called the 
minor of the element 0^. The cofactor of denoted y is 
defined as (~1) ,+/ times the minor of a u . The determinant of A, 

then equals • 

det .4= £ a il: A ik , del A = f £ Qii Aji ’ 1 < ^ 

i.e., the determinant can be expanded in terms of any row or any 

column of the matrix. , ' • 

If the determinant of a matrix zero, it is called as a Singular 
Matrix otherwise it is a non-singular matiix. 

To get the adjoint of a matrix, replace e ach element of the 

matrix by its cofactor and get the matrix of cofactors : 

r A u A12 ••• A i« 


A c = 


ill 

A 21 


* 22 


ion 


.Am An-2 ••• A » n - 
Then the transpose of A c will give the adjoint of the matrix 

A 21 ••* Ani 

A 22 • • • An 2 


kA}.A—A c 


■Au 

A 12 


..A 


1 " 




A n n - 


...(35) 


Inverse of a Matrix : 

The inverse of the square matrix A is the matrix A 1 such 
that AA~ 1= =A' 1A ~I‘ s'..(36) 

This inverse exists if and only if the matrix A is non-singular 
and it is obtained by dividing the adjoint of A by the. (det. A), 

e.g; if . .. A= [ l 2 2 ]’ . v. 


then 


-»[j :i-u a 
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The inverse of the inverse of a matrix is the original matrix. 

* (A-')~'=A •••(37) 

The inverse of a product is one product of the inverses in 
reverse Order ; 

*•<?•, ' -(38) 

Orthogonal Matrix : 

A square matrix whose inverse is equal to its transpose is 
known as an orthogonal matrix. For an orthogonal matrix A , 
we .have 

AA —'~AA=I or A~ X ^A. .-(39) 

Unitary Matrix : 

If the inverse of a matrix is equal to its Hermitian conjugate, 
we call it as Unitary. Thus a square matrix A will be Unitary, if 

AAf—AfA—I or Af=A’ 1 . m -( 40 ) 

Trace of a Matrix : 

Trace (or spur) of a matrix is defined as the sum of its diago¬ 
nal elements ; 

i.eT r .A—Scii), 


Some Important Identities : 

Following identities, can easily be verified for the matrices 
A and B : 

(AB)=B A, ■. --T 4 !) 

(AB)*=A*B*, ”-( 42 ) 

(AB)t=BfAt, -( 43 ) 

det (yf5) = (det .4). (det B ), --( 44 ) 

det A=6et A, * .-( 4 5) 

/ .. det yt*=(det A)* -( 46 ) 

det A\—(det A )*, ...( 4 7) 

T r .(AB)=T r .(BA) ; -.( 4 8) 

3 6. EIGEN VALUES AND EIGEN-VECTORS OF THE 
MATRIX OF AN OPERATOR : 

We can find the eigenvalues and the eigenvectors of a linear 
operator if we are given the matrix representation for that ope- 
rator In order to find the eigenvalues of an operator A from its 
matrix representation, we start with the eigenvalue equation. 
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Now expanding 0 in a complete orthogonal set, 0=2 C i ^ j} 

'■ • . ' - v- J ■ ‘ 


we can write 


Z Cj Atyj —A Z Cj kj. 
j • 7 


Multiplying this equation from left by 0i* and integrating 
over the space, we obtain 


or 


Z C, 40,- rf 3 r=A 2 C, JV<* il>, d z r 

Z Cj ai,—\ Z Cj 8fj. 
j J 


In an /z-dimensional vector space, it is a set of n equations 

QiiCi~\~Gl2C2~\~ • • • ~\~^inCn~^Ci 

a n\Ci'\~ a n2.Co,~\- • • • ~\~&nnCn — ^Cn> 
i.e., («n—A) C x 4 a nC 2 "b*** ~\~ a inCn—Q 

: -(49) 

, . 4 — A) Cfj — 0. . 

This system of //-homogeneous linear equations in the un¬ 
knowns Cj (z=l, 2, //) has a non-zero solution if and only if 

the determinant of the matrix of the coefficients is zero ; i.e., if 



a n A 
Oni Or, 2 


0,n 


Onn — A 


= det (A-U)= 0. ...(50) 


This determinant, when evaluated, gives a polynomial of 
degree n in A, called the characteristic polynomial of A. The roots 
of this polynomial are the eigenvalues of the operator A. For 
every eigenvalue, the equations (49) have a solution giving the 
corresponding eigenvector, 




- Cn~ 



However, it should be noted that each eigenvector can. be 
multiplied by an arbitrary constant and still remains an eigen¬ 
vector. Consequently, it is always possible to define normalized, 
eigenvector that satisfy 


J 0* 0 d z r— 1 

« • 

or \Z Ci * Cj 0,* 0, d*r=Z Ci * C, S„=2 C t * C,-l. 
'A , ij ./ 
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From it we see that the normalization condition for the eigen¬ 
vector (51) can be written as 


| ifj j ^>=[C/ C 2 *,..C n *] 


rev 

C 2 

L C n 


= 1 . 


...(52) 


Thus, if the lcet-vector for some system is given by, (51), then 
the corresponding bra-vector will be written as 

<01 KQ* C 2 * ... C„*]. ...(53) 

As an illustration, let us consider the two by two matrix, 


J 1 o* 
Lo -i 


To obtain its eigenvalues and eigenvectors, we write 
T Olf Cj 


0 


•>JL 


vi , r<m 
-d L C *J 


where A is the eigenvalue and 


C x 

C 2J 


the eigenvector of A. 


The eigenvectors of A are the solutions of the simultaneous 
equations, 

(1-A)C X =0 
and ( —1 —A) C 2 =0 

These equations have a non-zero solution only when, 

I (l—'J ® = A 2 —1=0; i.e., when A=±l • 

I 0 (—1—A) 

The corresponding normalized eigenvectors are, 


a 


-[!] 


for A = 1; (3 = 


for A= — 1. 


3*7 


CHANGE OF BASIS FUNCTIONS ; UNITARY AND 
SIMILARITY TRANSFORMATIONS : 

We may think of more than one complete set of orthonormal 
basis functions in a Hilbert space. Correspondingly, there will be 
a different matrix for an opeator w.r.t. these basis. New we shall 
see that how to find the matrix of an operator in any representa¬ 
tion from some other representation. For it let us consider two 
different complete set of orthonormgl functions, viz. 0, and 
which span the same Hilbert space. 'An arbiratry wavefunction 
0 can be expanded in terms of these complete set of functions as . 


b—2 Cj i}i] = 2 fi 0< 

i { 


• ••( 54 ) 
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...(56) 


...(57) 

...(58) 

•■>.(59) 
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Also the members ‘<Jh of the other set can be expanded in 
terms of as 

<t> { —E u P i 4> P ‘, i—l, 2, 3,... -••(55) 

where u vi are the expansion coefficients and form an infinite 

matrix U. 

Similarly, 

ipi—E Vrji piji i— 1 , 2, 3,... 

n 

where v Qi form an infinite matrix V. 

Substituting (56) into (55), we get 

<f>i = £ It pi £ Vq v '$q = £ (£ Vq V Upi) <j>q 
p q 1 P 

=>• £ Vqp Upi 1=1 $t]l ■ 

V 

In matrix language it reads as 

VU=I 

Similarly, substituting (55), into (56), we get 

UV=I 

From (57) and (58) we have 

V— f/' 1 or I / - 1 ={7 

Hence we see that if we can transform from the re P^ sen f ‘^‘ e 
i in ch with the application of'the matrix U we can get the revet se 
W ':, x u-r Here V is called as the Transformation Matrix 
transformation from one representation to another is analogous to 
the rotation of coordinate axes in 3-d cartesian space. 

As both basis sets are orthonormal, we have 

= £ Upi* Uqi Bpq = £ U Pl* U Vi 

P (1 P - t • 

9 ; 

=£ (5*)fp (U)vi 

Js {uf)tv (i v) rl .m <>*' he v th element of U} 

In matrix notation it can te written^as • _ ...(60) 

imncfnrmim one orthonormal set into another is 
^Thence <t transformation of this type is termed as 

Unit Z: rSrr^on between the coefficients C, and/, 

(f *•' r ' 


Also, 


(J;=2 Cp tjjp . 
■ v ■ 
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Commparing these, 


C P =S Uptfi or C,=2 ujif { ;j=l, 2,. 


i.e. 

where 


rQn 

c 2 

c= 

UF 

r/n 

A 


C= 

Cj 

and 

F= 

'A 


...( 61 ) 

...(62) 


Hence we can find the wave/unction in the transformed repre¬ 
sentation, if we know it in the original representation, with the help 
of the transformation matrix. •• .. 

To close the section, we find the relation between the matrix 
representations of a linear operator w.r.t. two different basis 
connected by a unitary transformation. Let us represent by AW 
and AW, the matrices of a linear operctor ‘ A ’ w.r.t. the basis func¬ 
tions and j>i, respectively. 

Whe have 


...(63) 


A iju d a r ; 0 /,( 2 )=J <^/* A<f>j d 3 r 
Using'(55) we have 
ctijW= [ 2 Uj,i* tj >/■ A 2 Uqj fa d 3 r ( 

JP Q 

—2 ii Pi * ( faj,* A fa d 3 r ) u Qj 
pxi ' i / 

=2 u pi * .aV\ Q u Q) 

P,(] 

=2 (u*) iP a W viq {JJ) qi =2 (Uftip a W pq U q) 


i.e. AW=u-f AW U=U-'AW U (y Uf=U~ 1 } ...(64) 

This type of transformation of the matrix .4 (1 > into AW is 
known as the similarity transformation. Thus the relation between 
the matrix AW and the transformed matrix AW is a Similarity 
transformation by the transformation matrix U. 

3 8, PROPERTIES OF UNITARY .-TRANSFORMATION 

Following are the important properties of a unitary trans¬ 
formation. : • . • j _ • - 

(I) The normalization of an arbitrary function is left 
unchanged. To prove it,, let us represent an arbitrary function $ 
in two representations $$/ and fa as: 

x^-=2 C) fa and if>=2 f t fa ...( 65 ) 
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Then we have . ' . •• 

C]—Z Uji fi, , j— 1, 2,... •••(66) 

If tp is normalized in the <pt representation, then 

ZCj*Cj= 1 .-(67) 


Now 

Z Cj*Cj=ZZZ uit* Uji fi*fi 

) i t i 

=zzz (U'Otj fi 

ill. 

— ZZ Sji fi* fi—Z fi* fi ...(68) 

. V II: I 

From (68) and (67), we sec that 

i 

i.e., the function d> is normalized in the 4i representation. Hence 
the normalization of an arbitrary function is left unchanged. 

(II) The orthogonal functions are transformed into functions 
which remain orthogonal. To prove this property, we consider 
the following integral, which is zero for two orthogonal functions 
«!/ and <f> : 

J <{/* 4 d 3 r^ J $*. <[■ d 3 r— 0 

If <b and 4 are expanded in series of tf>i, we get 
<\>=Z Cj ipJ and <p=Z C' / &>j' 

i . / 

and f <J,* 4 cf 3 r= f Z C> C'/ 4/ d*r=Z C,* Cj'Sj/ ' 

J j ji' jjf 

=Z Cj * Cj 


Under a unitary transformation we have Cj=Z u j{ fi 

i 

Cj*=2 u H *f,*=.Z (Uf)„/,* 

i i 

Cj'—Z Uji.fi*=Z ( U) ji f l ' 

i i 

where//and// are the coefficients of expansion for 4 and tp; 
respectively,- in series of fa. 

Now . 
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0 *<f>d*r takes the 


We conclude that the expansion of 

» 

same form in all representations, so that if it is zero in any one 
representation,-it is also zero after a unitary transformation has 
been carried out. Thus, the orthogonality properties of a set of 
wavefunctions are left unchanged by a unitary transformation. 

(Ill) Relationship between transformed operators remains the 
same as those between the corresponding untransformed operators. 

Consider for example a matrix equation. 

AWBW~CWD^EW-\-FM; ' 

in the first representation. In order to find this equation in the 
second representation we apply the similarity transformation of 

equation (64). We get \ 

[/-Mtu £U) u= U- 1 O l WWEWU+ U-'FWU 

or U-'AWU.U U^D^UU^E^U+U'^F^U 

or awbw=.cwdwew+fw 

Similarly we can prove for any other relationship of the ope¬ 
rators, that the form of the relationship remains unaltered under 
a unitary transformation. 

(IV) The eigenvalues of a matrix are not changed by a unitary - 

transformation. . 

Suppose the operator A is' represented by the matrix A^ in 

the original representation. The eigenvalue a satisfies 

A a C= AC, 

where C is the representative of the eigenfunction. If the basis 
functions ase transformed, the operator matrix undergoes a simi¬ 
larity transformation' 

aw=uawu - 1 

and the eigenvalue equation may be written as 

{JAW - 1 C=AC. 

On premultiplying by. U~' 

A ( 2 ) (U- J C) = A (U-'C). 

From (62) this becomes 

A^F—^F, 

where F is the eigenfunction representative in the new 
hence we see that the eigenvalues of a matrix do not change. 

Remarks. Thus we see that from a given representation we 
can by means of a unitary transformation, obtain and equiva n 
representation of all the quantum mechanical relationsh^ IUs. 
often convenient to transform from one representation into 


r a* 

>5 
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ther in this way, because it usually turns out that each problem. 

has some representation in which it is most simply expressed In 

the classical limit, a unitary transformation of a function produces 

a canonical transformation of the classical momentum and position 

coordinates Thus a unitary transformation is the quantum genera- 
cooidm t . rrmrent of a canonical transformation, 

lizat on of the classical concept • , , 

jjzduon ui transformation is sometimes also called 

For this reason a unitary transioimmuun 

a canonical transformation. 

3 9 CONCEPT OF CONTINUOUS MATRICE . - • < 

So far we have considered the expansion of an arbitrary 
So tar we It discrete set of functions and have 

wavefunct.onm terms of operator has a conti - 

thus obtained disc, ete ina . we shall obta in a conti¬ 
nuous set ol orthonormal eigenfumi ^ ^ expanded 

Sm eigenfunefons by the Fourier integral as 

where the orthonormal functions me now^the continuous set 
of momentum eigenfunctions, 

^ d St ^ wri«e„ in analogy with 

equation (21), 

1 _ —zp-r/ti ^ 3 ^ ...(70) 


and $ (p, t) are 


a 


a 


pp "'(2nh) 3 

, is continuous function of p and p\ but it may be regarded 

" pp ', ,■ *t of a discrete square array in which the elements are 

ahowed’to approach defse^and closer to each Cher. Continuous 
matrices may be treated in essentially the same way as the discrete 
matrices. From the equation, 

_ 1 [ 

we see that the'unit matrix becomes the Dirac delta function, 

* / D _«') A diagonal mitrax will take the form C (p) (P P ) 
The rule for taking products of continuous matrices reads as 


—/p.r/h i'p'.r/Ti 

e • e 


d 3 r=Z (p—p )? 


(AB) 


A 


B 


pV 


dy. 


• •( 71 ) 


'PP' J PP r r 

Samilarly we can define all the other operations for continuous 
matrices also. 
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310. VARIOUS QUANTUM MECHANICAL PICTURES: 

We know that the problems of the classical mechanic 
solved by Newtonian Mechanics or Lagrangian ' a 1 
Hamiltonian Mechanics. All the three 
quite diffierent formalisms yet they give exac y 
of any classical problem, f,.. they -e all equivalent We an 
thus consider them as three different pictures of hi^ classical 
mechanics. Similarly, we can have different pictures ; of the 
'uantum Mechanics, provided that each pi P 
luivalent description of,a Quantum Mechanical problem. For it, 

(i) The expectation value of an operator should be the same 

every picture and , . . . 

■ (ii) The'scalar product of any two states in each pic ure 

■ iould remain unaltered. , 

If these two conditions are satisfied, then the eigenvalues and 

,e orthonormality of the quantum mechanical states remain the 
.me and the description of the system is independent of the 
cture we are using. 

Let us consider a picture in which the system under study is 
presented by the ket | ipX which is a unit vector in a Hibert 
lace, in which sets of axes can be defined by the eigenkets of 
Dmplete sets of observables of the system. (| ^ is a unit vector 
ecause for normalized ip, its length will be unity). Let in ano- 
ler picture the same system be represented by the ket | ij/ ), then 
,v <J/^ is given by a unitary transformation of the first picture, 

.V . \Y>=u\y>, • - •■••(72) 

where U is the unitary transformation matrix (operator). 

If A is a matrix operator in the first picture, then the corres¬ 
ponding operator'yT in the second picture is given by a similarity 
transformation 

A'=UAU f 
Thus, using (72), we can write 

UlfUAVWW 

. y >\ : =<iL (^4 | {. U is unitary}. ; - 

Thus the: expectation value of an operator in both-the 
pictures is the same. Also we have 

Hence the second condition, that the scalar product should 
remain unaltered, is also satisfied. Thus we conclude that a pict¬ 
ure, and the picture obtained by a unitary transformation of it, 




7 ■■ 


ry — 
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are equivalent in all respects to describe the dynamics of a system. 

As there may be an infinite number of unitary transformations per- 
formed on a picture , we can have infinite number of pictures corres¬ 
ponding to these However, we shall discuss only three pictures 
which are used in quantum mechanics. 

(I) Schroedinger Picture : 

We have seen that in quantum mechanics, a system is repre¬ 
sented by a space time wavefunction (r, t), which obeys the 
Schroedinger equation 

ih~=H>p. . .. . , •••(73) 

Equation (73) has an analogy in matrix theory. Let {^} be a 
complete set of time-independent orthonormaL basis functions 
which can be used to expand ^ (r, 0 as •' : 

^ (r, 0==-27 C7 y (0 ^ —( 74 ) 

j - ‘ 


Putting this (r, t) in (73), we get 

^ HCj (r) M0=<1> ^ <W to- ■ 

7. > • . 

Multiplying this equation from left by (r) and integrating 
over all space we get 

j * 

where = | d' r * 

In terms of matrices 


H l+CO). 


••.-(75) 


where | */•(/)> is the column vector, 


rci (oi 

Q(0 


I <K0>- 


c) (/) 


J 



This representation of the wavefunction is known as the 
Schroedinger picture. The dynamics of the system in this picture 
is governed by the Schroedinger equation (75). In this picture, 
the wavefunctions are time dependent while the operators, which 
are functions of x and p , are time independent. 
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The expectation value of any physical observable A at time 
, : s given by 

1 V • <A-<'W0MI'K0>- ' -(76) 

(II) Heisenberg Picture : 

In this picture, in contrast to the Schroedinger picture, the 
nerators are time dependent while the wavefunctions are time inde¬ 
nt The dynamics of the system is described by the Heisen- 

' hers equation of motion. 

[Ah, H„]. -(77). 

The subscript H here specifies the Heisenberg picture Ah j 
any operator and Hh is the Hamiltonian operator in this picture 

To find the unitary transformation which gives this picture 
from the Schroedinger picture, we require that the two pictures 
should coincide at/=0. Now, formally integrating the Schroe¬ 
dinger equation (75), we have 

The value of the Schroedinger wavefunction at time r=0, 
m is the Heisenberg wavefunction } B . Since it is time inde¬ 
pendent, .. 

d I ^"> -0 ...(79) 

dt 

From (78), we have 


is 




..(80) 


<0(01 I 'K0>=<<K') i e 
, -iffr/n, Mtpt 

=> A=e . • Ane 


-MU* A J H ‘I* 


■HO) 




K 




A 


. . . rT iHt/h 

Thus the transformation matrix U—e 

Since the Hamiltonian H which gives the total energy of a 
/stem is Hermitian, because the energy of any system is always 
Ll U must be unitary. Thus eqn. (80) gives the unitary trans¬ 
lation from the Schroedinger picture to the Heisenberg 

,Ct Tn order to find the relationship between the time independent 

perator A of the Schroedinger picture and the time dependent 

perator Ah of the Heisenberg picture, we note that the expecta- 
on value of the operator in the two pictures should be the same 

, <ij/ 01 ^-|>(0>=<^ \ a h\^h> 


7 
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or 


' •• iHtlh , -iHtfr 
An=e 1 Ae. 


127 

...( 81 ) 


•• Hence the Heisenberg’s operators are given by a similarity 
transformation of the Schroedinger s. operators. 

From (81) we see that - 

ifit'll\rr -iHtlh 

Hn=e 1 He 

■ —He e —n > 

;.e., the Hamiitonian 

in the Heisenberg picture. It is omitt- 

the Schroedinger picture. Thus, now onwards we shall be om.tt 

ing the subscript H for Hamiltonian operator. . 

fa n s!,v I t r Ser Ct #cture which isintCrtnediate between 

the above two pictures. In this picture the time dependence is 

Carried by both the operators as well as ‘^e state^ec^nu 
. called the interaction picture and to speotfy .t we d.vtde the Hamtl 

•tonian into two parts, ($ 2 ) 

// /= // or -f -H'i . '} J 

transformation • . rr .. ' , . ;: .(83) 

... . 

Tv . ,^= C W IW::. .. . ■ ,■ -f J 

• S o that the interaction «d Heisenberg "JS 

jit _n "\Y 0 have shown that Hh j r rnntion of 

H /—u. vvbiu equation-ol motion ,01 

fl oI =H 0 -- Differentiation of (84) gives me c 4 . # . 

U/>» , . , /h . /Hj/h .* d\ wy . 

Now ' flip-.* i w>=(ff»+ w ') i«'» 




iti 


dt 


L 

*0 ■ 
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To get the equation of motion for the operator At of 
picture, we differentiate (83) w.r.t. time, 

d Aj 1 


- ar - 7i [A.lM + d 4t 

If A, does not depend explicitly on time, 

i a,; n,i\ 

dt 


...( 86 ) 


...(87) 


Equations (85) and (87) describe tte | ,),,(/)> 

in the interaction picture. It is clear D ; c ture with 

satisfy an equation of the form of the c 10 d the operators 

the time dependent part of the Hamiltonian ,Bu and the op 
A, satisfy an equation of the form of Heisenberg picture w 
time independent part of the Hamiltonian. 

Remarks: . • • ^pcrri- 

. We have seen that the state of a system at any ™ w ' ith 
bed by a unit-vector | +>, in the Hilbert space. Any <* g ^ 
time in the state of the system can be investiga y 6 . 

axes fixed and allowing the state vector to rotate, or by keeping^ 

the state vector fixed and allowing the axes Hof the axes 

mitting simultaneous rotation of the state vector 
The three possibilities are the Schroedmger, 
the interaction *•pictures” respectively. 

Table below gives the equations of motion of the state vector 
I JA and of any observable A of the system in each of three pictur 
Subscripts H and / denote “Heisenberg” and “interaction respec¬ 
tively. Quantities without subscripts refer to the Schroedmger 
picture. Relations between the corresponding entities in the 


Schroedinger 

picture 

ih m>> -Jf=° 

• t * 

Heisenberg 

picture 

rfl+n) ^dAa 

Interaction 

picture 

;. i 

n d 1 % 1 +' (0>1 'Tf-k lA ” H ‘ ,] 

h^Hoi'+h'i ...: 
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3 11. MARIX THEORY OF HARMONIC OSCILLATOR: f 

The Hamiltonian for the one-dimensional harmonic oscillator 
is given by 

n 2m ' 2 

where the first term gives the kinetic energy and the secon 
gives the potential energy, x and p are the position 
momentum operators and satisfy the quantum con ltion. 

xp -px=i h. - (89) 

We define the operators a and at, called the lowering and the 
raising operators respectively, as 

a =v(iiL) (m “* +w 


af = -77TC-V ( mo)X ~ ‘ 

1 v/( 2 h moi) 

Then, 

a | a== _L_ [m*a)*x z +inui> (xp-px)+p 2 ] 
2n nia) 

1 


...(90) 


[m 2 oj z x 2 +imcD . ih +P 2 ] 
[ p 2 -f - m 2 ai 2 * 2 —ti moi\ 

b 


'2hmct> 

1 

2 hm<o 

jtpl+i 

hoi \_2m 2 

H _1 
— hco 2 


mui z x 2 


.1 

2 


Similarly, 




”•(91) 


...(92) 


From (91) and (92), we have 

aa J [—a\a=\, ...(93) 

i.e., a and at do not commute with each other and hence we can 
not measure these simultaneously. On the other hand, it is clear 
from (91) and (92) that the Hamiltonian commutes with a\a and 
aat Thus the eigenvectors of H and aat or afar can be assumed 
to be the same. Hence, it is sufficient to solve the eigenvalue 
problem for afa or aat. Representing the eigenvalues by, h, and 
the corresponding eigenvectors by, | k >, we can write the eigen¬ 
value equation for ata as 
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advanced quantum theory and helos 
°f a I I k>. 


, A -C 94 ) 

find out at I ky and 


or 

or 


To solve this equation for A*j we fir „ 
a I k}. For it, we have from (93) j 1 

°t ao t—atafa =a + 

or (ata)flt=at(atafn. 

.. ( a t a ) rif ] /f)=at (nfu+l) | k) 

= a +(^+l)| k} 

— (Aft-fl) af | 

■' Equation (95) tells us that «i I/c> is also • " (95) 

with eigenvalue (At : + 1), ' an ei £ e nvector of 

i-e-, at | *>=c | 

where Cis some constant. We choose’it so thit th„ ■ 
is normalized, e ei 8 e nvector 

I C| 2 <(/c+l) l (i:-f l)> =< -£ | aa j | ^ 

! C l S =<* I Cfa +11 k y 
|C| 2 =(a„+i). 

C—V(Afc+l) e ia , 

where e ia is an arbitrary phase factor. 

/. at|£0>=V(M-l) e **|fc-|_i>. 

In an exactly similar manner, we get 

a | &> = \/(Afc) | k- 1>. 

From (96) and (97), we see that the operation of < Q f 0 n 
creates one more state and hence acts as raising operator On the 
other hand V destroys one state and hence acts as a lowering 
operator. a]a, preserves the number of states. 

We are now ready to find out the possible values of A* We 
have * — 

<k I aja I ky=\ h </c \ky>0 {V <k I utu I *> is the norm of 

the state a | k ) and therefore it is 
positive definite} 

=> A/ : ^ 0 { . (k | ky is the norm of \ ky and hence 

it is-five}. 

Now, applying the lowering operator repeatedly, we can 
generate, from any given eigenvector, j k), new eigenvectors with 
^ifferent eigenvalues. However, condition > 0 limits the num¬ 
ber of times a lowering operator can be applied. When by succes¬ 
sive downwards steps an eigenvalue between 0 and 1 is reached, 
by applying a once more, we do not obtain a new eigenvector, 
because that will be an eigenvector violating the restriction, A fc >0. 


•••(96)- 


(97) 
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Hence, we must have for lowest step (labelled k=0), 
a\a | 0>—A 0 | 0> ; 1 > A 0 > 0- 
and a | 0>=0 | 0>. 

Consequently, A o =0, and this is the only eigenvalue below, 
unity. 

Starting from | 0^> and Ao=0, we obtain all other eigenvectors 
and eigenvalues by repeated application of the raising operator, 
af. The eigenvalues increase in unit steps. Thus 

I k > cc (4) ,; I 0 > ; lc=0, 1, 2, ...T ...(98) 

and Afc=/c. J 

To find the eigenvalues of the Hamiltonian e H ’ for the harmo¬ 
nic oscillator, we have from (91), 

E k | /c> = H | k >=h ai (affl+J) | k >=hw (k+ \) | k>. 

E*=ru*(k+l);k=Q,l,2,... . -(99) 

It will be seen in chapter 6 that this is exactly the same as 
we get in the wave-mechanical treatment by solving the Schroed- 
inger equation for Harmonic Oscillator. For the wave functions 
of the oscillater see problem 36 of this chapter. 

PROBLEMS 

Problem 1. Examine the linear independence or dependence of 
the system of vectors : (2, —1, 3) ( 0 , 1, —2) (8, 2, 0). 

Sol. Let u 1 =(2, — 1, 3), 

„ 2 =(0, 1,-2) 

and Us— (S, 2, 0). 

Now, if 

a d6 T <*2^2 a 3^3 == 

then we should have 

( 2 , - 1 , 3 ) + o 2 ( 0 , 1 , - 2)+* 3 ( 8 , 2 , 0 )=( 0 , 0 , 0 ) 

or (2a I + Scf 3 , -'/. 1 +'Jo+2?3. 3a 1 -2a 2 ) = (0, 0, 0) 

2 (XlT 8 o'. 3 := 0 . 

— ai _ f _a 2T2^3 == 0 

and 3a.!—2a 2 =0. 

Solving these equations for a l5 a 2 and a 3 , we get 

——2a 3 =A, 

2 3 

where A is an arbitrary number. In particular ^=2, a 2 —3 and 
a3 ___i js a solution. Thus u v u 2 , u 3 are linearly dependent. 

Problem 2. In the following case, find the value of x for which 
the given set of vectors is linearly dependent: (1, 2, 3), (4, 5, 6 ) and 
(x, 8, 9). 
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and 


Sol. Let u, =( 1 , 2 , 3 ), J ; - ; 

• • "2=0, 5, 6) 

Ui = (x, 8 , 9 )• ! 

Now a 1 t/ 1 +a 2 M 2 +a3M.o=0 !:,+"■ 

=> ttl (1, 2, 3)+a 2 (4, 5, 6) + a 3 (*, 8, 9)=(0, 0, 0) 

or ( ai +4a 2 +^a 3 , 2 ai +5a 2 +8 a)J , 3« 1 +6a 2 +9a 3 ) = (0,0, 0) 

or a 1 + 4 a 2 +.*a 8 — 0, 1 

2ai+5a 2 + 8a 3 =0 ^ 

and 3 a 1 + 6 a 2 + 9 a 3 = 0 . J : , . 

For the given set to be linearly dependent, equationi (0I s ou , 
be satisfied without all tb* « lf «„ «. being zero s, multaneously, 
i.e. the equation (ii) should have a non-zero solu ion,- Jot whicn 
the determinant of the matrix of coefficients should be zero 

14 x 


2 5 8 

3 6 9 


=0 => x=7 on evaluation. 


| 3 0 y J ....... .. ... - -. 

Problem 3. Obtain a set of four orthonormal vectors from the 

wi=(i, 1 , 0 , 1), u 2 =(2, 0, 0, 1), us~(0, 3, 3, -2) and ^ 

« 4 =(i, i, i, -5). 

Sol. We shall do it by Schmidt’s method. 

Let 1> 0, 1)., . 

Then vz—Uz-fa-nV^ 

/here_. . .. : .. - ■ 

(v lt u 2 ) (1.2+1.0+0.0+1.1) 3_j 

^ai— (v x , v x ) (1.1 + 1.1+0.0 + 1.1) 3 

v 2 =u 2 —Vx=(2, 0, 0, 1) —(1, 1, 0, 1)=(1, —1, 0, 0). 

-■ Now take V 3 =u z -t- -\-a Z2 v 2 ; where - -- • •• • 

^ __fej^ = 0and a z z=-~^L=\ on evaluation. 

(Vx, Vj) • 32 (v 2 , v 2 ) , 

' • + >3=w s +v 2 =(1,1,3,—2). 

Finally we take v 4 =w 4 +fir 4 i«’ 1 +cf 4 2V2+^43 v 3» where 
. + „ __ 0+ t/ 4 )_ T : + ■... 

■V . :Q++.":+:; i ; , 


^ (V 3 ,u 4 ) :_ 

43 ‘ (v 3 , v 3 ) " 


• 1 » 


•V . V4=W2 + V 1 -t'3 = (l J 1, -2, -2). 


• • L * - . 


1 ■■.. * *♦’ , ‘ 
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’ , • • • •,, • j, -j 

The vectors v lt % v 3 , Vi are orthogonal to each other. In. 
order to find the orthonormal set, we divide each of these by its 
norm, we get | 


w 


1 


1 V(3) 

1 


( 1 , 1 , 0 , 1 ); 


Wn 


1 • 


V(2) 


w 8 =- 


(1,1,3, 2) and w 4 =- 


1 


(1, —1,0,0); 
( 1 , 1 , ~ 2 , - 2 ). 


v (15) vm 

Problem 4. Prove the following properties of the projection 
operator *P 4 \ 

O’) P< 2 =Pf, 

(«) PiP)=Pihj or P,$n. 

Sol. (0 Pf | bj=Pi [Pi | ip>] 

=p* I <f[ <10 
=1 <0* I <!</> 10 

=|*<XM*> {V <^| ^>=1} 

1 * =?,-10 => p,- 2 =P/. 

07) P<PH i}>/> I (0/1 

=1 1 Sij or I | 

=P,-Sii 

Problem 5. *S7zo»v that 

(n | m>=P <n | i) (i | m >, 

yy/;ere 1 72 > and | m) are two arbitrary vectors and the vectors J /> 
form a complete set. 

Sol. Since the vectors | i) form a complete set, we can write 
the arbitrary vectors j n) and | m) as 

. . | 72>=P Ci | 2>, Ci = (i | 72>, . - - . ; . 

| in')—2 di I /">, di=( i 1 772 >. 

i 

<n I 772>= P <72 I 2> <; I 772> </ | j) . 

i,J * 

= S <72 | Z> <7 I 772> S t/ 

i,j 

= P <72 | 2> <2 f m). 

i ' , • ...y • 

Problem 6. Calculate the sum over a complete orthonormal - f 
set j i), of the quantities \(n \ A \ i > [ 2 . What value is obtained if A . 

is unitary 1 ... 

SOI. 2 1 <72 M | i>| 2 =P <72 M | 2> <72 M | />* 

<« M I *> (i \ Af 172> : . yy : X 

* ' • >. ; : 

. • • . ’ Ur . .* : •■«*• '• ■ .il c >•.V_•.'!h^ 

. • .c- , v: % i. -y . -j- •-y j• 
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= <" | AAf | 71 ) 

•• {7 | /> forms a complete set} 

. If ^4 is unitary, then AA\=\ and hence we have 

27 | <« | 1 z> | 2 =<ii 

i ' ■ 

Problem 7. Show that the projection operator Pi is Hermitian 

and positive definite . 

Sol. For two arbitrary kets | m> and l ii), we have 
<n | Pi | w>=</j | /> (i | m> 

| z)>* <71 n)* 

■ . =<m\Pi |»>*, 

i e. Pi is Hermitian. 
also we have 

<« | Pi 172> = </I | i> </1 7Z>= J <n | z> 2 >0, 

i.e., Pt is positive definite. 

Problem 8. yl projection operator Pi is said to be greater than 
or equal to another projection operator Pj ; if the space, in which Pj 
is defined as contained in the space, in which we define P, Show 
' that 

(a) The relation P t > Pj satisfies the axioms required of any 
relation of inequality. 

fib) [PiPj\= 0. 

(c) The relation Pi P } is equivalent to the statement 
^ | Pi j <i|> j Pj | <[>> for anq vector l £> of the Hilbert 
space. 

Sol. (a) From the definition it follows that, if Pi > P, and 

Pj^Pi, then Pi=Pj 

and that, if Pi > Pj and Pj > P*, then P< > P*. 

(b) From the inequality, Pi > Pj, we have 


Pipj > Pj 2 =pj, 

...(i) 

Pjpi ^ Pj 2 =pj, 

...(ii) 

Pi 2 =pi> Pipj, 

...(iii) 

and Pi 2 =Pi^PjPi 

...(iv) 

From (i), on multiplying from left by Pi we get 


PPPi > PiPj 


o 

\v 

’'O 

ro. 

^3 

<o. 


From it we see that in (i) inequality sign cannot hold because 

that will give P<P; > PJj which is not possible. 

Hence the 

equality sign only is possible. Thus 


PiPi^Pi- . 

•••(v) 

Similarly, from (ii), (iii) and (iv), we have 


PjPi=Ph 

...(Vi) 
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. ‘ p,=PiP, ' 

and P,=PA. _ ■ •: - (VI,,) 

From (v) and (vi) or (vii), we have • •/.. 

PiPj^PiPh 

and hence 

[Pi, PJ=0. 

(c) In general, for the projection operator P,, we have. 

Pi | | <!>*> 

the component of tji along the operator Pi. 

If | <|,> belongs to the complementary-space of Pi, then 

P { | t|i>=0, - 

and, in accordance with the relation <0 | Pi | O ^ ^ I ^ 
we have Pj I 4') == ®* 

Then, if I belongs to the space of P h (1 -Pi) [ ^> ==0 
Pj (1-P,) I d,>=0. If | $> does not belong to the space of Pi, 
(1 -ft) | i>= | *>. But P, I +>=0, and therefore for any | <f> 
we have P,{l-P<) | +> = 0, and hence Pj=P,P,. which is equi- 

valent to the inequality Pi > Pi- . . 

Problem 9. Consider a set of vectors \ *>, <» «htch x ,s a 

continuous index which can take all values w the interval t*„ x,). 
Show that if the vectors \ xj are orthonormal in the sense that 

<x' \ x> = 8 (x'—x), then the operator 

P=J* 2 | x'/ dx <x 1 

is the projection operator of the subspace spanned by the set of 

vectors | x>. v , .. . 

Sol. For any arbitrary vector | (*)>, we have that 

P ( (*)>= \ Xi | *'> dx' <*' | tli (x)> 

and hence 


neiu;c 

<x* | P | * (*)>=!*' <** I *’> *'.<*' I 4 1 (*)> 

J X\ 


= [ Z {x n -x’) dx' (x I (*)> 

Jx, 

=(x" | $ (*)>• 

. / X " | n— P) l 0)>=<X I ^ (*)>-(*“ I P ^ (*)> =0 -. ••'[*) 

*' since P | (*)> can be written as a linear combination of the 

I *> vectors, and from (i) we see that (1 -F) | * (*)> is orthogonal 
to all of these vectors, it follows that P is a projection operator 
onto the subspace spanned by the \ x) vectors. 

Problem 10. Show that the mqtrix representation of a Hermitian 

operator is Hermitian. 


Scanned by CamScanner 








. .... ADVANCED QUANTUM THEORY AND FIELDS 

. Sol. If A is a Hermitian operator, then for any two given 
states <];* and <J>i, we have '; 

0W» Atfrjj—Aty, <W)- 
Now, ai) = (ty* Abj) 

^f=[fl^]t=[a^*]=[(^, Aft)* !=[(#*> iMl 

=[ (h, A^)] {using ( 1 )} 

= [cr^]=>4: . . 

Thus the matrix represention of a Hermitian operator 1 

Hermitian. . 

Problem 11. Express the expectation value of an operator A i 

terms of its matrix elements ai } . 

Sol. The expectation value of A is defined as 
y'b;. :/ <^> = <^ I A | 4>. ■ 

Writing | 4C> in terms of the complete set of eigenkets | tyC) we 
have ... 

I V>=2Ci | 

.V <A> = Z \A 1<W>. 

■ ' .=2 Ci* C) an 1 


:i 0 

9 


This is the required expression. • ‘ 

Problem 12. Show that the matrix of the product of two 
operators is the product of the separate matrices representing the 
operators. . \ 

Sol. Let A and B be two operators with matrix elements a it 
and bif then ■ ' 

:v /• = j A | l^> . •••(0 

and bij=($i | B | •••(ii) 

/. i : • Now, if we define the product A B as a matrix C, then ■ 
f AB I | A I <0;: I B I <^> 

• yr ,’v S \ . 

■ yy' {v Z l 1=1 for the projection operator | <^fc 1 } 




~Z apt b]t } 

Is 


and hence the result. - 

Problem 13. f Show by use of the bracket notation that 
fwfff trace A==2 (i j A | i >, 

is independent of the basis, [ i) and that, trace AB^trace BA 


" f , ,if r t .' • 


Scanned by CamScanner 






MATRIX FORMULATION OF QUANTUM MECHANICS 

Sol. Let us take another basis | j). Then the trace in thisgj 

f' t ... ' . J • ‘ v'A *• 

pic nivpn nv • ’ * -i.'vS 


basis is given by, 


trace A=E O i A | ]} 


mt' 


Using the projection operator |7> <* |, we can jt as * ; • 

2 <; \A | <; | 0 </ M | /> <* li> 

=2 </1 A | />< j I 0<M/> . ■ 

r=2 </) A | ;> {v £ </ 10 <* l- ; > == f V:.:-i 

i V ; ■■ 'vl 

Thus the trace ,4 is independent of the basis. 


,; 4 

• --m 




Now, 




V- M. Ml 




trace AB=2 (i I AB \ 0 

=2 (i | A \ 0<* I B |.0 
=2 </ | B | /><* M I 0 
*=27 </1 I . ; ' 

i , ' I 

=trace BA. ~ ' 

Problem 14. itor that ff I </ ^ U> I 2 *-***^- ° f l 

the basis | i> and |/>. («*** »“**’' ^ ^ .■ 

Sol. X2l<iM!y)l 2 =^< i ^ l - /> <\ UIJ> 

' 1 : =22 (i \ A. \j X; I I 0 

£ i . ;.. 

= 2 (i I AAX I 0 
£ 

=trace 

which is independent of the basis I »> and I />. . ^ 

Problem 15. Starting from the eigenvalue equation 
.llWH'il <!u}, A is unitary, .. 

show that h=e“, where C is a real constant, and hence prove, the^ 

orthogonality of the eigenvectors of a unitary 
Sol. we have .. . '• 

: a 14,>=•■'•< I *»> iifffjM 

.14tr=.^<’ 

Hence, • ’••• 

\a\a i </»£>=aI </•<> 


4 

. ..■■ ..• 

. - 

* 

a 
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or <<W 
or 


^>=j h | 2 <^f |- <W> {V A is unitary, therefore, A\A=\\ 
{1—1 Ai | 2 } <^f | . • ' 

Now the norm <^t ] 4-i)^ 0 unless | ^i) is zero, therefore, 

\ _-j At | 2 =0 or | A» | 2 =1 => At =e ic ; C is real. 

To prove the orthogonality, let us consider another eigen- 

vector |+i>of^ with eigenvalue ' . ' 

iC* 

\.=e ; is real constant, not equal to C. 

Now we have, 

<<H 4 J j>=<^i I dfA |•<b->=--At*A r <<N I <l»j> 

i (C' — C) , . . 

<^i I <W> 

[l-e , ' (C ' _C) ]<>!«i +t>=0. 


or 


The term inside the square bracket in the above cannot be 
zero, unless C'=C, thus . 

<<W I <ta>=° ; 

• e eigenvectors of a unitary operator belonging to different 
eigenvalues are orthogonal to each other. 

Problem 16. Let ( an d I be two vectors of finite norm. 

Show that, Tr (| 4»><^ |)=<<£ I <K>- 

Sol. Let us represent | | by the operator A. Then 

Trace A—2 <J\A \ /> 

• v i 

=2 (i | | z> 

i 

: • =2 «. ')<i ! V> 

i 

= <<£ U)- 

Problem 17. If A is any linear operator, show that AfA is a 
positive-definite Hermitian operator whose trace is equal to the sum 
of the squire moduli of the matrix elements of A in any arbitrary 
representation. Deduce that Trace {AfA)=0 if and only if A=0. 
Sol. For arbitrary kets | and | ./>>, we have 

| AfA 1 <£>=<<£ | AfA | <Jj>* { 7 (AfA)f=Af (Af)f=AfA} 

This shows that AfA is Hermitian. 

Now, taking | £>=| and writing j ii)=A\ <|>>, we have that 
| AfA ( ^>==<m | «> ^ 0 ; • 
and hence AfA is positive definite. • 

Now, T r (AfA)=2 (i | AfA j /> 


</ 
S j 

= 2 


Af. | JXJ | A I j> 
(i \ A \j> I 2 >;0 




tV» 


■n- 




fi 
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The equality is true only if all the elements <z1 A |;>=0, . 
which is equivalent to the operator relation A=0. . . ; • 

Problem 18. Show that a necessary and sufficient condition for 
two linear operators A and B to be equal (within a phase factor ; 
i.e., A-~Be ix ) is that \^\A \ 0|=|<+ | B \ <p) for any pair of 
.linearly independent kets \ f[)') and \ <py. ■' 

Sol. To prove the necessity of the condition let us take, 

A=Be ia . ' - . . 

Then, <<{, \A | <£> = e‘ a <ij, | B j <f,} ....... . ... 

o f |<* \A\ <py\ — \e ia | B | | B | *>| r : 

To prove its sufficiency, let us consider a representation in 
which at]—(i \ A \ and bij—{i | B | j) are the matrix elements 
of the operators A and B. Taking | ^>=| i) and | $£>=j j) we 
have from (i) that, ' 

| a u |=| bii | , • -(ii) 

for any | z> and |y>. On the other hand, with | 40>=| 0 and | 

■= C } |./)-(- Ci J /), where Ci and Ci are arbitrary complex numbers, 
we find from (i) that | Cjan + Cian |=| Cfoif^-Cibn | ....(iii) 

Using (ii), we can write (iii) as 

Re [CjC/* (aijOu*—bijbif*)] — ^ ...(iv) 

Since the complex number CjCi* is arbitrary, it follows from 
• (ivj that 

aijan* — bi]bii*=0 ...(y ) 

From (ii) and (v) we now have, 

Oij Oil • : - 

bij bn 


...(Vi) 


which means that the ratio — is independent of j. 

Oil 

On repeating the above arguments after interchanging rows 
and columns, we find that the ratio ~ does not depend on i also. 

U 4 n 

Hence from (ii) we can write that 

u, ’ 

where a is a real number independent of i and j ; i.e., the two 
operators are equal to each other within a constant phase factor. 

Problem 19. Given the matrices 

and °‘=[!p.-°iY 


'10 


(vii) 


jo 

1\ 

i° ~ l \ 

(i 

or 

° t= [i oj 
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Show that 

(a) These are Hermitian. 

(b) Satisfy' the relations . 

tr «2 = <7,/=(7 2 !! =/; o«a»=icr«; o v °z-l°z ,_ 

(e) the eigenvalues and normalized eigenvectors of these 

matrices. . . „ 

( d) sfciw rto any «W«iy 2x2 Mfti* * w “ " 

//near combination of o x , o>, o, and I, the 2x2unit mar 

Sol. (a) If the Hermitian conjugate of a matrix is equal to 

itself, it is called a Hermitian matrix. Now, 

'>•.-( J o)v 

10 - 1 \ 

a v is Hermitian. 

Similarly, we can show that <r, and a., are also Hermitian. 

y 0 1 \ /0 1 \ / 0.0 + 1.1 0 . 1 + 1 . 0 \ 

(b) a x 2 —o x .<7*=^ oj \l 0 J \ 1 *0 + 0.1 1.1 + 0.0/ 

Similarly, a y *==o z 2 =I. 

V: /0 lV/0 z\ /0.0+l.i O.-z+l.O' 

• oj\r oj“UJ 

o y o z — io x and cr z <y x ='i c y , 

-i\( 0 IV /0.0+(-/).l 

oju ol~V i.o+o.i 

a * a v- oyGx — i °z—(—i o f )=2ia z 
Cfx a y + OyO x —i cr a + ( — / cr ? ) = 0. 

(c) We have x found out the eigenvalues of the matrix o- z (see 

^ section 36). V. . . ; 

V- Similarly, one can find out the eigenvalues and the norma¬ 
lized eigenvectors for a x and o y . 

■i • For fljty We get- ; 


" Similarly, 

. _/0 
o y a x —l • 


o\ . . 

■l)"^ 

o.i+c-—*)-0\ 

M + 0.0 ) 

(S >-*■ 


and 


(•; 1 


V (2) 


(!) r " r + 


1 and 


V(2) 


u) 


for X-— 1. 


. ) 


-41 


cl 


rjf 
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For cryj.we get 


V(2)( 

(d) Let us consider 




rorA=l and -4, ( for A 


G 2) 


where 


fa b 
c d 

unknown constants, 


=C x c T a +C 2 o y -{-C 3 v 3 +CJ, 
is an arbitrary given matrix and C l9 C 2 , C 3 , C 4 are 


1 UYY .11 L/UI 10 L 0 . 11 LO, . vy 

C 3-*> ? J) +Ci (? ”«) +C2 (o ->) +C4 (° J 


,C 3 +C. Cj-iCdV 

yCj-f'/Ca C 3 ~\~Ci) 

Therefore, C 3 +C 4 =fl’ 
Ci—iC 2 =b 
Ci~\-iC 2 —c 

-C 3 +C 4 =z/J' 


Ci = '2 + 

C 2 =l/2i.(c-b), 

C 3 —\ {d—d), 

C 4 =£ (a-)-d). \ : 


Hence we can write for an arbitrary 2x2 matrix as 


(c = * (^+ c ) ° xJr ^f ct ^+2 ,( a “ 

Problem 20. Prove that a necessary and sufficient condition for A 
to be unitary is that for every vector \ z), (i [ AfA | *>=<(* | Hence 
show that every eigenvalue of a unitary matrix has absolute magnitude 
unity. ■ 

Sol. To prove the necessity, let us suppose that A is unitary.' 
Then A\A=I and hence we have, 

(i | AfA | i)=(i i /1 />«</] *>• 

On the other hand, for sufficiency, we have . 

• <z | AfA | i)=(i | z> 

=> ylt/4 = / in the representation j i). 

If we show that AfA—l in any representation, then we can 
say that A is unitary. Now the transformation from one represen¬ 
tation to another is made by a unitary matrix U in the following 
way, 

A^^U-fAU, AW]=UfAW- ; •... 

Hence it follows that 

= UiAjUU\AU=I.y ,...; (; . / 

=> A^A—I'ui any representation. 

The fact that every eigenvalue of a unitary matrix has absolute 
magnitude unity had already been proved in problem 15. 
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Problem 21. Prove that the matrices 


theory and fields 


<k 

V0 

l 3 


2_ 

3 


0 

1 


V(3) 

satisfy the equation 


V(2) 

3 

V(3) 

l_2. I 

3 J 


(/-M) (2I-B)=Q. 


_5 ; 

3 • 

V(6) 

1 


1 

V(6) 

3_ 

2 

1 


3 V(2) 2^/(3) 


- ZL l 

3\/(2) | 
__1 I 

M3) • ^ 
1J 
6 


What is the significance of this equation relative to the simultane¬ 
ous eigen vectors of A and B ? 

Sol. It can very easily be seen by using matrix addition and 
multiplication that 

(I+A) (21— B)=0. 

Now (I+A) (2I-B)=2I-B+2A-AB 
and (21— B)(1+A)=2I— B-\-2A-BA. 

From these equations we see that if A and B have simultane¬ 
ous eigenvectors, then 

(l J rA)(2I—B) — (2I—B) (/+y4)==0 {v AB=BA } 

i.e., (I-{-A) and (21— B) also have simultaneous eigenvectors, if A 
and B have simultaneous eigenvectors. 

Problem 22. Let (x) he a column vector whose components 
are analytic functions of a parameter x : 

'CAxy 

C 2 (x) 


f. 


_C n (XL 


and let = ^ ( x ~rh) —4X0 ^ e t j ie d er i vat i ve 0 f 


dx h-*0 
Then prove that if 


d<b(x) 

dx 


■-Aip (x), 


where A is a matrix independent of x, then 

where x 0 is some fixed value of x. 

Sol. We have 


dffx) 

dx 




d tfi=A dx. 

4 <X 
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Integrating both sides w.r.t. x, we get : ’ 

log (x)*=Ax+C f where C is the constant of integration. 

For x=x 0 , we have 

log 0 (x 0 )= Ax 0 +’ C. 

. C=log i}> (x 0 )—Ax 0 . •; 

Using this value of C, we obtain 

log <\> (x)=.<4x-f log di (* 0 ) — ^ x o 
or log (x)—log <|> (x‘ 0 )=(a'-x 0 ) A 

or log ; _ r 
<£ (a-) (x-x 0 )A 

d> - -- =e 

<K*o) 

Problem 23. Construct the products AB and BA oj the inf.n 
matrices 


A= 


rO 1 0 0 
0 0 10 
0 0 0 1 
etc. 


- 0 . 0 0 0 


=[Si, 3 - 1 ]; B— 


i * 

L 


l 

o 


0 0 0 

1 0 o 

etc. 


~-[Sx, i+il* 


Does either A or B have an inverse ? .. , P i PTTien t 

Sol. Let us call AB=C and BA^D, then the y-th element 

Cij of AB is given by : 


CD 


and 


Ci ~ £ Uik bkj= £ Si, 7:—l Sjs, m 

• *=1 

- Si, (i+i)-l = 

00 

dii x= £ bn-, am— ? Si, n+i Sn, 
it-i k=1 

= Si, . i 

AB=BA=[Sijl the unit matrix of infinite order. 

Thus A and B are inverse of each other. 

Problem 24. If B=ef then show that 

det. A=e trace A > 

where A is a diagonalizable matrix. 

Sol Because A is diagonalizable, by a similarity transforma- 
tion of A we can get a matrix A which is a diagonal matrix , 

p , 0 0 ...1 

I 0 ^2 0 ••• | 

C7-MI/-.W; o o >,... | . 

[_ etc. J ■ ' 
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We can write, 

A=UAU~i 

.'. exp .A=/+A+~+... 

= UU-' + UAU- t +jj UAU' 1 UAU-'+... 

= C , D + A + 2 l +”] £ '- 1 

*= U (exp. A) U~ 1 

Hence, 

det. (exp. ,4) = (det U) det (exp. A) (det U~ 1 ) = det (exp. A) 
—(exp Aj) (exp. A 2 ) (exp A 3 )... 

— exp (A 1 4-A 2 + ... +A«) 

• . • =exp (trace A)~=exp (trace A). 

{’•* trace of a matrix does not change under similarity 
transformation} 

det #=e trace A . 

Problem 25. Show that the eigenvalues of a Hermitian matrix 
are real. .. 

Sol. Suppose A is a Hermitian matrix and A is an eigenvalue 
' of it with non-zero eigenvector | tj^>, 

— - A\^= A|^> ...(i) 

; or : | A—\* \ (V A is Hermitian} ,..'ii) 

From (i) and (ii) we have 

and <<p j A | ^)=A* (ty | <p> ; respectively. 

Comparing these we have, A*=A, i.e., A is real. 

; Problem 26. Show that eigenvectors of a Hermitian matrix 
belonging different eigenvalues are orthogonal. 

Sol. Let A be a Hermitian matrix with eigenvector | and 
V | fc) such that, 

A | ^i>=A< | <p/> ; A | 4 , i>=A J - j 4> 3 -> and Ai^A^. 

From these equations we have, 

. <^i J A=\i | and | A =| 

•V/' .V ,<^MI <b>='h <<W I h> 

'■ and ■ A \A\iJj j )=X ) <<j* | . 

^ Subtracting these, we have 

0 =(A,-A i )<^|^> 

=> | 4’;) == ® (V Ai^Aj) 

. i.e., ,|. i}/i> and j «/^> are orthogonal. 



i 

\ 

i 

t 





Scanned by CamScanner 



















MATRIX FORMULATION of QUANTUM MECHANIC!, 

Problem 27.' Show that a HemUian matrix remains Hermitian • 

under a unitary transformation. transformed into 

Sol. Suppose the Hermitian matrix transformed into 

the matrix by the unitary transformation U,te„ 

A^U-'AWU. 

SZSS, fcH£ - i. i. H..—»• , 

A^={U~ l AW t/)*=,4< 2 )*. 

/Hence, AW is also Hermitian. 

wlProblem 28. Show that, if the operators A, B and C satisfy the 

commutation relation [A, B]=iC in the Schroedinger picture, t is 

relation is valid in the other pictures also . 

Sol. We have in the Heisenberg picture,.. 

iHtjh . —iHtj\i 
Aa=e ‘Ae 


v.U 


n ilitjh p -iHtj h 
B H =e 1 Be 

[Ah, Bh]=AhBh-BhAh : 

' Ae-WP J Mtl he- iHtl * ■ ■ ■- 

—c - Be c Ae 

jm, .-Wtflr-jmi* Bi.-®/"' 


=e 


e * /4£e 




—e ‘ BAe 
-iHtfh, 


iHtlh —/////h, 

=<? . iC e 

— iCfj. 

Similarly, [Aj, Bi\~iCi. 

^// Problem 29. - Treating the coordinate x as an operator in the 
Schroedinger picture, determine the . corresponding operator x H in 
the Heisenberg picture : 

(/) for a free particle and 
(ii) for the harmonic oscillator. 

Sol. (i) For a free-particle, 


2m 2mdx‘ , 

• ifft /h —IHtJh 

Now, x H —e xe 




[H, .r]+j’ 


l(r *]]+•.. ..'.(ii) 

{ V e*> '^ww+fc [5, [B, [B, /Q1+...F ■. ' 


V.-, ’• ;jv- 
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From (i) we have, 


[ff, X] + W=~y ki (x + £ (*) j- 


••• [ff,'*J—-i’l .1 

w 9x / 

[//, Iff, *]]■ o. ! 

[ff, [ff, lff,jr]]]=0,;.., J 

Using these commutators we find from (ii) that 

ih 9 . 

xrr=x - t — 

m 9* 

(ii) For the harmonic oscillator, 

p-_ h 2 9 2 ^ muPx 1 . 

2mdx^ ~T~~ 

h 2 9 

[H, x]^- 2mdx 

[ff, [ff, x]]=ti 2 a> 2 x; Iff, Iff, [H, *]]]= - — 1 

m ox 

[H, [ H, [H, [ H , *]]]]=h 4 a> 4 * and so on. 

Hence we have, 

• u - ft8 I/ii 

9* 2!l h 


/w 5 a; 


•• (iii) 


».(iv) 


1 

I 

J- 

I 

j 


,..(v) 




m 


. WuPx 


•f 1 ( ir 

V 8 -hv> 

0 1 1 , 

('t 

3 ! U, 

/ ’ m 

9^: 4 ! 1 

ih 


—x 


(o)t)% (cot) 6 


~X COS cot 


_P-!_ 

2 ! 4 1 

ih 


-]--U 

J maj 9x|_ 3 ! J 


Tl 4 co 4 JC-f- . 
(coty 


sin cot — 
mat ! 8x 


• ■•(vi) 


Using /?= — zti —, we can write (iv) and (vi) as : 


Xj{=x -\—— t for a free particls 
m 


nd xh=x cos cot4- sin cot for harmonic oscillator. 

mu 

Problem 30. Construct the matrix of transformation in two 
'■mensional Cartesian coordinate space, which doubles the legnth of 
’ery vector drawn from the origin and rotates it . through a positive 
ngle of 45°. Show that this matrix satisfies the equation 
4 => — 167. 
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Sol. Let us consider a vector,^* j in the given space, which 

is transformed into the vector j. The required transforma- 

. tion can be performed in two steps. First,- rotate the given vector 
through 45° and then double its length. 

If j^jmakes an angle 0 with the x>axis and if it is transformed 
into by a rotation through 45°-. without any change .in its 


length 7’, then 


X— / cos 0, / sin 


...(0 


'1 1 

x n =*l cos (04-45°) = -^p (/cos d—l sin e)—-^= (x—y) 

y?=*l sin (0+45°)=^== (/ sin 6+1 cos 0)« -^== (x+y) 

In matrix form it can be written as 

IB 

Now, for doubling the length we should have x n ->2x' and 

y *->• 2y". Thus the final transformed vector^*, j is given by 

x[=2x n and y'—2y n 
In matrix form it can be written as 

...(H) 


ri oi 


t 

O 



Using (i) into (ii), we get 

[JK 0 


0 1 


.[1 -!][’]■■« 

Thus the transformation matrix A is given by 

,_ri -n 

A=Vi [j ij 


...(iv) 


It is now easy to show that, A 4 = —16 I. 

Problem 31. IfH^co (aat+l)» where a and a \ satisfy the 
commutation relation afa-aaf= 1 then show that, H n a=a (H+ ho,)". 
[Hint: Prove it by mathematical induction] 

Problem 32. 7 r f a[t)=e^ t ^ci(0)e then show that 


c(0rrfl(0) 
Sol. 


.. 1 iHt iW 3 ,OT 
1+ T 2HT 2_r 3 !h 2 


. jfl(0) 
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■ —a(o) / , | m+^t { ‘ 2 (g+y +...)<r® /h 

=a(0) e Kn+tHoW e -iHtl1i 

. . ==cz( 0) e im * . • ■. •• 

Problem 33. S/zovv that for a simple harmonic oscillator : 

*/(«)., (Et-Eu) <fc ! *.| />='-! <* |p | />, and • ; : ; 

■iP) <J 1 xp+px | />=o. . 

Sol. (a) We have the Hamiltonion for the oscillator as . 

z ; 2 . m(D 2 x 2 


H-- 


Im 2 

rr 

xH-Hx= — P 
m 


...(0 


’* m ' 

Taking the matrix element of both sides of it between the k-th 
and l-th states of the oscillator, we have 

or <fc | xH\iy-<k\Hx | />=^ <k\p\ l > ■ 


, , E,<k\x\iy-Et<.k\x\iy^<k\p\-t> 

(E,-&) <k | * | />= § <* I P 1 '>• 

' • J 

(b) From eq. (i) we have. 

(.v// lls) 

a 1 X 2 H—xHx+xHx-Hx 2 \ o 
ill 




m 

~fh 

m 

Ph 


<k | x z H-Hx* i /> 

(£,-&) <*!**! *> 


/ in the above eq. we get, . , 

fang *-'».* _ m « </1 * | />=0. 

< z i xp+p* I ; >= ts 1 

//’ ‘ „ ,u„t for an oscillator transition from an 

a » ^ w * 
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•••'■ ti 2 

r (&^«M <* I * 10 P'g _ w <„„*><* I* I* 

1 ^s[{l\xH\ky-(J\ Hx \ k> - ]< - k 1 l?> 

=2 (l\xH-Hx\V)<k *10 


2 </|/> 

m k 

ih 


k)<.k\x\l> 


m 


</1 px |/ > 




Now, 


r l TV 

<i\ P x\ />«* , , z> 

— X </ I px—xp I />+£ I X P% P ‘ ' 
2 -zfc* 


-i ti 


-</|/> + 


0 
iTi 

:.Z(E h -E,) l<fc I *1 / >l a =fsr 

k u 


2 

•ztl 


2»z 


..(ii) 

■•(iii) 


fc . • o Rpiche-Kuhn sum rule. It can 

This relation is known as Thomas-Reicn * s 

be used for atomic excitations if we recogm y 

component of the total dipole moment operator. 
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FOURIER TECHNIQUES AND 
MOMENTUM REPRESENTATION. 


We have seen that the physical state of a particle at time ‘t* 

■ described as fully as possible by the normalized wavefunction 
1S s p ( r /)=| ^(r, /) ] 2 gives the probability density for finding 

the narticle at position r. The average (or expectation) values of' 
position and momentum can be calculated from the wavefunction 

^(r, t) by the formulae, 

<r>=JV (r, t) r<Kr, t) d 3 r, 


• (1-a) 




<p >=J-l*(r, 0 p <Kr, 0 d ' r 
= |>(r, f) (-Hi) VK r . 0 d 3 r- 


(1-b) 


The development of .Rr, t) with time is governed by the 
Schroedinger’s equation of motion 

(*V.+ K) ■ - (2) 

\ 2m / dt 

Now we assert that a significant progress in the understanding 

of Quantum Mechanics can be made by making a ourier 

orm of the wavefunction *(r f /). Before exploring such signifi¬ 
cance, we first recall the elements of the Fourier analysis. 

ELEMENTS OF FOURIER ANALYSIS: 

The Fourier transform of any algebraic function f(x) is given 


41. 


by 


e<ti dk ’ 


...(3-a) 


where the coefficients a(k) are known as the Fourier components 
of tp(x) and these are given by 

b) 




u 
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Putting the value of*® from .(«>) in (?-»>. we ,S et 
u , 1 _ f + ~ / f” +(,') e-***' dA J ' 

■ (v _ y '1 . . 


151 


e iUx die 


i ' )c iki - x ~ X ' ) dx' dk. -U) 


■rr^. 

in hp Fourier Integral Theorem. 

Equation (4) is ca liedIt ^ Dirac delta function Sf*) by 
It is conventional to del 

’ n a " , 

where the region of integration mdudes ^ thfi e qua- 

valent definition is that, for c 
tion 

- ■ r +(*') S(A-A') dx'-^(x) - w 

, J '“ Of integration includes the point x. 
is valid, where the rang 

Comparing (4) with (6), we .can wnte 


8(x—x')- 2 it . 


r+o> ik(x—x 0 

/9 


dk. 


-(7) 


NOW we use this definition oFdelta function to evaluate the 

important integial, 

r+co , 

| ^i(x) | 2 

in terms of the Fourier components of 0(*)- 
We write, 


We write, r , r+03 „ 1 

f +» „ , f +on J _J__ (fc) <r*** dk j> 

| if,(x)\- dx ~\_ { v /(2Tf)J-CD { 

J-co J L L v r i r+» „ zy 


( i r +co iJc X j » 

usL““>‘ * 


f/c'j 


dx 


- f + " dk a* (k )} + “ *' H o' (/C *° * dx 

J + *dk a*{k ) [ + * dk' a(k') ^k'- k) . 

J—00 J-® 

_ f +0 °. I /rZ7/\ 12 d!r_ •••(8) 

J —oo 


fl(/c) | 2 fifc. 

Equation (8) is written by carrying out the integral over k by 
ls j ng the definition (6) of the .delta function. It is known as the 

3 arsevaVs formula. . # 

' 'Generalizing equations (3), we may write for the Fourier 

ransforms of the wavef unction . J(r, /). as . 
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„ • 1 ,,„'P• r / t, tf>p ...(9-a) 

„ 1 ! Ur d 3 r ...(9-b) 

and ^(P »t) (27tTi ) 3/2 J ^ ’ 

_ y , ,• . c ; T1 terras of the momentum p 

We have written these equations m , , 

, , , i.. n The relation between the, 

rather than the propagation vector k. 1 


two is 


p=hk. 


For it, the Parseval’s formula is generalized to the form : 

f I <Rr, 0 P <&•={ 1 !) |2 d ' P 

J . . 1 /•_ 1 Cr- 


The delta function can 
nal case as : 


also be defined for the three dimensio- 


1 r zk.r „ 7 1 f 

S(r)= (2^r V »h) 3 J 


z'p.r/ft 


d 3 p 


...( 11 ) 


4-2. MOMENTUM EIGENFUNCTIONS : 

Let us consider the Schroedinger equation for a free particle, 


h 2 


2 m 




..( 12 ) 


It can be separated into three one dimensional equations by 

assuming a solution of the form, 

^X(x).Y(y).Z(z) ...(13) 


A ^ T~T 

Taking we get the solutions of the 


form, 


h 


ik x x , „ — ik x x ^ 


X{x)^=Ae -VBe 
Y(y)=C e ik ’ y +De- ik ’ y 
Z(z)=Fe ik - Z +Ge- ik = Z 


...(14) 


Considering only the first terms (the second terms are obtained 
by simply changing the sign of ( k x , k y , k 2 ), eqns. (14) can be written 
as : 

i{k x x-\-k y y J r kzz) 


<]>=Ne 


zk.r 


. = N e . ...(15) 

N is the normalization constant and k is the propagation 
vector. Solution (15) is known as the momentum eigenfunction 
because it is an eigenfunction of the operator for the linear 
momentum, p = —z'/zV, having the eigenvalue lik, 


I', 
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. 0 ^ d ? 8 \ i (k x x+k y y+k s z) 
.• __i j _l lc —■ I e 

dx 


ih {‘di+J Ty + ‘ k dz) 
=hk $. 


pi}/=— i“hsje 

Solution (15) can be written in terms of momentum vector p 


as : 


ib=Ne 

4 3. SIGNIFICANCE OF THE FOURIER TRANSFORMS 

Iif order to find out the significance of the Fourier Transfor “* 
4( V , t), we start with the evaluation of the average values of the 
position and the momentum operators as : 

<p >= [ 0-* (r, I ) p ^(r, t ) d*r 

=p , '(d^W * (p ’ 0 ft .... 

r If l(p , “P)* r /f 1 J 3 . 

=J d 3 p$* (p, o p j d 3 p'$ (P'> 0 (2^)3 y r x 

=J d z p<p * (p, 0 P | d z p’<f> (p', t) 6(p' —p)- 


/p.r/h 


...(17) 




...( 18 ) 


.nd 


=jtf 3 /^*(p, OpsKp> 0 

< r > = M(2 3 Fl ^* (P ’ 0 

xe -/p. r/ Tt (p% 0 r r/t ’] ; 


d B r 


1 >(p, 0 e-'' p - r/t, rfV 

(2nh) 32 J y ' 


0 tov e* - r/n tfv] 

tr prp r 7 —/ _1_7 -—uA: ^ s is the del operator in the 

Here, v p , - dj)x * J s p y cpg 

omentum space. 

. < r >= (p, Op 3 / 7 ' ( /?1 V^/) ^(p% 0 


x 


( 2 - 


iFtl) 3 j' 


/(p'-p).r/h 


d 2 r 


d* P y (p, Opy V ,) «p', 0 8(p'-p) 


.. a • • 
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= (p, o Vjp ^(p, 0- 

ip.r/ti 


...(19) 


Since e‘ r represents an eigenfunction of the momentum 
operator (—itiV) with tltie momentum eigenvalue p ; he., it re¬ 
presents a state of definite momentum p, therefore, according to 
eqn. (9 r a),. ; <£(p,‘0 ^ dle amplitude, with which the momentum p 
appears in the state -Hr, 0* If vKP, 0 is strongly peaked near a 
.particular, value of p, the state ^(r, t) tends to be one of definite 
momentum. Combining this fact with eqn. (18) we conclude that . 
l ^(n t ) |2 — (j)* (p, t) £(p, 0 is the probability density for finding the 
momentum of the particle in the neighbourhood of p. There is great 
similarity between (1-a), (18) and(\-b), (19). Thus the wavefunction 
j,( r 0 in position coordinate space and <£(p, 0 in momentum space, 
are both equally valid descriptions of the state.of a system. Given 
either of them, the other can be evaluated from eqns. (9). From (1U) 
we can also see that, if-tyt r, t) is normalized for some ‘F in t te 
‘ coordinate space, #p, t ) is automatically normalized m the momen- 

tUm S When we work with <Rr, t), we have what is called a position 
^ representation, and whence work with </>(p, 0 lt ls called a tnonien- 
1 turn representation . wMch of these representations is used is 
■■simply^^matter of our convenience. We-use the representation 
.in which a given problem has the simpler solution. 

4 id BOX NORMALIZATION : • . 

" A box is a system in which potential energy is zero with,n a 

closed region and infinite everywhere else. Outside the box, 
Schroedinger’s equation can be written as : 


h 2 - 

2m 


V 2 


• •■( 20 ) 


u 


. . . a.• -r Q ^ nr ,iv if tij=0 for all points outside the box. 

“now 'the wavefunction will be well behaved if the wave- 
■ -i ,i„. ho* joins smoothly with the wavefunction 

*> to zero at the walls of the box. 

Hence the momentum eigenfunctions cannot exist within.a box, 
since these eigenfunctions do not vanish anywhere. By taking the 
box to be of arbitrarily large but finite volume, the effect of th 
■presence of the walls can be made negligible apart from the fact 

Th" continuous set Of eigenvalues are now discrete We have 

hnx • ie., waves of equal amplitude travel¬ 
ling in opposite directions and having wavelengths equal to integ¬ 
ral submultiple of 'V, the length of the box. It is usually found 


V 


■ t 


V 


V 
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convenient to replace the condition at the walls' by a less strin- 
g&tf one, called the periodic boundary condition. The -periodic 
boundary condition is equivalent to a situation in which the entire 
infinite space is divided into adjacent cubes and all wavefunctions 
are periodic throughout the space with the period L, along each of 
the three axes. Thus along x-axis, 

ilc x x ik x (x~\~ dd) 
or e —c 

ihxl i 
=> e =1. 


k x ^=±~ x , where n x is a positive integer. 
X/ 


Similarly,’along j> and z-axis we have 

, ' 2tc/7v A 1 , ^ vlli 

k y =±-— r L and k~=±- 


L - - L ’ 

iiy and 77 ^ are positive integers. The spacing of neighbouring k 

' ft 2£2 \ 

vectors and-that of their energy eigenvalues, (■ - ■ h can be made 


as small as desired by making L sufficiently large. 

•' Thus, if the momentum eigenfunctions obey periodic boundary 
condition, we can normalize it in the box. For it we have ; 


I bn 2 



d 3 r==l 


entire space 

Now the integral of a periodicTunction over whole of the 
range is just equal ’to the ‘integral over only the period of the 
function. Therefore, we can write the above integral as : 


| N |j e -'' k ' r .c ik V f =l 

cube of vol. L 3 

or | N | 2 L=1 => N—L~ z i 2 

where the arbitrary phase factor of N is taken to be unity for 
convenience. Hence the normalized ‘ momentum eigenfunctions 
inside a cubical box of side L can be written as : 


+00“ 


L 3 ' 2 


zk. r 

e 



- For the orthonormality of the momentum > eigenfunctions 
we have 

C+co 

<p*(k) ^(k') d 3 r 

J -CO 
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• J-L/2 * r W2 


^ir ' Jr r 7 

> rC x fCy , ky 


, . tv ~kz \ k s k', k /! ’ .--(22) 

ecause, from the periodicity of the wavefunction, the integrals 
vanis unless the argument of each exponential is zero. 6’s are 
? Kronecker deltas. The box is taken to be centred about the 
origin and hence the limits are from — L/2 to +L/2. 

4 5. DIRAC DELTA FUNCTION. NORMALIZATION : 

We have normalized the momentum eigenfunctions inside a 
cubical box. We can also use the definition of the delta function 
to fix the normalization constant of the free-particle momentum 
eigenfunctions having the form (15) over all space with all real 
vectors k. For the discrete spectrum case of the particle in a box, 
the normalization condition is fixed by the equation (22), where 
S*', * is the Kronecker delta. Analogously, the normalization con¬ 
dition for the continuous spectrum can be written by replacing the 
Kronecker delta with Dirac delta function.- Hence the normaliza¬ 
tion condition for the free-particle momentum eigenfunction can be 
written as : 

r+oo 

0*(k).tI;(k / )fi?V=S(k , -k) ...(23) 

J —CO 

Using eqn. (15), we can write it as : ' 

| N | 2 f +C ° e ( k '~ k )* r d»r=S(k'-k) 

I -N J 2 (2ti) 3 S(k'—k)=S(k'—k) • •••.; 

N= 


or 


1 


( 271 ) 3 / 2 ’ 

where the arbitrary phase factor of N is taken to be unity for 
convenience. Hence the particle momentum eigenfunction, nor¬ 
malized over the entire space, can be written as : 


m- 


1 zk.r 


(2 t 7) 3 / 2 

In terms of the momentum p, the normalization of 


m- 


i 


■z*p. r/h 


(2t7Ti) 3 / 2 
is defined by the equation : 


f +CD 

J — CO 


^ (p) <£(P') d 3 r=8(p'-p) 


...(24) 


...(25) 


.,.(26) 


) ' 
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4 6 SCHROEDINGER EQUATION IN MOMENTUM 
- REPRESENTATION: 

The Schroedinger equation in the space representation ^(r, t) 
is written as : 

iXi W, 0 -“b 2 


7W. 0+^W <K r » 0 


...(27) 


9 / 2m 

We shall derive the Schroedinger equation in momentum 
representation ^(p, /) from this equation by using equation (9 -b), 
which gives <^(p, /) from «|/(r, l) For it we differentiate (9 ~b) with 
respect to t: V 

0<^(p, 0 1 fBiKr, 0 -/p.r/h „ 

dt ~(2t ch) 3 ' 2 j dt 


or 


or 


/h ML 0 _. Jb_ fSfM ~ f P* r / h 

dt ~(2nh) 3 / 2 J 

»W*> ]0* 

{Using (27)} ...(28) 

Integrating the first term on the ri^pht hand side by parts^^ 
i -h 2 r_—/p.r/ti 


. — e 


(2*h) 3 ' 2 ’ 2w J 


V 2 ^(r, 0 d*r 
-h 2 1 


- 2. mo|[- «1* 

where the surface integral over the infinite bounding surface S 
vanishes, because a wavefunction ^-*“0 at infinite distances. A 
second partial integration, in which the surface integral again 
vanishes, results in : 


-h 2 1 


2m *(2^h) 3 / 2 J 


- zp.r/h 


V 2 ^(r, t) d 3 r 


p» 1__ f e -ip.r/h ^ 
“2/72* tl 2 * (277tl) 3 ' 2 J 6 . W ' ' 


= 2/72 


tf(P> O’ 


..,(29) 


Using eqns. (29) and 9 (a), we can write (28) as : 
^ (p, 0 _ p 2 . . : 


2m 


+ (2 r.Ti) 3 JJ C ' /P ' r/fl F(r) C '' P '- r/ % (p',0 cPrdy ,..(:0) 


1 


■ ■ v 






.A 
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Since the potential energy V, should be an analytical.function 
„ fI #e may write 

e —ipc/ tl r( r ) = K(itiV t )e ’' P ' r ^ 

Using it) the double integral in (29) can be written as : 

I f f — K(r) (p , 0 rf3r dy 

= (2^ ‘ * (P-» 0 A #P' 

• -7(ihVp)| 8 fp'-P) (P', 0 zfy' 

= K(/hV p ) 4> (P, 0 

Using it in (29) we get: 

' ih-^^-£^(p,0+K(ihVp)f(p,0 .-(33) 

This is the Schroedinger equation in the momentum repre¬ 
sentation. This equation is of course, equivalent to (27), the 
choice between them is only a matter of mathematical conveni¬ 
ence. 

i PROBLEMS 

Problem 1. The Gaussian function is represented by 


...(32) 




1 


-Y 2 


x 2 /2c 


iv/icre a zj the width of wave packet. Calculate the amplitude function 

a (k) is given by. < • 

Sol. According to equation (36), the amplitude function 

a(k). ' 

* 1 f +co , / \ —Hex, 

* w e 


+oo j — x 2 /2cr 2 — zfcx 


. c 


dx 


+ cc _r Y 2 _fc 2 cr 4 +2zfco 2 .x:-f fc 2 <y*)/2cr 2 
e 


1 f +c °__J___ 

~~ VC 2 ”).) — V^Vt 77 )} 

1 _1_[ + t * 

•\/ (2rr) 

_ e~ W ^ - f +co e ~( x + ika ^l 2aZ dx. 

y/ [2nay/ (nj} J-co 

putting L,.(x+ifa7*)W in the above integral, we have 

—k?o'[2 /+ _„2 , 

a(fcw-i_V(2> t ^ 

1 V{27-.aV(^)} 


V 


~\ 


Scanned by CamScanner 


















FOURIER TECHNIQUES AND MOMENTUM REPRESENTATION 

-k*o 2 /2 


159 


e 


!_V(2),.VW {vj + 

*)} 1 J - ts 


-W12 


V{2^v( 

Problem 2. Find the Fourier transform and the inverse Fourier 
transform for the function 

a (k )—j q } | k |> e /2- 

S'Aoip that the inverse Fourier transform is identical to t g 

function: Also verify the Farseval's formula . 

- • - r-xi..-. Unction is given by . 

. f€X\ .••(») 
.. ^ V Sinl -zr I 

j, (^ . * f t/2 -i— p i,:s dk- 

The inverse transform is 


i f +co y 2 

-\/(277)) _od V C 77-6 ) 

«j_ _L [f + 

V(0'2’»LJ- 


sin 


2 > 

, sin (?) 


) X 

(?) 

( 

e~ iux dx 


+ 0S e <C*' 2 ' 7 0* 


k» 

f+tt o-i(« 2 +l:)x ”1 

...00 

Supposing that -e/2 < fc < e/2, the exponent in the first 

® 1 •.. intporcil nPCT^tlV6 




imaginary. I he patn is tnereiuic tu ^ .- 

plane in the first case, and in the lower half-plane in the second 

case. The only pole is at Z = 0. We can write 


1 1 


e i(«/2-/:)z 


fl(/c) “V0) 2vi 
Using the residue theorem we get : 

1 j Res e ^ tl2 ' J:)z ] 1 

fl ^ = v(yu= o 2 j yco 




...(iii) 


If £ <_ e /2 , the contours for both integral are to be closed 
in the upper half-plane, and since the residues for the two integrals 

are the same, they cancel each other. If k > -j-, the contours are 
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closed in the lower half-plane, and neither integrand has a singu 
larity within the contour, so that the result is again zero. 

Hence in both cases : . <t .(iv) 

a(k )=0 for [ * | >*/2. f frans f or m 

From (iii) and (iv) we see that the inverse r 
is identical to the given function. 

Lastly, to verify the Parseval’s formula we have, 

r +00 i'l* 1 


ri^r*-r Le!k=u 

J — oo • 


...(V) 


md 


2 r+oo sm 


tl 2 6 

inZ (t) 


r+oo 

uw 

J —00 

= I f + " A-f Replacing^ by 

'. l ....Jl 


= —i —-— «.Xj 2 j 

n i -oo x t O ,,oimted by using 

The value of the above integral can 

isidue theorem. 


,+ c0 sin 2 x 


f +c0 si 
J -co 


dx- 


- 77 . 


f+CQ ' ...(Vl) 

f dx=s\ . 

J_c0 - . parseval’s formula is 

From (v) and (vi) we see that t 

tisfied. ^ / \r iin? hp£Yi 

Problem 3. The Dirac delta function 8 (x) 

9 

S(x)=0ifx^ 0 

r+® , % , i • ••UJ 

S (0) = oo ^yc/z //yzn 5 ( x ) aX—i‘ 

ow that we can also define it alternative!) as . 

Lim sin gx ( 


8 (*K 4 oo- *X . 

Sol. We have seen that the difinition (i) is equivalent to the 

i r+ c0 .. 

rw-sL * 


^rom it we can write, 


xrrf= Lim J-f + ’e<» dk. 
^ (’ ) g-+ oo 2nJ-g 

= Lim J_ 2 sin gx 

g—> oo 2 tt X 

_Lim sin gx 

00 71X 


...(ii) 
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Problem 4. Show that 

d J<£h= s(*), 

ax 

where 0 (x) is the unit step function : 

f ljorx > 0 
6 ^ 10, for x < 0. 

Sol. We know that the function S (x) satisfies the relation : 

f +W /(x) S (x) dx—f(0) ---(i) 

J -oo 

Substituting^- for 8 (*) in (0. for two positive numbers 
a and b, we find on integrating by parts that 

de(x) dx J f(x) e (x) -|° s f (*) 6 (*) 



L m 


dx 


„ m -jV (X) dx=f (0) 
Taking a and b as infinite we can see that 


•■(ii) 


dd (x) 


dx 


--8 (x).. 


V- 


Problem 5. Prove the following properties of the delta function: 

(i) 8(x)=8(-x) 

(ii) 8' (x)=-S' (-x) 

(iii) x 8 (x)=0 

(; iv) x8' (x) =—S (x). 


00 

(vi) 


8(ax) = ~ s (x); a>0 


S( x 2-a*)=~ [S (x-a)+S (*+o)], a > 0 


(vii) [ 8 (a-x) S (x-b) dx=8 (a-b). 


( viii ) f (x) 8 (x-a)=f (a) 8 (x-a), _ ‘ 

Sol. Let us consider a differentiable function f (x), then 




f +00 

f(x) 8 (x) dx =/ (0) 

— CO 

and |!”/W 8 {-x) <&=[*“/(-r) 8 (0 <*=/ (0) 

5 00= 8 (-*) 

(ii) f"V (*)/(*) 8 (*)/(*) ] + “-J + 8(x)/'W* 

L J '“ { intetrating by parts} 
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I +CQ 

-® ^ ^ dx } ' ^ W ls differentiable and hence 


f 




=-/'(«) 


vanishes for ± ooj 


and j ^ S' ( x)f(x) /x=J*” 8- (t)f(-t) dt=f (0) 

: -8'(-x)=S'(x) 

( +00 

_ o XSM/Wrfx=0./(0)=0=,xSW=0. 

f +co , 

* S ' *=-[_" 8 W t/W+x/' (x)] dx 

+oD (Integrating by parts) 

= “L/ ^ 8 W * s ' (*)=-S (x) 

(v) }_»(«)/(*) 8(0/1 A 

J ’ u J -oo \ fl / 

=j/(°) 

f+cQ 1 1 

• also > -r s $?)/(*) dx=~f (0). 

J —oo ^ a 

••• s (ax)=|i /(0). 

(vi) f +C °/WS(^-o 2 )^=f 0 f{x)8{x 2 ~a 2 )dx 

J-oo J-oo • 

r+oo 

+ f{x)8(x 2 -a*)dx. 

J 0 


...(a) 


Putting x 2 —a 2 =t we get 

x=i'\/(^+o 2 ) 

<fr=±£ (/+u , )- 1 / a dt. 

We take -five sign in the second terra and negative sign in 
the first term on the right hand side of.(c). We get : 


,n-v«+a 2 )} , 

h f(x)8(x -a)dx- j_ fl2 - 2 -^ +fl2) 


S (0 dt 


J'(-a) + f(a) 
2a 2a * 


+ -a 2 2V(?+« Z ) 8( ^ dL 


.(b) 


Also we have : 

Y a \ /(*) [8 (x-a)+8 (*-{«)] ^=2fl[/(^)+/(-°)]-( c ) 
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From (b) and (c), we see that 


8 (x 2 - a 2 )=~ i [8 (x— a)-}-8 (*+ 0 )] 


(vii) Multiplying both the sides of the equation by / (a) and 
integrating over a, we get 

L.H.S.= [f / (a) 8 (a-x) 8 (x-b) dx da 



=/(*) 



j 8 (a-x) 8.(x-b) dx =S (a-b) 

(viii) To prove the last identity, we integrate both sides 


over x, we get 


L.H.S.= | f(x) 8 (x-a) dx=f ( a) 
and R.H.S.= |/(fl) 8 (x-a) dx=f (a). 

f(x)S(x-a)=f(a)b(?t—a). 

Problem 7. The lowest energy state of hydrogen atom in the 
coordinate representation is given by . 

1 _ — r l a o w } iere ao i s a constant. 

* W V(n«o 3 ) 

Find the corresponding momentum representation. 

Sol. The momentum representation <j> (p) is given by the 
formula : 



(2 h) 3/2 V("*o 3 ) J (i) 

In order to evaluate the above integral, we consider an 
integral of the type, 




=2 tt[ C0 f(r) r 2 dr 
Jo 


ikr —ikr 


f(r) r 2 dr d (cos 0) 


ikr 
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4n f°° 

=—I sin krf(r)rdr. 

Using (ii), \vc can write 

1 1 


ADVANCED QUANTUM THEORY AND FI 

...(ii) 


</’ (P) 1 


Now, 


(277Tl) S/ 2 ‘V( 

1 1 4 a 

(2tt1i) 3 / 2 V(^o 3 )' P 


I 4- r.in l-l’L\ e - r l a °dr 

[si n [^)e- rK ^r. ■••("') 


jjsin r *=/„. j” <T r 0 K r dr 

“'"'/iTO { Usins | 0 " ^ 
Uo It J 


2 e_l 

Ti g„ 

p 


a 


2 \ 2 


+ ) 

' Ti 2 / 


. W2a 0 \2 /2 

- ^ (P)8B TA¥) ( 


...... {w+pwr 

Remarks. To find the dimensions of 4> (p)» we note that * 
has the dimensions of energy xtime= ML 2 T~\ a 0 has the dimen 
sion of length and p is momentum with dimension MLT . ence 

the dimensions of (f> (p) can be seen to be 


i.e. that of 


{MLT-'Y' 1 

3/2. From this dimensions of tf> (p) we see that the quantity 
' 3 p, the probability in the momentum space, comes out to be 
imensionless as it should be. 

Problem 8. Change the function, 

* (p.)='xp {->: ( p £- e > )/4 

j the coordinate representation. 

Sol. The wavefunction in the coordinate representation is 
iven by 


f ( x ) = —1 —• T* j (p x ) exp. {Mb} dp, 

T ' v( 2 "h)J-a) 

1 f +oi f .. (\p* 3 V ) 


f+oo 

j exp. 


jexp {ipxXj'h} dp s 


V(2r.h) J_^ [ \ 6 ™ 

Changing the variable of integration to w=-(2mti)" 1 / 3 p x , 

obtain. 


A 
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v(2 ).«r 


u . a 00 / ( u*/3)—iuy . 

J. e *■ 


f 05 /w 3 \ 

VW Jo cos \T~ uy )^ 

where, a=(2wliT. 1 . /2 ) 1 ^ and a. « 

Problem 9. Express the operator —in the coordinate represen¬ 



tation, and the operator — in momentum representation, for motion 
in one dimension. 

Sol. Let us denote by <{/ (a) the result of the operation 
— on ^ (a), i.e. 

j 0 (*)=0' (*)• ...(i) 

If 0 ( p ) and 0' (p) are the Fourier transforms of 0 (a) and 
0' (x) ; respectively, equation (i) can be written as 

L 0 O)=0' (p). ...(ii) 

This equation shows that 0' (/;) has a pole ai p—0, and thus 
does not in general have the properties of continuity etc., which 
must be satisfied by the wavefunction. In order to avoid.this, it is 
necessary that 0 (0)=0, which in coordinate representation 
becomes 


•+oo 


0 (a) dx=0 . 
From (i) and (ii), we have 


— X 


f r—‘ pxn>d p- 


•••(iii) 


...(iv) 


By choosing the contour of integration as shown below, we 
can write 


0' (a) = 


V(2^h)Jc p 


l 


0 (p) ipx/ft 


dp. 




Now, 




Scanned by CamScanner 


















166 advanced quantum theory and fields 

Substituting (vi) in (v), we obtain 

*' w= 2Tf n* <**)*'} c sa»L -»(*-*-)w dp , ... (vii) 

Evaluating the second integral by the residue method, we 
find that 

f eXp i-ip d J2»i ifx>x’ 

Jc P P= \ 0 if, < 

Putting this value in (vii), we have 

^ ^) = Fj_ M dx ‘ t (O- ...(viii) 

Comparing with (i), 

1 _ i C x 

, T~T J.oo^* '"...(ix) 

ror the operator — in the momentum representation, we ob¬ 
tain similarly the relation 

1 _ 1 (V , 

-w 

Problem 10. Show that the transformation from the position 
diagonal representation to the momentum diagonal representation is 
unitary. 

Solution. The transformation from the coordinate represen¬ 
tation to the momentum representation is given by the Fourier 
transform. If i/» (r) is the wavefunction in the coordinate repre¬ 
sentation, then the wavefunction <£ (p) in the momentum repre¬ 
sentation is given by 

1 f —/p.r/h 


^ (P) : 


<j; (r) d 3 r ...(i) 


...(») 


(277 h) 3/2 

Thus, by the operation of the integral operator, 

U— _!_ f 

(2ah)W2 J a e 

on the position representation we can obtain the momentum re¬ 
presentation. 

In the position representation, r becomes a diagonal matrix 
with the elements, 

r p ,=r S (r—r') (iii) 

* 3 A 

In the position representation, p= — thV is an off-diagonal 
matrix with the elements 

P r,r' = “ /Tl V8(r ~ r ') ...(iv) 
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While, it is a diagonal matrix in the momentum representa¬ 
tion with the elements : 

P P, P' =P S (P “ P ) -(V) 

We can go to the momentum representation (in which p is 
diagonal) from the position representation by a unitary transfor¬ 
mation with U as : 

<? /p,r/h [~ihV$ (r-r')J 


t/tfp , f[‘ 

p, p (2»tiyjj 


— ip'.r'/h „ „ 

e d?r 


1 f /p.r/ft . -/p'.r/h 

=(WJ C c-' h ^ c - 

_L_ f e ‘P- r / h e-V-'/* dh . 

=p's (p-p')=P s (p-P') 

Thus, the transformation from position diagonal represen • 

tation to momentum diagonal representation is unitary, where 

the transformation matrix is the continuous matrix £/, given by 
eq. (ii). 
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SOME SIMPLE APPLICATIONS^ 
THE SCHROEDINGER EQUATION 


In order to get an insight into the methods of ^hewrv'simp'e 
nics, in this chapter, wc shall discuss some o nation, 

systems which yield exact solutions of the Schroedinger ec l - 
The simplest system is one in which the potent,al energy oi^ 

particle depends on only one coordinate, sa> *>. or * 'function 
which the potential energy can be expressed as a sum j ater 

of single coordinate, V(r)=V 1 (x)+V 2 (y)+VA z )- 1 of 

case we can decompose the Schroedinger equation in ° 
three one dimensional equations. Although these sy 
only the idealization of the naturally occuring systems, 
tative features of many physical problems can 0lten e P ar£ 
mated very well by these. For example, the nuclear for 
not known accurately, it is known 
that these forces have a short range; 
they extend to some distance, and 
then drop to zero very fast. The 
qualitative features of these foices 
can be studied by approximating 
them by a potential of the form 
shown in the adjacent figure (1) 
frequently called a square well 
potential. 

THE FREE PARTICLE: 


/ 51. 



Fig. 1. Square well Potential 


A free particle is one whose 

potential energy is independent of 

the position. Conveniently it is chosen to be zero. Then the 
Schroedinger equation for one dimensional motion of the free par- 
tide can be written as 

d%x)_ 

2m dx- 

(7 V=0 for the free particle} 


.... 
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SOME SIMPLE APPLICATIONS OF THE SCHROED1NGER EQUATION 


or 


^^+a 2 ^)=0, where a = yj 



It is a second order linear differential equation and has a general 
solution of the form 

^(x)=Ac> ax +Bc-^ x , ...( 2 ) 

where .A and B are constants. Since there are no boundary con¬ 
ditions to be satisfied, all the constants, including a, can have any 
value we want to give them., Therefore, the particle moves with 
continuous energy eigenvalues. 

Now we consider the Schroedinger equation for the three 
dimensional motion of a free particle . 


2m 




or 


= 0 . 


...(3) 


8x* 1 dy % - dz 2 ' h 2 Y 
We can solve this equation by the method of separation of 
variables. We write y as the product of three independen func¬ 
tions as : .. 

f=X(x) 700 Z(z). .. -v 4 ) 

Substituting this in equation (3) and dividing by X(x), Y(y), 
Z(z), we get 

1 c 2 X 1 c 2 Y 1 , 2 mE 

X 77* + Y dy z+ Z 0r 2_r h 2 
1 c-X 1 c 2 Y 1 c 2 Z 2mE 
' Z 0z 2 h 2 ' 


= 0 


or 


7 8x 2 


• •(5) 


Y dy 2 

Left hand side of the above equation is a function of x only 
while the right hand side does not depend on x. Hence the l e- 
rentiation of the left hand side w.r t. x should be zero. Therefore, 
each side of (5) should be equal to the same constant, say k *» 
then 


and 


J_ &X_ 
X dx 2 
_1 027 
7 0 v 2 " 


-k 


...( 6 ) 


1 

Z 


C?Z 
d? ' 


2m E 
"¥ 2 "' 


—k x 2 


1 


or 


- 5 ^-k 2 - - 
7 dy 2 ~ x Z 


1 c 2 Z 2mE 


...(7) 


8z 2 V 


In (7) left hand side is a function of only y while right han^ 
side does not involve y. So each side will be equal to some 


—ky 2 (say) so that 
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-1 "=-/<* 
Y 3;> a y 


...( 8 ) 


ind 


k z — 

/V t 


1 3 2 Z 2 mE 


Z dz 2 
1 S 2 Z 


-=_ If 2 

Jj2 ,c y 


2mE 


or 


- //■ 2 _ L //■ 2_ 

Z 1 Cy 


...(9) 

The right hand side of the above equation is a constant. Let 
denote it by -k*\ so that we may write 

r w—‘ v - (10) 


and 


, . 2 mE . „ 

Ar«*+V- = 


or (*.'+V+W). ...(ID 

Taking k x , k y an d k s as the components of a vector k, known 
as the propagation vector, we have 

* 2 * 2 ...(12) 


£=■ 


2»z 


Now the solution of equation (6) is given by, 
X(x)=e ±,klX 


...(13) 


Solution e !c * X represents a wave travelling in the positive 

^-direction while e ~^ xX represents a wave moving in the negative 
^-direction. Taking the propagation vector as negative for a 
wave travelling in the negative direction, we can write the solution 

...(14) 


as: 


ik x x 


X(x)=e 

Similarly, the solutions of (8) and (10) are given by, 


Y(y)=e 


ikyy 

ikzZ 


...(15) 

...(16) 

...(17) 


and Z(z)—e . . 

Hence the solution of equation (3) is given by, 

, i(k x x+k y y+k_z)_ zk.r 
y=e — L 

This is known as a plane wave. Since there are no boundary 
conditions to be satisfied by the solution (17), k x , k y and k 2 can 
have all real values and hence the energy eigenvalues of the free 

particle form a continuous set. 


.7 
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vX 5-2. PARTICLE IN A ONE DIMENSIONAL BOX : 

In quantum mechanics, a box means a system in which the 
potential energy is zero within a closed region an/\ infinite every¬ 
where else. For one dimensional box of length a, therefore, 

JO for 0 < x <r a ...(18) 

KW ~[oo for x < 0 and x > a 

Outside the box the wave equation is 

h 2 d 2 i> , . ...(19) 

2m clx 2 

It can be satisfied only if ^=0 at all points outside the box. 
Inside the box, wave equation is given by eqn. (1) and the 
solution can be written as 

d ,(x)=Ae iaX +Be- iaX . ’ 

Now ip has to satisfy boundary conditions at x=0 and x-a. 
From the continuity of the solution at x=0 and x—a, we av ® 

a+b =o -w 

and Ae <«a+Be-<* a =0 ■■■W 

From (21) we have B=-A and hence (22) gives 


A (e i 


• i a a . 


?-i a a 


0=o 


or 


2 iA sin a.a =0 

=> sin afl=0 => a.a=nn ; n— 1, 2, 3, ... •••( 

Here A cannot be zero because in that case B — —A will also 
be zero and hence the solution (20) will vanish. Thus th& solution. . v-otj 

(20) can be written'as : » ~ 1 

i(a:)=^(e i ““-e"‘“)= 2 ^ sin “ x - °- i ‘ .... , 

— C sin ax, \ 

where C=2M is another constant. Choosing C to normalize 
we have 






c/ 




or 


or 


C j a 

[• 

sin 2 ax 

li 


/ 0 



Ci’j 

‘a 

. „ m 
sin" — 

x dx— 

0 

a 

i 

C I 2 • 

a 

T 

= 1 

c =7 ( 


[Using (23)] 


i) 

Hence the normalized wavefunction is given by, 

2 ‘ 


<K*) 


— ) sin ax. 


...(25) 


To find the energy eigenvalues, we have from eqn. (23), that 


aV = /iV 
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fields 


-v 


or 


2mE 

h 2 


fl 2 =/Z 2 7T 2 


a= 


'¥)) 


T7 2 h 2 ;2 2 


...( 26 ) 

— — of 

• Thus the energy of the particle in a box is consisted of a s ^ 

discrete values corresponding to different values of n. 

whenever there is some boundary condition to be satis e 5 ~ 

eigenvalue spectrum will come out to be discrete. For ree P ar 

cles the spectrum is continuous. For a particle in a box i we 

a—>oo 5 then the spacing between energy levels approac es zero, 

and so the spectrum approaches a continuous distribution of va ues. 

We can regard a continuous spectrum as the limit of discrete spec 

trum in which the box is allowed to grow to infinite size. 

5 3. PARTICLE IN A THREE DIMENSIONAL BOX : 

Let us consider a particle enclosed in a rectangular box of 
sides a, b and c ; respectively, with impenetrable walls, inside 
which it can move freely. The potential energy can be written in 
the form, V (r) = F 1 (x)+V 2 0 ’) + V 3 (z), where 

V 1 (x)=V 2 ();) = L,(z)={° lf0 < x < a > 0 < y' < b > 0 < z < c ’ 

• ' [oo outside these intervals. 

...(27) 



Fig. 2. Three dimensional box of sides a , b and c 

The Schroedinger equation outside the box can e c , 
only if 4 I== 0 at all points outside the box. ails ned 

Inside the box, the wave-equation is given by ec 

can be decomposed into three one-dimensional equations' anc * 

as . 




i 


l 

<5 





< . *> 


! 




I 


I 

I 


Scanned by CamScanner 















'A 




-■j., 


S0M e simple applications of the schroedinger equation 


a 2 z 


and 


Here, 


ex- 

e*Y 

dy* 

g 2 Z 


+k x *X= 0 ; 




+k v z Y =-0 ; 
A'- 2 Z=0. 


0Z 2 

7 o 2mE 

k x 2 -\-k y ZJ rk t =- ^ 2 " 


-.(28) 

••■(29) 


The normalized solution of the first of eqns. (28) can bef 0Und 
exactly in the same way as for the case of one dimensional box. 

We get. 

X( X )=J[ — ) sin AvW with k x a=n x v ; 2 ’ 3, ... 

Similarly, 

Y(y)=Jij ) sin V ; A>6=nv » 1 "v” 1 - 2 -. 3 > - : 

and 

Z (z) = J(2l\ sin k,z ; k,c=ihir, n-= 1, 2, 3, ... 

Hence the normalized solution of the Schroedinger equation 
for a particle in a box of sides a, b and c is given y . 

4>=X(x) Y(y).Z(z). 

-J(i 

The possible values of the energy is given by (29) as 


2 \ . n Z 7T 

— ) sin — z 
c / c 


E= 


75 4. PARTICLE IN ONE DIMENSIONAL WELL : 


...(31) 


♦ 


A one dimensional well of 
depth V c , defined by 

(0 for 0 < x < a 

V 0 for x < 0 and x > a 

...(32) 

is shown in figure 3. 


m- 


V(X) 


Vo 


a * 


1 ig. 3. 
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< x < a) ...(33-tf) 

2m(V 0 -E)\, A , ^ , 

- ^ J ) (x < 0 and x > a) 
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Schroedinger equation can be written as : 

T l(2mE\ /n 

ftjj+fciV* 0 ’ k ^J[~W ) (° < * < a) 

die 

^_fcA|<=0, h 

W ' ' ' ...(33-6) 

1 solution of (33-fl) can be found immediately to be : 

G S cos M+* si " k ' x (0 < * < “> -( 34 -‘ 2) 

The general solution of (33-6) for £ < F„ (bound states) can 

be written immediately as: 

^—Ce k " X +De~' k ' X (-v < 0 and .t > a) 

ABC and D are integration constants. 

Whe Now’the wavefunction 0 should vanish for very large values 

, oo) The function e k * X , however, is not bounded as 
y' becomes large and positive ; hence, it must not appear in 0 for 

x Similarly, must not contain * for x < 0. Hence 

we have 

' Ce kiX (x < 0) ...(34-6) 

'j Dc~ k ~ X (x > a) 

. , pointed out in the last chapter that the wave func- 

» h / S Tfat ve must be continuous everywhere. Since the 

ti0 f n a f " , Kf^) S discontinuous at *=0 and in the present 

KS The form of the Schroedinger equation changes d.scon- 

tinuously at x=0 and *-«. The continuity of + and 5 at * 
and requires that the constants of integration should be sue t 

that: a—C ...(35-fl) 

A ~ , ...(35 -b) 

—k z a v 

A cos k^a-\-B sin k l a = De (35-c) 

k ' B=k * C De~ k " a -(35 -d) 

-Msin*ia+Mc° s *i fl=_ ' - 

From (35—cr) and (3f-c) we have ^=C and • 

- , --H B in (35-6) and (35-<0 we 
Putting these values of A and B t 

obtain : 




C (cos fcifl+j| S‘ n kA)- De 


...(36-a) 
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— k 2 a 


llnd iv • sin k i a + k t cos k x a)=~k, De 

,VK ,n £ (36-cr) by (36-b) we get : 

cos k x a+p- sin k x a 
k \ 


..(36-b) 


or 

or 


_ _ -1 

- k x sin k x ci+k^TF 1 a ~ k 2 

,r.‘ c ° s k i a + k i s'n sin k^a-kjc, cos k,a 

v i k 2 z ) sin k x a=2k 1 k 2 cos k x a 

=> 2 cot k 1 a— ky2 ~ k '* 2 _Jh- __Jl? 

Introducing the quantities 1 2 ^ 2 ** 

Ht!nL*\ n -A- *, he' 


%/( ; 


and x~~~ 




...(37) 

...(3S) 

.(39) 


-> , ft* ) y ~~fJW 

VC ° tain tbc blowing transcendental equation : 

n-- a yx =2 sin" 3 x ; ,7=1, 2, 3, ... 

H >rc sin- 1 x is to be taken in the interval [ 0, The roots 

of equation (39) give the enerav levels F— v >-2' v - 

f m m n t ts v • x o-y JCACiS z=v< i x i . When £ increases 

tion no 0 * inC1 ' eases from 0 to I, the right-hand side of equa- 

from f ,nCreaSeS fl0m 0tO7r ’ and f he left-hand side decreases 

date min ° T" u EqUatl '° n f39 ^ Can be solved graphically, by 

with the ct 8 ■ u absclSSae of the lnte r-sections of the curve 2 sin" 1 x 
* he stra] S ht Imes A,=n 7:-ayx, figure 4. 



Fig. 4. 

. Tlie necessary and efficient condition for at least one of the 
straight lines D n to intersect the curve 2 sin” 1 iF is that 

n7t ~ Q y < uy > (»-l) *. ...(40) 
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Clearly, the condition (40) is satisfied a least for n= 1* Hence w 
see that there always exists a bound state. If 0 ^ QY < 71 f^ ere 
°ne eigenvalue E } . and if ff < ay < 2k there are two eigenvalue. 
Ei and E 2 (E x < E 2 ), and so on. Thus the energy eigenvalues 
a P ai 'ticle in a square well potential constitute a discrete spectrum 
for the bound states (E< V 0 ). Since V 0 is finite and there cannot 
be a root greater than £=F 0 , there will be only a finite number 
of discrete energy eigenvalues. For E > V 0 we have a continuous 

spectrum. 

It should be noted that the particle in a one dimensional box 
can be considered as a special cass of the particle in a well with 
infinite depth i.e. by taking V 0 -> co. Then k 2 co• Hence we 
have from (37) that : 

cot /cjtf —> co | 

* . /Cjfif 72 7T j 17 —■ 1 3 2, 3, ... 

The characteristic energy values arc 
~ 2 hV- 


£= 


'lma L 


72=1, 2, 3, ... 


5*5. SQUARE POTENTIAL STEP BARRIER : 

The potential step is repre¬ 
sented by the function 
for x < 0 

for x > 0 ••• w 

- This is shown in Fig. 5. 

The Schroedinger’s equation 
can be written as : 


V(X) ={°K 


v=o 


V !»Vo 




ll2mE I fv 0) 


0 

Fig. 5 


d+V *-* WiiA) <* 

^+*.V=0 2 "'( £ - F «) 


be 


(x > 0) ...(426) 

General solutions of eqns. (42) can be found immediately to 


n 2 


y—Ae +Be (x < 0) 
ikox , _ — ik 2 x 


••■(43 a) 
...(436) 


0 = Cc‘' v/ ' v -F/)e (x > 0) 
where ^4, C, .D are the constants of integration. 

I Jv X 

In eqn. (43 a) the term e Vl represents a wave advancing in 
the positive x-direction; i.e., incident wave, and e~^ lX represents 
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SOME SIMPLE APPLICATIONS OF THE SCHROEDINGER’S EQUATION J 7? 

a wave moving in the negative direction of x; i.e., reflected 

wave. In eqn. (436) the term e' k * X represents a wave moving j n 

the positive ^-direction ; i.e., transmitted wave, and <? lk & 
represents a wave moving in the negative ^-direction, i.e.reflected 
wave. Since there is no barrier after *=0 on the right hand side, 
hence there should not at all arise a question of reflection in this 

region. Hence the term c~‘ k * X should be absent in (43b) and 

.(43c) 


} =Ce hX (x > 0) 


As in the last problem, applying the boundary conditions on 
the solution y, which requires that and ^ should be continuous 
at x—0, we get: 

iki (A—B)=-ik.jC 
From these equations we have 

Mi M 


C— ~—— L —A 
c ~ h+h 

k] ko , 
B=- . A 


I 


...(44) 


kj+k^ J 

Now we distinguish the following three cases . 

(I) E > V 0 . In this case both of k x and k 2 will be real and 

positive. The incident wave is given by, 

_ a lk i x 
l [/incident — Ae , 

and hence the probability current for incident wave is given as: 


Sj=Re. 

=Be. 

m 


Tl , ± dlfsinrtdr.ni 

:— y incident ' “ 

im _ lx 

ft — ik x x .. , ik x x 

— A*e . ik x Ae 
un 


A 


3 < 


... (45a) 


The reflected wave is Be 
current is given by 


_ jj~ 

v and, therefore, the reflected 


s *~ir 1 


£I S : 


-h/q (kj — A ',) 2 

m (^i+/v 2 ) 2 
\lknX 


A 


...(456.) 


The transmitted wave is Ce k2 ' and hence the probability cur¬ 
rent for the transmitted wave is : 


• / wS 


p 
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4^2 


C | 2 ~^ 2 


in <4 I’ ■■■(45c) 

The coefficient of reflection ■ R ’ and the coefficient of transmis 
sion ‘7” are defined as : 

current_| Sr I 
Magnitude of incident current I SrI 

and 

r p— Magnitude of t ransmitted current __J St j 
Magnitude of incident:current ~|fsTj" 

Hence for this case we have from eqns. (45) that : 

(K-Ky 


and 


R 


T= 


(k l -\-k 2 Y 

4/c,A: 2 


.(46a) 


.(46b) 


(k x 4-k 2 y 

According to definition the sum of reflectance and transmittance 
must be equal to unity. It can atonce be seen from equations (46) 
that R+T=\. We can also see from (46) that R 0 as k z -» k x 
and R -*■ 1 as k 2 0. Now k, will approach k x if K n =0. Hence 
there must be some reflectance even if E >> V 0 . This property 
of reflection from a sudden change in potential arises from wave 
nature and does not exist in classical theory if E> V 0 . It is purely 
a quantum mechanical effect. 

(II). 0 < E < V 0 . Here k x will be real, while k 2 will be purely 
imaginary. We write 

*,=«• ](^ L ^F^-)= ik , (say); ;s reai 

Thus the transmitted wave can be written as : 

r Jk z x -k' 2 x 

Virans. — Ce , = ^ 

Hence the probability current for the transmitted wave will be 
S T =Re r 11 


[ 


| * C^tram 

im v g* 


] 


-■C'e~ k ' iX 


.C(-k' 2 ) e 


~k\x 


= 0 


0 

IS, I 


-(47 a) 


Also, the reflected current Sr in this case is given by, 

— 1 \A I 2 

m I k,4-ik' n P 1 m 


o f k x ik 2 

fl= -=-n^+wr\* 
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*-/!?/- = 1 -(47*) 

Thus the incident wave is completely reflected from the step. 
However, the wavefunction is not zero to tb^ right of the step and 

has the value Ce k 2X . Hence, there is a finite probability that 

the particle is found in a region which is classically inaccessible. 

This phenomenon of barrier penetration is purely a quantum 
mechanical effect. 

(HI) E <( 0. The numbers k 3 and k ., will both the purely 
imaginary and there is no solution possible in this case. 

V 5 ‘ 6 - RECTANGULAR POTENTIAL BARRIER : 

Let us consider the one dimensional motion of a particle under 
a rectangular potential barrier represented by the function, 

f 0 for .x ( 0 ] 

V (x)— <{ V 0 for 0 < x < (V y , 

[0 forx)o J 

shown in fig. 6. 

The Schroedinger’s equation 


.(48) 



General solutions of eqns. (49) can be found immediately to be 

(*<0), ...(50n) 

(0<*<a) 


and 


t=Aj k ' X +Be~ ik ' x 
<j>=Ce k ' lX +De~ knX 
jj=Fe lklX +Ge~ lklX 


a) 


ymevt A, B, C, D, F and G are constant of integration 


...(506) 

...(50-) 
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In eqn (50 a) first term represents a wave advancing in the 
positive x-axis direction; i.e., incident wave, and the second term 
represents a wave moving in the negative direction oi x-axis, i.e.. 
reflected wave. Similarly, in eqn. (50b) first term represents a 
wave transmitted at x=0 and second term represents a wave 
reflected at x=a. In quation (50c), first term represents a wave 
transmitted at x=a and the second term represents a wave 
moving in the negative x-direction. Since there is no o a 
after x=ci on the right hand side, there should not at all arise a 
question of reflection in this region. Hence 
should be absent in (50c) and 

,^ F J k i x (x > a) ...(50 d) 

Applying the boundary conditions on <J/, which requires that 


^ and — should be continuous at x — 0 and x a, we get, 
ax 

ik x (A — B)~k 2 (C ~~ D) 
Ce k *°+De- k ' a - ikl ° 


-be 


UCe k * a -De ^ 




C2 ^j = /. 


ik x Fe 


ik x a. 


From (i) and (Vi), we have 

a=( i 


i k x ) 2 


1 


ko 


D_ 
i k x I 2 
k 2 \_D 
i k x ' 2 


From (iii) and (iv) we have 

( ikV\ F ik x o. — k^a 

' C ^ = ( 1+ fejT e ;. ' 

D= ( 1 JJ±^ ik ' a .e k ‘ CI 


—CO 

-(ii) 

...(iii) 

• ••(iv) 

...(v) 

„.{vi) 

• -(vii) 
...(viii) 


Substituting these values of C and D in (v) and (vi) we geL, 


y F ik x a 

A~~4~ e 

F ik x a 

s=j _ p 

4 


1 . ko \ ( T ik x \ k 2 a 

i+ ,tJ[ 1 + V e + 


kj 

ik\ 


1 - 


ik-, 


2+ 


l- ?■ — k ‘ 
a2 /v i 




or 


F ik x a 


i k x k 2 ) \ 

k 2 a , — k 2 a\ , k^-kf f 

) ikjk, \ 

2 (Jc^-kF) 


4 cosh k 2 a-\- 


i k-Jc-y 

F ik 1 a~2(k x ZJ rk 2 2 ) c1 - n1l h r ] 

and b= t c [ i-jT&r s ' - 1 ' J 


,\ kod 1 

& J 

)] 

sinh k 2 a 


kod ~—'knQ 

e - — e 


..(51 a) 
..(51 b) 


t 
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Now we distinguish the following two cases : 

(I) E\ K 0 ; both the numbers k x and A' a will be real i n 
case. TtfTtransmission coefficient is given by, 

Magnitude of transmitted current 


>«i 


1 


thi 


is 




Magnitude of incident current 

hk x , „ , 0 1 hk x . ... IF 12 


F 


A i 2 =: 


m i m 
Using (51c) we can write, 

16 
T= 


A | ^ 


4coshi 2 fl+2(^lM), inh , f 

16 A'j 2 k 2 2 


I6kj 2 k 2 2 cosh 2 lc i a+4(k 1 2 -k z 2 ) 2 sinh 2 k 2 a 
4k x 2 kS 


4k x 2 k 2 2 cosh 2 k 2 a4~{k x '-—k 2 2 ) 2 sinh 2 k z a 
Similary, the coefficient of reflection, 

Magnitude o f the reflec ti on curren t^/ B j 2 
A ~Magnitude of the incident current |~Af 

_ 4{k 2 f A-o 2 ) 2 sinh 2 k 2 a _ 

I6k x 2 k 2 l cosh 2 /c 2 c+4(/c 1 2 — k^f sinh 2 k 2 a 

(A*! 2 4 /c 2 2 ) 2 sinh 2 k 2 a / 


•(52) 


4 k x 2 k 2 2 cosh 2 k 2 a -f (k x 2 — k 2 2 )‘ sinh 2 k 2 a •••(53) 

Sin ce k x and k 2 ar e real ,J her efore, T and R both are real. 
From the classical theory, a pa rticl e wit h ener gy less than V n will 
always b e re flec ted, a nd t here shoul d not b e an y penetratioiTof 
th e barrier. But here we see that due_t o wave na ture, the”particle" 
h as finite probabilit y of pe net ra tion t hrough theT 'bar rier. T hi7 
phenomenoruS-galLedJhe tunnel effect It should be noted that 
the tunnel effect is purely a quantum mechanical concept. 

Now let us consider a special case .when the barrier is thick 
i. e., a very large, then k 2 a > 1 , and hence 


sinh k 2 a— 


k 2 a —Jc 9 a 
e —e 2 


4 


k 2 a 


and cosh k 2 a- 


2 “2 
e^ 2<1 -\-e ~^ 2a J^ a 


r 


2 ~ 2 

Hence the approximate expression for T can be written as: 


—2k, 


a 


T~ 1 6Aq 2 k 2 e 

4 ki 2 k./ 4 - (k x 2 - /c 2 2 ) 2 
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182 advanced quantum theory and fields 

Using the values of A, and *, from eqns . (49 ) we can writc 

.. H 


r.i 


.(54) 


([!). £? K,- In this k, will be purely imaginary. We write 

k * =l J -- ~ lk 2 ( sa y)i k\ is real. 

sinh k 2 a— sinh / k\a—i sin k' 2 a. 
and cosh k 2 a— cosh ik\a~ cos k\a. 

Therefore, the coefficient or transmission and the coefficient 
of reflection are given by, 

T== _ 4 kf k \ 2 

4A: 3 ! /c' 2 2 cos 2 k' 2 a-\-(ki z k 2 '*) im *~k\a •••(55) 

and 


2?= 


{kf-k 'Zf sin 2 k\a 


*4 k x z k\ 7 cos*k\a + ncf+p»f sm 2 ~k 2 a •‘^ 56 > 

Since fc, and k\ are real, both of T and R will also be real 
Now the classical theory predicts that the particle will always be 
transmitted for energies greater than V 0 , while according to quan¬ 
tum mechanics the particle has a finite probability for reflection 
also. 

Using the values of *, and k\ in (55) & (56) we can write, 
r- -W iE-V') " 


and 


R: 


Vo* sin 2 7c>+4£(^ ; _ K) 
IV-sin *.k' a a 


Vo 2 sin 2 k’ 2 a+4£ (E~ V 0 ) 

't If the ene /sy of the particle equals to height of the potential 
barrier, i e. if E= V 0i we have ‘ 

ma 2 Vn 



» a _Vo_ \ 

2h 2 ) 


-l 


and*j? f 


1 + 


2h 2 


i-i 


fna~y 0 


The "barrier becomes completely transparant (_R=0 T— n if 
sm k'c,a=0, i.e. if K 


k' t a=nr, 7z=l, 2, 3, ... 


or 


Htt 


■■ n 


j j n — 1, 2, 3, ... 


IeadsV the passage of Particles through rectangular barriers 

SV (f 7;“ Phe “ ° f 3 ^ “ kn0wn -claS 
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SOME SIMPLE APPLICATIONS OF THE SCHROEDINGER’S EQUATION 183 

It is analogous to the well known phenomenon of total 
transmission of light through a thin refraction layer, perfect 



transmission occurs whenever the barrier width a 
number of half wavelengths. 


is an integral 


PROBLEMS 


Problem 1. find the energies of the bound states of a particle 
in the symmetrical potential well given by 



whet e V 0 is a positive quantity. 


for I x I < a , 
for I x I > a, 




-a 


-..A 

o 


V(x) 


fa 






T 








oc 


Fig. 8 


Sol. For the existence of the bound state, the total 
E of the particle should be such that —V 0 < E< 0 
Schroedinger equation can then be written, as ° 
d^Jlm, . 

dx 2 ftT > ^ f V ,== 0 f°r x t> a and .x < ~~a. 


energy 

The 
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ADVANCED QUANTUM THEORY AND FIELDS 
2m 

+ C^o-I E | ) 4>=0 for | x | < a. ...(ib) 
Using the notations cc= J^dJiL^nd )| } 

the wavefunctions can be written as 

t 

ifj=Ae ax -\-Be- aX , if x z> a, 

4 ; =U sin p x+D cos fix, if \ x \ < a, 

^ =Fe ax +Ge~ aj! , if x < —a. 

For <{/ to describe bound states, we have to take A = G=0 (the 
vanishing condition at infinity). 

T - ' . , • , t 

* >oui Uiw ^oxiliiiuity condition at. jc=±o, we obtain 
2C sin 0a=(B - F)e' aa 1 
2pC cos pa— — cc(B - F) e'“ a J ’ 

2D cos f?a*=(B+F) e~ aa "I 
2/S D sin £a=a (B-\-F) e' aa J 
If 0, and thus Bj^F, we obtain from (iia) 

/9 cot /Pa= —a. 

^ F>^0, and thus B^£ — F, we obtain from (iib) 

/Stan Pa—a.. 

The relations (iii) and (iv) cannot be satisfied at the same 
time. We have therefore to distinguish two classes of solutions : 

(I) C=0, B—F and /8 tan /So= a. 

(II) D=0, B — ~F and p cot fia — — a. 

„ .. The corr esponding energy values are given by the solutions 

equation (iii> «nd (iv), which can be solved 
graphically as follows. 

Put x=p a and y=oa, the energy levels £=_ y * are then 


...(iia) 

...(iib) 

...(iii) 

...(iv) 


obtained from the intersections of the curves 

x tan y=y 


and 


h 2 

x cot x— —y 

X 2 -Lj; 2 — 2w/fl 2 y 


respectively in the regions * > 0 and y > 0 (see figure 9 on next 

Jl O / f 

We can see from the figure that the number of bound 
states increases as the product nV 0 (the “well parameter”) i n - 


Scanned by CamScanner 












DS 


)• 







1 
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•4j 



creases, and is finite if a z V 0 is finite. It can also be seen that if 


UK 

~2 


< R< 


(n+1) 




Uni VI 2 

where ^=( h - a 2 K 0 j and n= 0, 1, 2 . 


then the number of bound states is (n+1) (for n=0, the condition 
becomes 0 < R < $»). 

Problem 2. So/Ve the above problem when the potential well is 
not symmetric, i.e., - 

yt x \ = l~~ V o for 0 < x < a 

1 0 for x < 0 x > a. 

Sol. The wavefunction in this case can be written as : 

<l>=Be~ ax , if x > a, 

SI 

>P=C sin p x+D cos p x, if 0 < x < a, 
d/=Fe tta , if x > 0. 


I 

I 

l 

I 

i 

i 

. 


From the continuity condition at x—0 and x=a, we obtain 


D=F, ...(a) 

C sin pafD cos Pa<=Be~ xa , ...(b) 

pC=«F, ...(c) 

PC cos pa-pD sin pa= —«Be~ aa ...(d) 


From (a) and (c), D~F and C= ~x~F. Putting these values of D 

r 

and C in (b) and (d) and then dividing one by the other, we get 
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after a little algebra 


advanced quantum theory 


and fields 


Introducing the quantities 

2 mV 0 a 2 


2 cot p a =JL-^ 
a fi ' 


- 0 ) 


7 = J{ 

we can express (i) as 


Ti 2 




yx-(n-\) -+2 cos-i x, n = ], 2 ,... (jj> 

Figure below illustrates the transcendental equations (in 

graphically for the three cases y-1, 4, 12. The roots ofit give the 
energy levels 6 


Ea ~ y o ( l-x 2 ). 


/(X>*=»(n —1 ]*+2 co«“'X 


••(iii) 



Fig- iO 


The number of states for a given depth of well is clearly the 

greatest integer contained in the quantity^ ~--{-l j. This quantity 

increases as V 0 is made larger. The values of £ corresponding to 
the stationary states decrease as the depth of well increases, and 
a new level appears at zero energy each time y assumes the value 



1 

- i, 


% 


i 

i 
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Problem 3. Solve the problem of article 5*4 by taking the well 
as a symmetric one, 

<0 for |*| < a 
J V 0 for \ x \ > a. 

Sol. The wavefunction are given by 

ifi=A cos k x x-\-B sin k x x {-a < x < a), 
k 2 x 


w “|- 


'J>=Ce ^ (x < -a), 
^~ D e~ k ' X {x > a), 


where k x — 


12mE 


and kr 


■A 


2m (V 0 -E) ) ^ 


I 


From continuity condition at x=±a, we obtain 

A cos k x a-\-B sin k x a=De ~ k * a , 

—k x A sin k x a+k x B cos k x a=- k 2 De~ kz(2 , 

A cos k x a — B sin k x a=Ce kzCL , 

k x A sin k x a-\-k x B cos k x a = k 2 Ce 
Solving these we obtain, 

2 A cos k x a — (C-\-D) e~ k * a , 

2k x A sin k x a=k 2 (C+D) e~ k * a 

2B sin k x a=(D—C) e~ kzCl 
2k x B ccs k 1 a=— k 2 (D—C)e 

If A^O and C^ — D, we obtain from (i) that 


■k 2 a ' 


- 0 ) 


...(ii) 


..(iii) 

-Civ) 


k x tan k x a—k 2 . 

If B-fz 0 and C^D we obtain from (ii) that 
k x cot k x a — — k 2 . 

The solutions (iii) and (iv) cannot be satisfied at the same 
time. We have therefore, to distinguish two classes of solutions ; 

(I) A= 0, C=>-D and k 2 cot k x a=—k 2 . 

(II) B= 0, C—D and k x tan k x a=k 2 . 

Solutions for these two cases can be found exactly in the 
same way as in Problem 1. 

Problem 4. The conduction electrons in metals are held inside 
the metal by an average potential called the inner potential of the 
metal. Calculate , for the one-dimensional model given bv 
V(x)~-V,ifx < 0 and V (x)=0 if x > 0, the probability of 
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reflection and of transmission of a conduction electron approaching 
the surface of the metal with total energy E, (0'f E > 0 and (//) ' f 
- v o <E<0. 


* r 
«« 



V(x) 


Vacuum 


-ft- X 


Fig. 11. 

Sol. The Schroedinger equation can be written as 

T-t+«7 ( £ +’ / o)^° (X<0> ’ 

ax 2 Ti* 

d*ty 2mE Q ( X > o). 
dx* + h 2 V 

!\2m(E+V Q )\ Qnrl k = l( 2 -^\ the wave- 
Detinin g k,= yj—^-} and k * *][ ti 2 / 

motions can be written as 

4/=.Ae kl *+Be~' klX (x < 0), 

,i ,^Ce ,V + De ~‘ k ^ ( x >0 >- 

For - < 0, the first te^fg- 3 

: the the firs, term of. 

rm Lots he transmitted wavb'and the second term represents a 
a P ; arr iv n g , the surface from the right. Since sueh a wave 
Z „o exisf under the-conditions of this problem we put 0-0. 
The continuity conditions at x=0 then yield the equat.ons 

A+B=C 

ki : 


nee we'get 


kf A.2 i /-i_ ~k\ _ i 

B:= kf+k^ A ' ~~ki+k* 


..(0 
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Thus the reflection and the transmission co-efficients can be 
written as : 

| Sr | 



R= 


s / r{k 1 +k 2 y-~w^+yo}+v{^y) 
S T I 4M 2 4^{E(E+V q)} 

sTT (M^) a W{ E + V 


...(ii) 

...(iii) 


(I) When E > 0, both of fc, and k. are real and R is fimte. 
Thus there is a finite probability for reflection even when E > 0 
while from classical mechanics the particle should be completely 

transmitted. 

(II) if — y o < £ < 0, the total energy of the electron is not 
sufficient for it to leave the metal, according to classical mecha¬ 
nics. In fact, in this case : 

'2m (K 0 -1 £ i) . • l\2ml’ E 


H f 




h 2 r wi v 

and the solution bounded in the region x > 0 is 

where J=h (8m | is ]) 

The continuity conditions at * = 0 give 

A+B=C 

ik l (A-B)=-Yd C 


m 


A 


whence 

B 1+2/M c _ o _2fM_ 

+ ” “ 1 -2/ M’' ^ 1 -2/ M' ■ 

From the wavefunction for x > 0 we see that Sr—0, and 
hence T= 0 and i? = | B | 2 / | + |*=1. Thus, as in classical theory, 
an electron having a total energy smaller than the potential 
barrier height will be reflected with certainty. A new result how¬ 
ever, is that the probability of finding the electron outside the 
metal (x > 0) is different from zero,, since 

I iK*) p=41 A p(i +4^V 1 e ~° : "= 4 1 A i 2 e ' Tia ■ ; 

N.B. Actually the potential energy does not jump from 
— V 0 to C at the metal-vacuum interface in such an abrupt manner. 
Its change is continuous over an interval of the order of the inter¬ 
atomic distances in the metal. However, the above type of simple 
picture of the actual potential can explain the qualitative features 
of the problem in a quite successful manner. 
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Problem 5. A beam of mono-enereetlr 

surface of a metal at normal incidence r } eC ! rons , strikes the 

probability of these electrons if E= 0-1 eV and ygy^ re ^ ection 

Sol Since the electrons with enp 
potential drop -8 e.V. at the metal surf* 6 ' V ' encounte r a 

metal, according to classical mechanics, and because of TT 6 

of co :z v Sin! energy ’. theywin «**• * «-> 


t{2m(E+V 0 )} , . 

-h-' after doin s so. 


According to quantum mechanics, on the other hand, some 

of the electrons may be reflected by the metal surface. Using the 
notations of the last problem D exp. (-ft*, now represents the 
incident wave, C exp. ( ik 2 x ) the reflected wave and B exp (~ik x) 
the transmitted wave inside the metal. In this case A= 0. The 
continuity conditions at the point x=0 give 

C+D=B 
k 2 


whence 


R-- 


I S/ I ! D I 2 \k 2 +k 1J 


and 


r= 


i St 


B 


4k-ik 0 


Si I \£>\~ Kki-hk*)* 


Thus, for E— 0 - l e.V. and F 0 =8 e.V., we have 

[ V(E)-V(E+y 0 ) \* r i-V(l + Fo IE) ]* / 8 \ 2 
\iV(E)+V(E+K 0 )\ ~U + V^ + Vo!E)\ -\ 10 J 


R 


Problem 6. A particle of total energy E enters the barrier 
J7— V(x) (shown in fig. 12) at the point x=x x and leaves it at the 
point x=x 2 . Assuming the potential energy curve V(x) to be suffi¬ 
ciently smooth , calculate the approximate value of the transmission 
coefficient T. 

Sol. Let us divide the interval [x„ x>] into intervals oflength 
AXi t large compared with the relative penetration depth 

d,= /f ——_1 of a particle in the rectangular barrier so 

■f[_%m{V(x t )-E}\ . 

obtained. Then from article 5‘6 we know that the transmission 

coefficient 7} for the ith rectangular barrier is given by 


f 
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Hence the transmission co-efficient through the whole barrier 
will be given by the product 

T m f V(x { )-E}' 


T=n Ti — cx p. 


-22 

i 


h 2 




...(ii) 


Increasing the subdivision of\the interval x x , x 2 as far as is 
allowed by the condition cU << A Xi, the approximate formula, 


—(iii) 


is obtained ; this expression is known as “Gamow’s penetrability 
factor”. 

Remarks: The above phenomenon of penetration of a 
barrier V—V(x) can be used to give some qualitative features of 
the theory of a-decay. The a-particles inside the nucleus are 
bound by tremendous and enormous attractive forces which are 
very similar to those involved in the attraction of neutrons and 
protons. However, these attractive forces have a very short range 
and these are negligible unless the a-particle is inside the nucleus. 
Outside the nucleus, a-particle experiences very strong coloumb 
repulsive forces. . Therefore if an a-particle is brought from a 
long distance towards the nucleus, it will at first be repelled elec- 

(2e) (Ze) 

trically and will posses potential energy -———- where Ze is the 
charge on the nucleus, 2e is the Charge on a-particle and r is the 


* 
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distance of the a-particle from.the centre of the nucleus. When 
this a-particle reaches the nucleus, the attractive orces 
over the repulsive forces. The potential energy curve a 
of r will be of the form as shown below in figure 13. 



Now the a-particle can move freely inside the nucleus with 

velocity and kinetic energy 
...... \mvf=E-\- V 0 . 

* Since the a-particle is held inside the nucleus of radius r 0 by 

a potential barrier it will “collide” with this barrier *' mes P er 

second. Each time it strikes the barrier, the probability of pene¬ 
tration of the barrier is equal to the transmission coefficient T. 
Thus the a-particle has a small but finite probability of penetrat¬ 
ing the barrier even when its energy E is much less than that 
required to carry it over the barrier. 

Problem 7. Approximating the nuclear potential by a square 
well type of., potential , calculate the transmission probability for 
a -particles of energy N through the barrier . Express the result in 
terms of the final velocity of the a.-p article, and estimate the mean 
life of an a-emitting nucleus. ... . • • 
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. _i»iam wft have the probability 


Sol. From the last problem we have the 
transmission _ fV(r )-E)j ^ 


r f r i l/2rn(V(r) 

7-=exp.[-2j ri J[ it. 

(2e) (Ze) 2Z£ 

where r t l 'i 

Changing the variable r to r x cos 5 x we get 

r_V(8'«£)f r * l(lx-x\dr\ 

T = exp. -—p )r 0 J\r / J 


‘•■(i) 

-•(ii) 


=exp. 


V(32 mE) r [ cos 1 r " /r ‘ S ;n 2 x dx j 

V(*r 


r y/{ 1 6 mZe 2 r x ) 
’ - 'h 


{v 


ro 



i-i 



Now the a-particles having energies of a few MeV can leave 
potential wells of depth of tens of MeV, inside which they find 

themselves in radioactive nuclei, we can take E < < V ( r o)’ l,e ’ i 
r 0 < < r v We can, thus neglect terms of higher order than t e 

f(*r 


first 


and obtain 
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n =exp. I" - y^bmZe*) 

L h 




=exp. [ __ ^ 4 ° ' J 

* "iT ,.... 

in which wc have put w# s '"W 

“'Panicle at a large distan JTr ’ ^ " le VC,0CI H °fthe 
V(r) & 0. Ice ' from the n „M • 

Using eqn. (iii) f or T> , he ^ Which 

tmg nucleus can be estimated “3 tbwf-w'--particle emit, 

before this problem that the 6 have rema fked 

times per second and (iii) gives Part,C ' C Coli,dcs the barrier, i 

collision. Hence the probability for Penetration per 

ving the nucleus is Y pcr Un,t <™e of the a-particle ka¬ 


il 
'2 r. 


T 


***(iv) 


Using (iii) we obtain finally 

remitting nucleus in terms oftJ f h mean life r of an 
^stMces_anddhe nuclear radius r 0 . K ' partlcle veloci| y * at large 

of'’height 0-03 eV Ztd ofmlZJwm[findt'ff°" barrier 

reflected and i ransmittedat'the bJrtrZI, ' fmi0n <* 
electrons is ' ^ 1C etier S)’ of the impinging 

So! (Q rf 04 f' (U) °'° 25 eV ■ 0-03 eV. 

In case-lV T o-M ° ? v P ° tential ste P barrier - 

^ ; o- - E=0 04 e.V. and K 0 ==(K)3 c.V. 

The reflection coefficient R is given by 

*=£--[V(o-04)-vto-onP 
( H+H) 2 [v'(£’)+V(£-P'.)? _ [Vtij-U4) + V(0-01)p 0 ' L 
The transmission coefficient is given by, 

^ T=1~R^o-9. 

In case-II. E < V 0 . 

. J 1 ' transmission coefficient is zero and hence the reflection 
coefficient is one. 


. 1 
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In the last case E=Vq. Therefore, 0. 

_ {k x — k 2 Y _ 

(/ci+/c 2 ) 2 

andpOir- r=0. ‘ r 

^Pr oblem j )y Calculate the probability of transmission of a 
proton through the barrier indicated below : 

Vq= 2 eV, E=1 eV and barrier width—1 A. 

Sol. The probability of transmission is given by 
\6E(V»-E) \-2V{2m(V 0 -E)} a/ Ti] 

Vf 

Here H 0 =2 eV=2x 1*6 x 10~ 12 ergs. 

E=\ eV=I-6xlO" 12 ergs. 
w = T6xlO"' 24 gm., c=10~ 8 cm. 
h = 1-05 x 10~ 27 erg-Sec. 

4e Ji3 . 

Problem 10. Calculate the probability of transmission for 1 
MeVproton through a 4 MeV high and 10~ 1Z cm . thick rectangular 
potential barrier. 

[Do as the previous problem. Ans. 0*0015]. 
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bound state problems 


Bound state problems are thoseOn a'^particular 

rained by the external forces (potential energy; v 

region of space. For example the one *~‘ r ™' jc osoil . 
point mass attached to a fixed centr , •> S j m j_ 

lator is one of the fundamental prob ems^o^ ^ 

larly, the hydrogen atom in which » importance in quantum 

the positively charged nucleus^ e ^ ^ Schroedingcr 

mechanics. The aim of this chap ,, 

equation for some important bound ^ate proWem _ 

61 ONE DIMENSIONAL LINEAR HAR 

OSCILLATOR : oscillator is a point 

The one dimensional taear ^ ^ ^ ^ proportional 

mass attached to a feed by harmoni c oscillator is 

■JTIZo 'medilT or" electromagnetic field in a cavity can be 
described by superposition of an infinite number of s.mple har- 

monic oscillator. . ... 

The potential energy V(x) in case of linear harmonic oscilla¬ 
tor is expressed by wfccl> ...(1) 

(V F= —kx) 

Therefore the Schroedingcr wave equation can be written as 

2 +£(M to * ) +“°- - (2) 

Introducing a dimensional independent variable p 

/W2U>c\ 1/2 

a= vrr) ’ 


■ ax with 
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BOUND STATE PROBLEMS 

where kjm) 1 ^ is the angular frequency of the corresponding 
classical harmonic oscillator, we have 

9 , 2E(mVl 2 _2E 

where A== T 2 U'/ ~^c' 

Now we have to find the solutions of equation (3) which do 
not diverge at infinity. For A = l, the solution of equation (3) is 

of the form ty(p)=e p For other values of A, it is reasonable ter 
expect that the asymptotic behaviour of </i(P) would be of the same 
nature because as p-> ± oc, the constant A becomes insignificant 
compared to p 2 . Thus the solution of equation (3) may be taken 
of the form 

«P )=H(f) c~ p212 , -(4) 

where //(P) is a polynomial of finite order in p. 

Substitution of equation (4) in equation (3) gives 

H"—2p //'-f(A-1) II—0, ...(5) 

where primes denote differentiation with respect to p. 

Energy Levels. We try a power series expansion in p for H(p) 
H(p) = P s i a o~^ a iP~^~ a ^ 2 “i~ •••) s ^ 0 


or 


H( P )=E a, F +v , 
v°o 


■•( 6 ) 


Substituting the values of H, H’ and II" from equation (6) in 
equation (5), we get 

E (j+v) (^-fv —1) p- ,4v_2 —2 E (s+v) p s " v -f (A—1) Z a* p 8TV =0. 

V v v 

...(7) 

As the right-hand side of equation (7) is zero, the coefficient 
of each power of p must be identically equal to zero. Equating 
the coefficients of F" 2 , p*~\ P\ p s+1 and p s+v to zero, we get 


s (s — 1) <3 0 = 0, •••(8) 

(■y+1) sfli—0, •••(9) 

(•S’2) (^-(-1) Go — (2s-f-l—A) ••■(10) 

CH-3) (j+2) a 3 —(2j-j-3— A) ^=0, ...(LI) 


-f-v —{— 2) (s -f-v-f-1) G\jj- 2 —(2^ —{— 2v —f— 1—A) tf v = 0. ...(12) 
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jpS . Qn (8), we have j= 0 or 1 beacusc a 0 ^ 0. 

o& e< ^ U /1 n pjves us the recursion formula, 
L*ti° n(11) L_ 2,+2 v + 1-A ' 


’Ij+v+2)(j+v + 1) 


i.e-i 


...(13) 

flv WT' » -/V- - -f 

>.< ose a in such a way that the power series for H( P) 

jsfoW' ve Cl ° err n, making tf(p) a polynomial. The value of 

off at s ° me *ht> series to break off after the nth term is seen 
cU ts . causes tn c 
. , v m cl1 • n3) to be 

f r om^ uat ‘ A-2*+2,+l. -(H) 

5 can still be either 0 or 1. When j= 0, A=2v+1 
Th e * n ^ eXs ^=27+3, where v is an even integer. We may 
and in terms of a quantum number n, 

e xpr eSS ° A—(2/i+l). 

i.e^ ' a —— 

Again 


...(15) 


ICO, 


“ si "" » 

•ntoneruv. The energy levels given by equation (16) 
ZeF0 pomt: cn W have equal $pacing< The finite n on-zero 

&r e discrete ^ gtate ener gy level (corresponding to «=0 i.hco c 

Val kno 0 wn S as zero point energy. Thus the zero point energy is 

S iven by £ 0 =iW - (17) 

• t energy is a characteristic of quantum mechanics 
and '"IC to uncertainty princip.e as was seen in Probiem 16 

0f C Ha P rmoIic Oscillator Wavefunctions. Since A=(2«+l), equa- 

tion (5) is now of the form 

H"n (p)—2p H'n (p) + 2nHn— 0. 

The polynomials (?) are called as Hermite polynom.als. 

* jhc general solution is given by 


-P 2 /2 


(19) 


'r'n (p) = A^ri//n (p) ^ 

where iV n is a constant. CTPn erjitin2 

To obtain the value of this constant, we consider a general 

function e - s "- +2sp which is given by 


-s*+2sp_ 


CC 




(P) 


cn 


...( 20 ) 


0 


I 


< 
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c . .. . . —t 2 +2tp y \' (? ) 

Similarly, e = /■ —j r • 

/«=0 


...( 21 ) 


Now consider the product of these two generating functions, 
which is given by 


i: 


+05 _ t'2 


^ + 2^/3 —t 2 +2tp 


.e 


dp 


oo eo 


= V V £1 f //«.(pWp. 

X, X, n ! m ! J_#o 
«=0 /«=0 
2 

Multiplying by e ^ on both the sides we have 

— s-+2sp —t z +2tp —p 2 , 
e .e .e dp 


_C>o 


OO oo 


-2 2 f, 5 j: 

n=0 w= 0 

The integral of left hand side is given by 

^'P^-P 2 * 

J_oo 

= f +e ° exp. {-^-t 2 +2^P+2tp-P 2 } # 

J -05 

f+oo _('p_ i y-/)2 

= e 2i< C « (P — J— ?) 




...( 22 ) 


=<? 2lf . VC 77 ) 


„ r t , 1st ( (2*0* , , vstr i 

=V(*) [ I + n+ 2! + '"" r H ! J 
,, , V (2«)“ 

z ITT' 

/r=0 

Equating equal powers of s and t on both the sides, we get 
f- +C ° H n 2 ft) ^ _/>2 </P=VOO 2n n • when « = m 

and f” (p) r/m (P) e~ p d P =0 if n&n. 

J -OO 

Now applying the normalization condition, we have 

P" | (x) | a dxJdlA 2 f + “ Hr? (P) 

1 _cO K J — w 


p "*=l 
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a 


•V(7J-).2” ;2 !=i. 


A r n =[_ a I 1 ' 2 

L V(rr) 2" n ! J ‘ 

wavp f ^ Stl ^ ut ‘ n S this value of.TV,, in equation (19), the normalized 
wave functions of harmonic oscillators are given by 


Wp)= {;^dbnr Hn M c p2/2 


...(23) 


Physical Interpretation of Harmonic Oscillator Wavefunctions : 

The wavefunction 4> 0 (p) for the ground state of harmonic 
osci ator and the corresponding probability distribution function 
LVo (p)]“ as a function of p are shown in figure 1 (a) and (b). 



e — 

(o) 


Fig. 1. Wavelunction (pj « 
function of p for ground 
state for harmonic oscil¬ 
lator. 



(by 

_1 ' • 'Retribution function 

I (p) I s as a function cl p Cla¬ 
ssical distribution curve is shown 
by dotted curve. 


It is obvious from fig. 1 (b) that the quantum mechanical result 
for this case does not agree at all with the classical result. Accor¬ 
ding to the classical theory, for a given energy there is a limit 
beyond which the oscillator cannot go and the classical probability 
density approaches infinity at this limit. Quantum mechanically, 
on the other hand, there is a small probability outside this region. 
This feature is a characteristic of quantum mechanics and is closely 
connected with the Heisenberg’s uncertainty relation. 
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Figure 3 shows the variation of W (p) as a function of p for 
the state ji — 1 1 with the classical probability curve for the same 
energy. The classical curve is shown by dotted line. It is obser¬ 
ved that apart from the fluctuations in the curved obtained quan¬ 
tum mechanically, there is a general agreement between the two 
functions. This kind of correspondence does not exist for every 
small n but improves rapidly with increasing n. 

The number of zeros ( i.e ., points where the probability is ze 
except for the end points) in the nth excited state of the osci a 
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and all of them are contained within the classical 


ar e equal to " 


inter 


vah 



Probability Inside and Outside the Classical Region in (Ground State). 
The wavefunctions of harmonic oscillator are given by 


f a 1 1/2 ~p 2 l 2 

Hn(p)e 

( a \ 

In the ground state % {p) = y 
The classical probability is given by 


1/2 __o2 


P 2 I 2 


r: 


d/ 0 | 2 dx 


2 r -f 

Jo V 5 ' 

„ 2 f - 

Jo v 


dx 


— arx 1 , 
e dx. 


In quantum mechanics, the probability is given by 

r+i/2 a —a 2 * 2 

P—2 -j.e ax. 

Jo V 77 

Putting ax=p, we get 


...(24) 


...(25) 





L 




\ 
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2 r p 3 P° P 7 ■ P 8 T 
=vJ 3"T! + 5"X! " 7.3 F9.4 !j 0 

2 r 1 1 1 , _J 1 

= V7rl 1 " rr! + 5.2 ! + 7.3 ! + 9.4 ! I 
=0-83 

Thus the probability of finding the oscillator inside the classi 
cal limit is 83% while outside the classical limit is 1 %• . 

6 2. THREE DIMENSIONAL HARMONIC OSCILLA • 

A three dimensional harmonic oscillator consists 0 _ 

bound to the origin by the force having components * 'and /L 
and - ka along X, Y and Z axes respectively. Here k, k, and fe 
and the force constants in the three directions an y 
the components of the displacement along the three ax 

The potential energy of the system is 
V=-j k x x 2 +~ k y y 2 +^ k s z 2 . 

The Schroedinger wave equation for this system is 


d 2 <\i d 2 <\> d 2 b 2ni 
S 2+ rfy 2+ S 3+ S‘ 


£_ i. k,x- - — fc,y 2 - 




0. 

• •( 2 ) 


Let A = 


2m E 


mk 


a* =■ 


fi2~’ _ fi 2 ’ ^ fi 2 

On substitution, eqn. (2) becomes 


mky , 2 m k- 
2 -- and a. 2 =' 


h 2 


^ ^ I —(a x 2 X 2 +a//+ar 2 z 2 )] 4»=° 
TT 2 ' dy 2 ' Jr 2 


• • (3) 


dx 2 ^dy 2 dz 2 . . 

Eqn. (3) can be resolved into three separate equations by the 

method of separation of variables. Let us substitute 

ty=X(x)Y(y)Z.z), •• W 

where X(x), Y(y) and Z(z) are functions of jc, y and z only. 

Substituting eqn. (4) in eqn. (3), we get, 


1 d 2 X_ 

X dx 2 * 


Y dy 2 




1 d 2 Z 


Z dz 2 


- a s 2 z 2 'j + A=0 
...(5) 


From eqn. (5), we have 


..( 6 ) 
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( 

1 d 2 Z „ ,\ 

Z dz* asZ ) + A '-° 


Where \=X x 

-}-Aj/-}-A2. 



Eqn. (6) 

can be written as 




d M x * **, 

) jr=o 

...(7) 


&+(*• «»v) 

| r=o.. 

-(8) 

•* t ■ • 


)z=o 

.:.(9) 


The components of energy values are given by 
E x =(n at + j- y ] ti co Xi Ey~[ny+^)*<»y and £,=(«, + *) W 

Here n x , n y and n 2 are non negative integers. 

The energy eigen values of three dimensional harmonic oscil¬ 
lator are given by, 

E=E X +E y +E; 

= to x J t{n y + \) <•> + («*+&) ^ 

For a special case of isotropic oscillator, in which y —wz 

and a x — a l ,=(x s , eqn. (10) reduces to 

E=[(n x 4 n y +w«+|) w] H ==(«+!) tJ«, -U 1 ) 

where n-=n x +n y -\-n z may be called as the total quantum number. 

The wavefunctions are given by, 


*(*)= 
Y(y) = 
Z(z) = 


. V" 77 • Y lx n x 1 


a y j 

y/ r, 

.2 n vn y !J 


a z 


U/2 


1/2 


~^V/2 ^ 


0,0 tr\ 

■ y 1 2 


'H» (o vy) 


.( 12 ) 


r e -« v * («) 


. x/ 77 2” 2 7?r !. 

The complete normalised wave function is given by 
_ «« _ 1 1/2 -*(«.***+oW + oJz*i 

L 3 2 nfa + ty-hK) I I ,J 

2 2 V n® ! n y ! 72/ ! J 

( a **) Hn y («J*; ; ) (a s z) ...(13) 

As the energy of this system depends only on the total quan¬ 
tum numbers, all the energy levels except the lowest one are dege¬ 
nerate. The degeneracy is (72 + 1) (72 -J-2)/2. 
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6 3 SPHERICALLY SYMMETRIC SYSTEMS AND POTEN- 
TIALS: 

Spherical symmetric systems are those in which the potential 
energy of the particle is only a function of radius vector and i s 
independent of e and . Wc now take the case of hydrogen atom 
which consists of an atomic nucleus of charge +e and electron of 
charge — e. We are interested in the motion of two particles 
(nucleus and electron) that are attracted by a force which depends 
only on the distance r between them. If the nucleus is supposed 
to be at rest, then the Schroedinger cqn is the same as that for a 
single particle in which the mass m is replaced by the reduced 
mass iM. The potential energy is given by, 

K(r)=-e 2 /r. 

Such potentials are known as spherically symmetric potentials. 

6'4. SEPARATION OF VARIABLES : 

The Schroedinger wave equation is given by 


V 2 <H^r L E - y l 


...( 1 )| 


In case of spherical polar coordinates, we have 


and V ! 


x — r sin 6 cos <t>, 
y = r sin 6 sin 4>, 
z—r cos <?, 

1 a/r*9\ 1 


dr \nr 


d ( ■ p d 

4-—.-sin 6 — 

r 2 sm 0 dU \ dt) 



'...( 2 ) 


1 'r 2 sin 2 # 06^ 


Thus the Schroedinger wave equation with spherically sym¬ 
metric potential may be written in spherically coordinates as 


1 g lr*M\ i d , . ^ \ . i ^ 


r 


dr 


or / ~4‘ 2 sin 0 


0 / . dip \ 

iTri SlE ^)' 


>- sin 2 # 8p z 


2 "'[£_F(r)] <i=0. 
n 2 


...(3) 


In order to separate eqn. (3). let us express <(r, fi, « as the 
product of three functions viz. R (r). 0 (») * «). each of which 
is a function of one indicated variable, 

i <\>{r, d, <f)=R 0 

’substitution eqn. (4) in eqn. (3) and simplifying, we get 


1 


6 sin d dd\ dd, 


i . d&\ 

( sm ° is r 


1 flPO 

C> sin 2 # dp 2 . 


.45) 
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The left hand side is a function f 
is a fuuction of 6 and ^ This is 0 ^ ^ While the nght Iland side 
separately equal to a constant quantity sayT^ Wh6n lhey are 

R dr [ l dr) ^ ~W~ 

1 df dR \ T 2 m , 

OT ' 7i*l r V) + LfiT (*~m}-£]jl-0 ...(A) 

The right hand side of eq. (5) can be written as 

w sm # di ( sin S sin2 u=—-L ‘LS- 


( 6 ) 


4) d(f>* 

The left hand side of eq. (61 is nni„ „ c 
. , . . , ., . _ . 4 w IS on] y a function of 6, while 

right hand siae is a fauction of 6 t «t 
* . f 2 , 9 ' Let they are separately equal 

to a constant m 2 , hence 

d 2 ® 

0 dr 
d 2 0 

I f\ 

...(B) 


or 


and 


1 d 


sin 0 do 


df- 


sin 6 


~m 2 


-m 2 (t>=0 


c!Q\ 

d> 


m- 


+,A -s^ 10 =° 


...(C) 


In this way the wave equation is separated in three variables. 
6 5. THE HYDROGEN ATOM : 

Hydrogen atom is a system of two interacting point charges, 
the positively charged nucleus and the negatively charged electron. 
The schroedinger wave equation for hydrogen atom in spherical 
polar coordinates can be written as 


J d_ 

r 2 dr 


( 1 

\ 3 r ) r 2 sin v dti 


■ dip\ 
sin b-J 
dd) 


+ 


1 


dH 


r 2 sin 2 o dtp 2 


2^ 


+^[£-F(r)H= 0 


( 1 ) 


Where p is^ reduced mass and V(r)~—e 2 /r. 
Separating this equation in three variables, we have 


I 

r 2 dr 


~~n ~r I r 2 


JR 


J) 

dr) 


T 

d 2 0 


(~ 2/i j n e 2 i _ A 
[i'*r + rf r* 


R=0 


and 


dp 2 

_ d_ 

sin 6 db 


1 


-m 2 0 =0 

(-» 




sin 2 d 


0=0 


...( 2 ) 


I 

f.. 

i 



*<L 


r 



! 
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The solution of 0 equation. The solution of eq. (3) can be 
written as 

1 


0 


♦n • 


V(277) 


pirn <t> 


...( 6 ) 


Where the constant m—0, ±1, ±2, ... and is called the 
magnetic quantum number. 

The solution of 0 equation. Let us define a new variable x 
such that x=cos 0. Substituting this in eq. (4), we have 

For A=/ (/+1), where /= 0, 1,2,3 ... called as azimutal 
quantum number , the solution of eq. (7) is given by 


0 


Inr 


(21+]). I |m 


1/2 


Pi lml (cos o) 


• •( 8 ) 


2. /+1 m | ! 

where is called the associated Legendre function * 

The solution of radial equation. The radial part is geven by 


l _d 
r-’ dr 


M 

dr 




j(i+ 1) 


R = 0 


Now we introduce a dimensionless independent variable 
P=a r or r—p/a. 

The radial equation takes the form 


l dj 
P 2 d P [ 


dR\ 


\p z — ]+ 


2uE , 2p e 2 __ / (/-hi) 


/? = 0 ...(9) 


h-h 1 h 2 o.p p- 

According to classical mechanics, the negative energies (£<0) 
correspond to elliptical orbits representing bound states in an 
atomic system; while the positive energies (£)> 0) correspond to 
hyperbolic orbits representing unbound states. In this case let us 
consider that the electron is bound in hydrogen atom i.e., 
£<( 0. Thus for bound state (E <( 0) we have £=>—[ E |.■'‘The eq. 
(9) can be written as 


J A ( d A\ + 

P l d P (dp J _ 

We choose a 2 = ^ ,L 


2pJ_E\_ , 2/ie 2 _/ (/-hi) 


and set 


h 2 

2/i <? 2 


h 2 a 

Thus eq, (10) becomes 


h 2 ; 


e-t 2 
t! \'2 I 


tl 2 «p 


Vl/2 


P 2 


/?= 0 ...(10) 


1 


P 2 d 


d I J_R\ 


r l P‘ 




+ 


A_ 
L P 


4 


/ (74-1) 1 

P a J 


£ = 0 


...( 11 ) 
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If p->co, eq. (I l) is of the form 

d z R 1 


- \ 


dp 1 


R . 


-P/2. 


The solution of this equation is R = e+ Plz and F — e - . 

As p may vary from 0 to oo, the former of these solu i 

will increase as p increases. This leads to an unacceptable wave 
function. On the other hand second solution decreases to zero as 
P and hence r increases to infinity. Consequently the secon 
solution is satisfactory. This suggests that we look for an exact 
solution of eq. (11) of the from 

i?(p)=F(p) e-P' 2 , 

where F(p ) is a polynomial of finite order in p. 

Substitution of eq. (12) in eq. (11) gives 

(A- l) _U[+i),1 ...(13) 

P P 2 J 

Energy levels. We now try a series solution of eq. (13) of 
the form 


d 2 F , / 2 
; d? 2 \ p 


(i-0£ + l 


co . 

' ' ' F(P) = £ a r P s4r 

r-0 

Substituting the values of F(P), dF/d?, and J 2 F/r/p a from eq. (14) 
in eq. (13) we get. 


CO 


£ [(s+r) (s+r-i ) +2 (s+r)-/(/ + 1 )] a r 

f “0 


co 


L 


-T [(s-fir) — (A —1)] a r f s+r +i=0 


...(15) 


r ~0 


Comparing the coefficients of P s on both sides of eq. (15) we 
get 

[s Cs-f i)—/ (/+i)i Ao=o 

or s{s+\)-l(l+\)=o •; « 0 ^0 

which yield s—l or jr=—(/-+- 1 ) 

The value of s — — (/-f- 1 ) does not satisfy the condition of well 
behaved function and hence the only accepted value of 5 is /. 

Comparing the coefficients of P 84rH on both sides of eq (15) 
the following recurrence formula is obtained ' 


a 


r+l 


s-t-r+1 - A 


a. 


(^ + r + l)( J +r+2)-Z(/Vl) "*06) 

The condition that the series breaks off after finite number 
of terms is 

\~n~ij' -f- /-fi 1 qy) 

where n‘ is the value of r for which the series terminates ^ 


i i 

I 

f 

H 
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Since n f and / can be positive integer or zero n c 
values 1,2,3.... The number n is called the 'total ^ ^ Ve 
number. The energy eigen values are given by ^ UQn tun 2 


a __ILJL. 

ft 2 \£ 


l1/ 2 


or n— 


_ yi 2 

2\E | 


s 


E n — — \ En | — 


1 1 e 1 


2n' i Ji 2 ' ...( 18 ) 

This value agrees with the value obtained by old qu ant 
theory and by experiment. ,' , 111 

Radial wave functions^ We now consider the solution of 
(13) in the form 


P)= £ a r f s +>=f e L(/>) 


r = 0 


••(19) 


Substitution ofeq. (19) in eq. (13) gives 
• f 2 r+P[2(j + l)-P]r+[p(A-5-l) 

+j(s + l)-/(/+l)]£=0, . 

Putting s—l and A = /z, we have 

PZ,'-[2 (/+!) -P] L'+Qi-l- 1) L=0 
We know that, the associated Laguerre equation is 

p L P g +(P+ I-P) L p ' +(q-P)L p q =0 


...( 20 ) 


...(21) 


The solution of eq. (21) is U. Hence the solution of eq. (20) 

can be expressed in terms of associated Laguerre polynomials. 
Comparing eq. (20) with eq. (21), we have 

2 (/-f-1) or /?=2/-fl and q—p—n—l—l or q-n+l 

Thus the solution of eq. (20) can be expressed as ( p ) 

The radial wave function is now of the form 


R(P)=F(9) <rP/ 2 = F* ]} l y (p) e 

71T l v / 


“ Pi' 


or R (p)—pi e -Pl 2 L 2 **} (P) 

The normalized radial wave function is given by 
R(P)=C P l e-PF i 2 *+i ^p) 

where C is normalization constant. The value of C can be 
obtained as follows : 

O f“ e- 



f°° „ r >«+! is 

Jo p ' L 
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'I 


Solving we get C=[(-J d^FTJTpr 

ti 2 2 r 

Where «„= - a and P=- 

" / 2 \ 3 • («-/-- 1 ) ! *] i /2 

Rm(r)= \[ na j 


2/7 {(«+/) !}3 


-r/7W 0 /2r_y^*w /2 r 

W7« 0 / "+* \«fl, 

The first three radial wave functions 

w-i±r 2.-1* 


.(24) 


are 


,, / 1 r\-rl2a 0 

RM= XtoJ [ 2 ~J e 


R. 


( 1 \ 3/2 /■ 


-r/2a 0 


v/(3) 


• •(25) 


\ —'U u V / 

Complete wavefunctions. The complete wavefunctions of 
hydrogen atom are given by 

t O', o, 6) = Rm O’) ®tnl (&) (^) 

2 \ 3 (« —/-l) ! ] 1/2 — rJnaJ2r_y ^ 2 i+i 

6 W4 


_\77tf 0 / 2/7 {(«-f/) !) 3 . 
2/4-1 /-I ™ ( ! 


(-) 

\naj 


X 




___ . ... . - .(26) 

L 2 /-f1 rn\ !_ 

The wavefunctions for various values of n, 1 and m are given 
below 


n 

/ 

m 

State 

1 

0 

0 

Is 

2 

0 

0 

2s 

2 

1 

0 

2 p 

i 

2 , 

1 

1 

2P 


Eigen function 


Vico 

'jVoo 




1 \ 3 - 2 -r/a 0 
' e 


1 \ 3 ' 2 


4\/(2tt) 

Wo 

i ( 

LY 

4/(2it)\ 

77 0 / 

L d 

Ly 

/7. 1 


r \ —r/2a 0 
2- —\e 


a Q 


0 r cos.d 
fl sin $ e** 


DEGENERACY: 

Except for „=1, each energy level is degenerate, be.ng 


It 

ft 
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represented by more than one independent solution of the wave 
equation. The allowed values of quantum numbers are : 

Total quantum number /z=l, 2, 3,. 

Azimuthal quantum number 1=0, 1,2, 3. (n— 1) 

Magnetic quantum number m=~l, —7+1, -7+2, .-. — Is 0, 
+ 1, ... /—1, /. 

Thus there are (2/+1) independent wavefunctions for a given 
value of n and / and n 2 independent wavefunctions with a given 
value of n as can be seen below 

n-i M-i n-i 

27 (2/-fl) = 2 £ /+ 27 (1) 

Z =»0 /“0 Z “0 

=2 ^ 7 --f-n=zz 2 —;z-f ?z=7z 2 . 

The degeneracy with respect to m is the characteristic of cen¬ 
tral force field i.c., the force field depending only on the radial 
distance r, while the degeneracy with respect to / is characteristic 
of Coulomb field. In presence of some external field such as a 
magnetic field, (2/+1) fold m degeneracy disappears and the level 
is split up into n 2 different energy levels. 

67. THE GROUND STATE OF HYDROGEN ATOM : 

In the ground state n--\, 1=0 and m= 0. The wavefunction 
is given by 


^ioo— 


1 


-- e 


— r/a 0 


...( 1 ) 


\/{Mo 3 )} 

The probability distribution function of the electron relati\e 
to nucleus is given by 


1 — 2r/tf 0 

y\ooi>m=^T' e 




As eq. (2) is independent of 8 and hence the normal hy¬ 
drogen atom is spherically symmetric. 

The probability that the electron will lie in a small volume 
dV=r 2 sin 0 dr dd d<f> is given by 

1 —2rja 0 


<j+ 10 o 4hoo >‘ 2 dr sin 9 d9 


7T^0 3 


r 2 dr sin 6 d8 d<j>. 

...(3) 

The probability that the electron will lie between the distances 
r and r+dr from the nucleus irrespective of its angular distribu¬ 
tion is given by 
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or 


P(r) dr— — e~ 2r/ " c r 2 dr f sin 6 dd I dj> 
■naf Jo 

P(r ) dr= -i- e ~ 2r/a ° r 2 dr 


Now the radial distribution function is given by 


P(r) 


4 —2r/o 0 

■) = — e 1 r* 


...(5) 


Oo° 

For the most probable distance r, P(r) should be maximum 


i.e 


llr P W“° 

’ Hi e ~ 2r ' a> ,2 ] =0 

This gives /•=^ p =radius of the first Bohr’s orbit. 

Thus the most probable distance of the electron from the 
nucleus in the normal state of hydrogen ctom is equal to Bohr s 
radius. 


6-8. DISCUSSION OF HYDROGEN WAVE FUNCTIONS : 

A plot of radial wave functions R,u (r) for n=l, 2 and 3 with 
1=0 and 1=1 are shown in fig. (4). It can be observed from 
the figure that a wavefunction crosses the P axis (n—l—1) times 
in the region between p=0 and p=oo. The corresponding planes 
are know as nodal planes. It can also be shown that the angular 
dependence of wave function further gives rise to / nodal planes. 
Thus the total nodal planes are [(« — /— !)+/]=«— 1. These nodal 
planes, therefore, provides a new interpretation to n. Accordingly 
n gives the number of nodal planes but by one unit greater. The 
probability distribution function 4*r 2 [R nl (r)] 2 against pis 
shown in fig. (5). Here P represents the probability of finding 
the electron between two spheres of radii r and r-fdr. It is obvi¬ 
ous from the fig. (5) that 15 electron has the greatest probability 
at a 0 , i.e., the radius of first Bohr’s orbit. Similarly the 25 elec¬ 
tron has the greatest probability of being found at a distance 
about 5a 0 than at any other distance. 


The dependence of distribution on $ is given by e im * and is a 
constant. The probability distribution of all <p nim is symmetric 
with respect to z-axis. The angular part of the wavefunction * 
given by the function Y lm ( 0 , <J>). j Y tm (0, <f) p f or different values 
of m [m=±lj has been plotted for various / values in fig (6) 




6 
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Fig. 4. Pvadial functions for hydrogen atom 
JRrii (r) for m= 1, 2, 3, and 0 and 1. 



Fig. 5. Probability distribution function 

can be observed from the figure that the probability distribution 
function becomes more and more concentrated about XV plane with 
the increase of/values. The behaviour of distribution function 
for other values of m is shown in fig. (7). It can be observed from 
fig. (7) that the function tend to be concentrated in directions 
corresponding to the plane of the oriented Bohr orbit. It also 
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7 (n*rs) 



i. 

Fig. 6. 6)] 2 for various / values. 


2 (axis! 



Fig. [7 (a)] 

obvious that when [/-| m j is large, the curve representing 6 lm 
consists of a large number of lobes because the 6 dependence of 
Q has a wave like structure. 
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Fig. [7 fb)] Distribution function for different / values. 

6-9. QUANTUM NUMBERS : 

The physical quantities in quantum mechanics, in general, 
are quantised. These quantities are prescribed by numbers and 
not by integers. The numbers are called as quantum numbers. 
Here we shall describe some quantum numbers. 

1. The principal or total quantum number n. classically, the 
principal quantum number n represents the principal orbit to 
which the electron belongs. In terms of the principal quantum 
iiumber n, the energy of the electron and its distance from the 
nucleus for hydrogen atom are given by 

En== -12JL e V and r„=0*529 n 2 A. 
n ~ 

In quantum mechanics, the concept of definite orbit is discar¬ 
ded, even then n gives mean distance of an electron from the 
nucleus. The electron with 1 is more nearer to the nucleus 
than electron with n = 2. The total quantum number n can have 
only non-zero positive integral values, i.e., 72=1, 2, 3, co. The 
principal quantum number is attached to a new meaning when 
we consider the probability distribution of the particle. In turns, 
it specifies the number of nodal surfaces (surface in which the 
particle has zero probability existence) greatei m magnitude by 
one unit. 

2. Orbital quantum number /. classically, this quantum num¬ 
ber defines the shape of the orbital occupied by the electron and 
the orbital angular momentum of the electron. The orbitals 
corresponding to /= 0, 1, 2, 3 etc. are designated as j, p, d,f etc. 
respectively, when 77 = 1, 1=0 there is only one possible orbital 
i.e.. s orbital. For 77 = 2, there are two possible orbitals i.e., s 
orbital and p orbital. Quantum mechanically, orbital quantum 
number / assumes the values 0, 1, 2 ... (n—1) and specifies the 
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angular momentum the unit of h or more correctly the angular 

Momentum is written as i) ft}. The quantum num- 

er governs the degree with which the electron is attached to the 
nucleus the larger is the value of/, weaker is the bond with which 
is maintained with the nucleus 

3. Spin quantum number s. This quantum number has been 
introduced to account for the spin of electrons about their own 
axis. The magnitude is always half. Since the electron can spin 
clockwise or anticlockwise, there are two values given to s, ~V\ 
and —| depending upon whether the electron spins in one direc¬ 
tion or the other. Two electron with same sign of spin quan¬ 
tum number are said to have parallel spins while with those have 
opposite spins of spin quantum numbers are said to have oppsite 
spins or paired up spins. Physically the letter s denotes the spin 
angular momentum in unit of h. In wave mechanics, its value is 
given by 

p 8 =V{s CH-1)} h. 

4. Total angular quantum number j. This quantum number 
represents the resultant angular momentum of the electron due to 
both orbital and spin motions. It’s numerical value is vector 
sum of / and j. It is usually expressed as j—l±b plus sign is 
used when ^ is a parallel to / and minus when s is antiparallel 
to /. The angular momentum of a particle is written as 

5. Magnetic orbital quantum number Wj. When an atom is 
placed in a strong magnetic held, the electrons with same values 
of principal quantum number n and orbital quantum number /, 
may still differ in their behaviour. To account for, one more quan¬ 
tum number m u known as magnetic orbital quantum number has 
been introduced. According to the rule of space quantisation, 
the orientations of / with 77 are [limited and are determined by 
the fact that projection of / in the field direction assumes integral 
values. This projection of / in the field direction is known as 
magnetic orbital quantum number. Thus mi assumes the values 
given by 

in,-/, (/—l), (1-2) ... 0, - 1 , -2, ... (1—2), (/-1), -/. 

The maximum positive value of m t is / and minimum is zero. 
There are in all (2/-f 1) values for m, including zero. 

6. Magnetic spin quantum number m s . Just as vector I repre¬ 
senting orbital angular momentum processes in the presence of 
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magnetic field, so does vector representing the spin angular 
mentum. The numerical value of m s is the projection of 
vector s on field direction. By analogy with the orbital vector 
m a can have any of the (2s+1) values from — j to -f s excludi * 
zero. However s is always equal to and never zero. This 
means that m s can have only two values -f $ and 

7. Magnetic total angular momentum quantum number ^ 
Its numerical value is the projection of the total angular momen¬ 
tum vector j on the field direction. Since j can have half integral 
values, can alo assume half integral values. The possible 
values of mj arc 


-J> -(7-1),... — J, 0, -f-1, — (y — 1), j. 
i.e., (2y-f 1) values in all. 

6T0. THE RIGID ROTATOR : 


A system of two spherical masses rigidly located at a finite 
fixed distance from one another and capable to rotate freely 
about its centre of mass is called a rigid rotator with free axis. 
A good idealization of it is a diatomic molecule with atoms of 
masses???! and nu located a distance r 0 apart, because the molecule 
can freely rotate about its centre of gravity. The theory of the 
rigid rotator will, therefore lead to the interpretation of the 
spectra of diatomic molecules. . 

In order to find cut the energy levels and the corresponding 
eigenfunctions for the rigid rotator, we first write Schroedinger 
equation for it. The kinetic energy of the rotator is given by, 


IC E., 


x- ; where p is the momentum of the rotator and 

ZfJL 


111, Ill 2 • , , 

/'•——A— 1S the reduced mass. 

7??j-f /?? 2 

The moment of inertia of the rotator about an axis passing 
through the centre of mass and perpendicular to the line joining 
the two mascs is given by, 

' I—p A 2 ; 

Using it, the kinetic energy of the rotator can be written as: 


K 'E- = 2> 2 


...(1) 


Since the rotator can rotate freely, its potential energy is 
zero and hence the Hamiltonian, which is equal to the total 
energy, can be written as : 


/‘o 2 


H—K. E. + A. E.=f lP *+ 0 


...( 2 ) 
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Hence, the Schroedinger equation M~r, 

ran be written 

aS • t,2,. 2 

_ 5 j-V 2 <l l =-£''!'orr 0 2v^ + 2ffi' 

.... Ti 2 V—0 , 4) 

Since the rotator is rigid, there cann’t be , a- , . 

(i hence the eqn. (4) can be written j n D0 i 1r Y ^ ^nation 

of * i 1 ( sin ^) + _L_ *+. a"/ coord,nates - •• 

sl^T dd\ dO) sin 2 0 3^ 1 ~^=0 _ (5) 

In order to solve the Schroecljn ger ecumlnn , 
rotator, we apply the method of separation of variables, 0 /."®™ 

(S =6(n)0(f) 

Substituting this in cquantion (3) and dividing by emd 

ive get “ W 

1 0 ( sin «^W__L_ ?£ , 2/£ 

dti] 0 sin 2 0 ' 1 IF 7=0 


0 sin 0 o „ r 

Multiplying this equation by sin 2 6, we get 

sin 6 d ( Qi'n f 8@ \ I- 1 02 ° l 2lE 

-erw l sm 6 3?j + 5T^r + 


...(7) 


sin 2 tf=0 


sin 0 d 


or 


sin & 


0’ 


2 /£ . , 1 g20 

•—-sm 2 f) = — & 


0 30 \ d0) ‘ ~g^7 ...(8) 

The left hand side of the above equation is a function oftf 
alone, while the r. h. s. is a function of f alone, therefore, both 
sides must be equal to some constant, >?z £ ((say). We thus obtain 
two differential equations : 


In order that <P may be single valued, we must have $(p) = 
Therefore. 


C ie ±im<p =c e ± i,?1 (?+' 2v ) 
w =0, ± 1, ± 2, ± 3,..., 


or e 


±im{2 rc)_ 


..( 11 ) 


fc 



...{9-a) 


and 7 ?(sin/f) + f 2 7 77 M 0 -O 

sin 0 30 \ 30/ \ tr sin 2 3/ 

...(9-6) 

•3 

The solution of equation 9-a is : 


j 

m-c^ 

...(10) 

1 
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Wc find the constant C such that 0 is normalized, i.e., 


c2tt 

(I 

J 0 


(J) *0 d<p = \ 


or 


or C\ 2 n=l=> 


Thus the normalized functions are, 


dzbivp , w j iere /w=0, ±1, ±2,...etc. -.-(12) 


and 


Q V2r 6 
In order to solue equation (9-b), we put 

cos 0—x 

sin 0 =v / l— x* 

80 80 dx . „ 80 
— 1 = —. — = — sm 0 — 

89 dx 80 dx 


After substitutions equation (9-b) is transformed into the 
equation 


A® -2, 


2IE m 2 


0=0 


...(13) 


dx 2 "" dx ' \ h 2 l-x 2 , 

Since m can take only integral values, equation (13) is exactly 
the Associated Legendre equation. The corresponding eigen¬ 
values, the energy levels, are therefore given by 


2 IE 
To 


=/(/+!) or 



...(14) 


where /= integer ^ | di [, and is called the principal or rota¬ 
tional quantum number. 

The solution of equation (13) is given by 

0 — Cz P? (*) ---C 15 ) 


the associated 


(l—x 2 ) nl / 2 d H,n (x 2 —1 ) l 

where*. P (*)= —^-/T— dx l+m ’ 1S 

Legendre polynomial and C 2 is a constant which may be chosen 
to normalize 0. Therefor, 


1 


0 ' :i 0 dd—l 
+ i 


Cjj_ P” (x) P?(x)dx= 1 
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or C 2 2 ! -i 

2 '21+1 {l—in) ! 


[ 


from orthonormality properties of P ” (x) 


=> C 2 = {l~ m) ! 


...(16) 


2 ' (/—{— /??) ! 

Hence the normalized function 0 is given by 
p ;2/+l {I—m) ! m 

°~4~ ■ (T+mp ■ P ‘ (cos *> 

The complete wave functions or eigen-functions for the rigid 
rotator are given by 

±im<p 


i=@(^(p)= J?!±L (/ ~ ,72)! 


2 (l-\-m) ! 


P'" cos 0 . —i_ 
z ' v/2 n 



...(17) 


Degeneracy. The energy eigenvalues of the rigid rotator, given 
by (14), depend only on / and aie have degenerate with respect 
to m. For each value of /, m can take (2/+1) values from —/ to 
+7 This means that there are (2/+1) possible wave-functions 
for each /, while there is only one energy value E l for each /. 
Thus the system is (2/ 4-1) — fold degenerate. 

Rigid Rotator in a Fixed Plane. If we consider the rigid rota¬ 
tor in a fixed plane, say X-Y plane, then 0=90°. Hence, the 
Scliroedinger equation (5), can'be writen as : 


0V , 21E 
F P * h ir *= 0 

2 IE 


.(18) 


Writing — =m 2 , where m is some constant, we get, from 
(18) as : 


Sty 

? ^+«^=o 


...(19) 


The solution of equation (19) is given as I 
-jl imp 

4 >=Ce ; where C is an arbitrary constant. 

From the condition that ^ is single valued we get, m==0 
il» iT.and from the normalization condition of ^ we 

fi£t C== VTT' TIU,S ’ thC normallzed ei S en function 

b 


s are given 


K 


* 
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i 1 ± imp 

+=^ 2 —' e r .'«=0, ±1, ±2,. 

The corresponding eigenvalues are given from 2 ~ =,„s 

U 2 5 

h 2 /?z 2 


22l 

•( 20 ) 


as 


E t 


■tn ■ 


21 


. 777=0, ±1, ±2,. 


This equation represents the rotational 
of the rigid rotator. 


...(2J) 

energy eigen values 


PROBLEMS 

Problem 1. Calcuate the zero point energy of a system con¬ 
sisting of a mass of 1 gm. connected to a fixed point by a spring 
which is stretched 1 cm. by a force of 10.000 dynes, the particle 
being constrained to move only along X-axis 

Sol. The zero point energy is given by E fiw 0) 

where f-MY 

According to the problem K—10' 1 dynes and m=\ vrn. 

“ o= 7(T)= 102sec " 

Now E q = \ X 1 05 X 10“ 27 X 10 2 f V h=PI 05 x 10“ 27 erg. sec.] 
—S-2x 19- 26 ergs. 

Problem 2. Find the expectation value of the energy when the 
state of the harmonic oscillator is described by the following wave 
function. 


4 (x, [0o (x, O+0i (x, 0] 

where 0 O (x, t) and (x, t) are the wavefunctions for the ground 
state and the first excited state respectively. 

Sol. We know that the expectation value of energy Ek 
given by 


<£>=/ <[»*(*, t)Eb{x, t)dx. 


Here 

i.e., 


6 (x, t): 


V (2) 


[00 (X, 0 + 01 (X, 0] 


1 


0* (x, 0=07^2) W°* ( x > 0+01* (x, 01 


The wavefunction in the ground state is given by 
} ^ « Y IZ —odx 2 /2 

0°(^O (y^)) e 

The wavefunction in the first excited state is 

0 i (x, 0 = 1 


2 VC") 


1>2 - a 2 x 2 /2 n 
e 2ax 


...(1) 

...( 2 ) 

...(3) 
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Now v (x, 0=(~ 


V a/(^)/ 


■-h ( x > 0 


...(4) 

...(5) 


and (x, t)~( ~~~ V /w . 

Y1 v ' \2i/(n)J e .2«x=<K(x, 0 

Therefore the value of 
<];* (*, 0 0 (x, 0 =^ 2 ) [V (x, /)+(]/! (x, 0] 

X V(2) ( x > (*» 0] 

= 2^0 (x, 0+^i (x, t)f 

=^o 0, 0+<W 2 (x, t) +2^o (x, /) ^ (x, 01 
Expectation value of energy 

2 r r +oo r+o* 

<^>=-2 (x, 0 E 0 dx-j-l ^ ^2 (x 3 0 £j dx 

+ 2 J 4*o (x, 0 (x, 0 £*], 

= t[L„ ' s '° ( - v ’ 0(4 

+J ^ ^(x, t)[~ hwj dx-f ol, 
.. Eo— — ha;, and J ^ ifi 0 (x,t)ijj 0 (x, t) E dx= 0 


1 . f +e0 a 
—— hojI —— N g 


*> ‘J 

- a"X“ 


4 ' J_oo 


dx 


r+co 


Vfa) a 


+ 4 2^(nj 

'+4- 1>“ 


o„o 
- a“X“ 


4a 2 x 1! c/x 


= 4 fl® ^4- 1 T.„ ^fL-. 4a 2 1 ^ 


2\Z(tt) 


2 a 3 


= —7- Ti cv-j-—- haj=haj. 

4 4 


Problem 3. £/se the function b=Nr 2 e" r t\ to construct a wave- 
function which is orthogonal to the ground state of hydrogen atom. N 
is a constant, which can be chosen as the normalization constant . 

Sol. To find out N, we have 

Jtp* i{; d 3 r=l, 

2V 2 Jr« e ~ 2r,0 ° 


i.e. 


r 2 dr sin $ dd dj>~\ 


% 

r 


4 

:i 

A h 

w 
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or 


4.t N‘ 


■ I. r c 

Jo 


2r/a, 


°dr=l. 


To evaluate the above integral, we use the standard integral, 


r<* . n ! 

r n e -o.r (Jr=z 

J o 


n+1 


A 1 2 

4 rriV 2 — 1 => A^ 2 = 


or N= J{ S’) 


(2/c/o) 7 ‘ *' 45 W 

Normalized ^ can be written as 


j, = _V0Jt <r ria ° 


..(■) 


V(45^fl 0 7 ) 

The normalized ground state wavefunction for hydrogen 
atom is 

—(H) 


1 — rja o 


^ ir ° -\/ (ttCTo 3 ) 

To find a wavefunction which is orthogonal to (ii), we use 


I 


the Schmidt’s method. Let 

1 -rfa, „ V(2)>- 2 r rK 

’ ! ' 2- v( 45iIfl » 7 > 


and 

where 


v i Vioo v( , Qo3) 
1?2 = ^21^1’ 


its) {*' v, is normalized, 

Ab-i-1 r 2 
,45 


v.- 


*. K 0=1} 

.J T [V 2 ' , ‘"#r 

7TtfO° Jo 

_//2V— (“ r* e _2f/fl0 * 

V '45; 77flo u Jo 
//32\ 1 4J_ __ //_2\ 

== ~V\45 > r«o 5 ‘(2/«o? S= a/ \ 5 / ’ 

l( 2 \ 2 - rja 0 _ 1/ 2 \ „~-r/g 0 

\45W j' ~ ^ a/ \5~a 0 3 


is the required wavefunction. 

Problem 4. Show that for a Simple Harmonic Oscillator we 
have : 


<« ] x | IV( m 4"l) ,n +i ’ V( 777 ) 

Hence evaluate the matrix elements for x 2 , a: 3 and x* for the states of 
the simple harmonic oscillator. 

Sol. The wavefunctions for a simple harmonic oscillator is 
given by 
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"her e ~*‘ XV2 ( ° X> -® 

•y^ e ^ lc ^ ermi t e polynomial of degree V. 

Polynomial# ^ f ° Ilowirifi recur rencc relation for the Hermite 


Hn + 1 ®= 2 4 (0-2«#„_ 1 (f). 

°w, we can write the matrix element 


■•(ii) 


<" I * * (a-) a* tjj m (a) dx 

V(2 n+m .»! m i x.) 


-o. 2 x 2 


— a a A 2 


//„ (a a) xHra (aA) dx 
Hu (ax) 


' m 4-1 \ 1 


X[i#m +J («A')-frn// m .i (aA)] </x {Using (ii)} 


. ^ /I y w^K"' 2 »■ <«> 

a * 12 H mi (aA) dx 
X \/ {2™- 1 (m— 1 ) ! -\/( v7 )} //,n - 1 

=/ \f ( ~T" ) ‘ T {^" ^ m+1 ( x ) dx 

~ r \f ( ~2d ) ' ~d~ ^ - 1 ( x ) dx 

~ \/ ( 2 ) a ^( /?z_ rl) «+i + \/(»0 5 ) 1 , wj, 

or </z { a j m>=y( A,) [V(w+1) 5„, m+1 + v , (/») S n , ...(iii) 

We can find the matrix elements of a 2 , a 3 and a 4 by the rule 
of multiplying the matrices. We have 

<« I A 2 j W> = \ <« | A j /></ | A | /??> 

t»xnrj 


C 

h 

'2moi 


IVV+ 1) 8». <+l + y/(t) ,-J 

X[V(W+1) Sr, m+j + \/(w) S„ fn _J 
2mu) fV / {( /?z ~fi2) (m+ 1)} 5,i, ,„ +2 -f-w 8„, ,,,-f (w+ 1) 8„, m 

+ V{(>w-H) w} 8„, TO _ 2 ] 


h 
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-J -y/{in {m —1)} S n , H - ^) 8n> «»]• •••(iv) 

</i I x 3 1 m}= (n j x i i /) (t\ X I m> 

+ V{* (f—l)} $r» l-2 + (2^ + l) S n , { ] 

X [\/(t? 2+1) 1 +V(w) 8(, m _,] 

— f—— \ [+{(772+3) (m + 2) (/7? + l)} 8r», m+ 3 

\2mujj 

+ (/?2 + l) Vi m ) ^n, m-i+(2/72+3)+(772+l) ^n, «+l 
+/72+(7?i + l) 8n> fw+i+VK 272- (m—2) in} m _ 3 

+ (2w--l) VW 8 «> »-i] 

— f—^ [\/{/?7-}-1) (j72+2) (/72 + 3)} 8n, tn+3 



\2mo)) 

+ (3/?2 + 3) +(/?2+l) 8« 5 M-bl +(2m-l)V r ( w 0 s "> «-i 
+ +{/?Z 0 22 ~~1) ( ,22 ~^)} 8fl> «»-3l- •••( V ) 

<7 1 i A 4 j 772>~ V <72 | A' 2 | 0 <* | * 2 | ™> 

/»w 
t 

[V / {( ? +l) (^"i"2)} Sn, i-f-2 


>+4 


nj m 




I ' 


~\2ma>) 

+ +{f (t— 1)} 8n, i-2 + (2?+l) $n, t] 

X[’\/{( 222 + 1 ) (-'/H-2)}, 8 iy Di.j-2 

+ +{/72 (J71 —1)] 8t, tn -2 + (2/72+1) 8 (, rr.] 

J— 'l [ +{/?2 —f— 3) (/72 + 4) (/72 + I) (>77 + 2)} S„, rr. 

, \ 2m w) 

4- m -}-1) (t? 2+2) 8 n , m 

+ (2/7Z + 3\) +{(772 + 1 ) (772 + 2)} 8fl, tn+2*}" 222 (/ ? 2—1) 8 
+ - 1/(772 (/7r— 1) (777 — 2) (772 — 3)} S„, m -4 
+ (2772— 1) \/{7?7 (772 — 1 )} 8 n , m -2 
+ (2772 + 1) -\/{( 7?2 ~T- 1) (772 + 2)} Sn, n, + 2 
+ (2/72+1) \/{m (777 — 1)} 8 n , m-2+(2/72+l) 2 8, h m ] 

= ( — V [ + {(772+1) (772+2) (772 + 3) (/W + 4)} 8„, m+1 
\2mcoJ 

+ (4/72 + 4) + {(/7Z + l) (772 + 2)} S*J, tn +2 
+ ((777 + 1 ) (/?2 + 2) + 772 (772 — 1 )+(2/72+1 ) 2 } 8n, m 
+ 4/77+{777 (772— 1)} Sn,w- 2 V 

+ +{/?2 (777- 1) (772 — 2) (772 — 3)} 8„, w-J- V ”’( V1 ' ‘ 


\ 
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„ ,, - „ ■ incuKr AND FIELDS 

Problem ?. For HCl mo , ecuU . 

J-29A, met—35 mu and m HS=1 . 68 ’ "“"-nuclear distance is 

molecule as a rigid rotator, calculate ti gm ' Cons 'dering the 

spectrum of the molecule. " e se P“ration of the lines in the 

Sol. Reduced mass of the m „7 , 

mu+mc, m„+35^= 3 -gm s 

= ^.l*68x 10“ 2 ^ omo , . 

36 gms.=i'533 x jo-2i gms. 

• • The moment of inertia oft? 

of mass is given by : le mo ^ ecu i c about the centre 

/=^=1-633x 10- 2 . x(1 . 29x10 
^2-722 XlO-» gm ._ cm . 2 ;gm ' cm - 

Considering the HCI molecule as „ . 

levels are given by : gl r0 ator ’ lts ener gy 

E t=jj /(/+!); 7=0, 1,2, 3, 


Now, if the molecule goes from a higher enerey level (/ 4 -J) t0 
a lower level /, the energy of the radiation emitted is given by 

£=£■,+,-£, = ^£(/a-J) (i +2) (/+ 1 ) 1 

2 > o 

= 27'^0-2=y (/+]) ergs. 

. Hence, the wave-number of the spectral line corresponding to 
this energy is given by : 


E l h 2 . h .. 

(/+!) cm. -1 . 


- L I 7l- „ _ 

he ~ he' I ^ 4tt 2 c/ 


ul nc i 

. ^ nce ^=0? 1, 2, .the lines in the spectrum are equidistant 

with a separation given by : 

h 6-625 xlO -27 

4.7 2 cI~4tt* .(3x 1 0 10 ) .2-722 x 10~ 4 o Cm/ 




=20 68 cm 


-l 



\ 

1 

i 


y. 

t 

t 

A 

t 

{ 

f 

I 

| 
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©RBITAL AND SPIN ANGULAR MOMENTA 


71. ORBITAL ANGULAR MOMENTUM : 

In Classical Mechanics, the orbital angular momentum of a 
particle rotating about some axis is given by 

L=rxp, 

where r is the position vector from the axis of rotation and p is 
the linear momentum of the particle. 

According to correspondence principle, the operator which 
represents angular momentum in quantum mechanics can. ® 
obtained fromeqn. (1) by replacing p with its quantum mechamca 

operator zhV» ( 

L== — ihr x V• 

The three components of L can thus be written, in the car 
tesian coordinates as : 


/a a \ i 

L x —ypz—zpy — — ih y £z 2 dy) | 

/ 8 3 \ | 

Ly=zp x — xp s — — *’h y ~ x X 02/’ 

/ 8 d ) 

L;=xp y -yp x = -ih —-y Y x y ^ 


...(3) 


...(4) 


In order to represent these in the spherical polar co-ordinates, 
we use the relations 

x—r sin 6 cos <£.' 
y=r sin 6 sin 
z=r cos 6, 

between the cartesian and the polar co-ordinates. We have from 
(4) that 

r= ( x 2 + y +z 2 )i/ 2 ; tan ) and tan $=-- 


Si 


:sin 6 cos ^-=sin 6 sin ; ^~=cos d ; 
dx %y dz 
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8 0 cos e cos < f> 
8x~ r 


3x 


sin 

r sin 0 


00 _cos 0 sin 

3 y r 

d<b __ cos (ft 
r sin 0 


30 

3z 


- 0 ; 



a*j* i+S.Ml 

0x ^30 3x 3* . 

8* , cos 0 cos 1 . 

=sin0cos^*l--f 30 r sm 0d? 

„ a cos 0 cos ^ j*, 

0 =sin«cos* j;;+-7 00 C \..(5u) 


3x 


Similarly, = sin 


nd 


0 y 
3 


0 cos 0 sini jL+S£i 
tin 0 sin $ ^7 r rsl 


cos 

sin 0 3<£ 


_=cos 0 5 : 

3z 8; 


sin 0 

30 


.(53) 

..(5c) 


Using equations (4) and (5) into eqns. (3) ^ 

Lx =-n> (-«* 8 cos * lr sm 9 08 1 

(-cot e sin * ^+ cos ^ M ) 

0 


..( 6 ) 


z 2 =~/tl 


1 

V 
I 
I 

J 

Square of the angular momentum L >s defined a 

L*=Lx 2 +Ly Z + L: Z ^ -i 

= —n 2 [J^ ( sin 0 do] + Srf° d ^^ '" (7> 

COMMUTATION RELATIONS TOR ORBITAL ANGU- 
vISIIS relations between 

=^.0T0.p s -^I'-°.P»-' nz - i 

Similarly, [La, y]= 0 and [Lx, A I of U can be written 
Similar relations for other components of L can 

by a cyclic permutation of the indtees X, y and - 
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Further, we can also derive the relation 

[L x , Py]=[ypz-zp v , P,]=[)>Pz, Pv] -[zp v , Py ] 

=y [ PPv] + [y, Py) Pi Z [ Pv, p y \-\Z, Py].p y 
=y.0+ihp x —z. 0 — 0 . p v —i\\p t . 

Similarly, [L x , p x ]= 0 and [L x , pi] = — i‘hp v , 
with similar relations for the other components of L, which can 
be obtained by a cyclic permutation of the indices x, y and z. 

Using the above commutation relations, we can deduce the 
commutation relations between the various components of L as 

^ [ L x , L V ]=[L X , zp x -xp z ]=[Lx^z] p x ~x 
= — i‘hyp x -\-i'hxp v =ihLx. 



Similarly, [L x , L x ]= 0 ; [ L x , L t ]=— it\L y ; [L v , L e ]—ihL x etc. 
Also, we have 

[L 2 , L S ]=[L X 2 + L y z +L; z , Lz]=[L x 2 +L y \ L s ] 

{*.* L: commutes with L~}} 

—L x r Lx, L~]-r\L x , Lz] L x -\-L y [L y , Z^]+[Z, y , L : \ L y 
— — i\\L x Ly—i h L y L -+ '■ ft L y L x -f- i^L x L y 
=0. ') 


Similarly, [ L 2 , L X ]—[L~, Ly]— 0. 

Therefore, in general 

[L\L]= 0. 

From above relations we see that no two components of L 
commutes, the system cannot in general be assigned definite 
values for’all angular momentum components, due to the uncer¬ 
tainty principle? On the other hand it is possible to measure 
simultaneously and precisely the value of U and the components 
of L and hence L z and L. 

7-3. EIGEN-VALUE PROBLEM FOR L 2 : 

The eigenvalue equation for L“ can be written as 

L 2 ^=^, —( 8 ) 


I 


\ 


i 

i 

! 


i 


where f is the eigenfunction of L 2 with an eigenvalue A. 

Using eqn. (7), it can be written as 

1 B t db \ , 1 S 2 i/>_ A . 

^rew[ sin6 ^r^^ v v ' - (9) 

To solve this differential equation we use the separation of 

variables method and write 

i p—Q (fr) $ ($)• 


...( 10 ) 
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Instituting eq. (1®) in ( 9 ) and dividing throughout by <J», we get 


2 

0 


1 d ( • o 9®\-l_L 1 d2 ° 

stiTOdO \ Sm 30 / * sin 2 Q'dfi 


2 

Ti 2 


or 


1 d*® 
o’ dtf 


isin 2 0 
~ 0~ 


i df . de\, x 

sin OdBV m 6 du) ‘ Ti 2 


...( 11 ) 


The left hand side of the above equation is independent of 6 

the right hand side is independent of <f>. Thus the derivative 

' vhl H s w.r.t. 0 vanishes and hence the L.H.S. is a constant 

endent of 0. Similarly the R.H.S. is a constant independent 

jndepe ^ equality of the two sides shows that they have a 

^ on constant value independent of 0 and cf>. Denoting it by 

C ° 2 m we C an write equation ( 11 ) as two equations 
m ) 

d 2 ® 


dfi 


-w 2 ® ~ 0 


...(12 a ) 


and 


d I . a d©' 

-— sin 6 -jt 

sin 0 d9 V dQ , 


1 




0-j—- 0=0. 
sin 2 6 1 h 2 


...(126) 
.. (13) 


Solution of (12a) is seen to be 

$ (^)=C 1 o- 1 ^, 

where C x is the constant of integration. 

Now, the physically meaningful wavefunctions in quantum 
mechanics are the functions which are finite, single valued and 
the derivatives of which are continuous. Since values of <£ differ¬ 
ing by integral multiples of 2 - refer to the same point in space, 
solutions (13) will satisfy the condition of single-valuedness only if 

Q&. im<t> — g— i m 

i.e. e 2 vim — l ;t 2 = 0 , ± 1 , ± 2 , ... 

Thus m will be an integer, positive or negative, and the physi¬ 
cal solutions of ( 12 a) are 

® (<f>)=Cie im *, m= 0, ±1, ±2, ... -..(I 4 ) 

Note that since both‘signs of m are included it is not necessary 
to mention e~ im $ separately. 

The constant C x can be chosen to normalize 0 as : 

f27f d<j> = 1 


r 

J c 


i.e. 

or 


IQ 


! 2 tt 
0 


1 


( Cl I 2 .2 W =1 => Q=(2*)“ 1/2 


i 

i 


■J 


i 

i 


i 

i 


) 


i 
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Hence the normalized solution of eqn. (12-a) is given by 

0 (^) == (2 7r )-i/2 e itn<p ; 0, ±1, ±2, ... .--(I 5 ) 

To solve (12-6), we substitute /z=cos 5 in it, we get 

^ (h a 1-/W 


,, n> </ 2 0 d0 .( X 1 /Q n „ „ 

° r -C 6 ) 

For the special case m=0, eqn. (16) assumes the form 

= 0 


d 2 Q d& 


+(p) 0=1 


...(17) 


To find the solution of eqn. (17), we write a power series 
for 0, 


0=2 C kl i* 


...(18) 


u 

Substituting it into eqn. (17) and comparing the co-efficients 
of we get the following recursion relation for the coefficients fc 


k{k+l)- A/tiV. 

C k4.‘i= /7 . ,-v / r. , oT 


(fc+1) (/c+2) 

For very large values of k, we have from eqn. (19) that 

CW 2 k 


...(19) 


Cfc A:-}-2 

This ratio permits the conclusion that for large values of lc ; 0 

behaves like the series °2 i#/k, because the ratio of consecutive 

o 

coefficients in this series is also /c/(fc+2). For ^=±1 ke. 6=0, it, 


the series £ i&fk diverges. Thus 0 and hence ip is not finite and 

cannot be admitted as an eigenfunction of L 2 . The only way in 
which this situation can be avoided is to choose A in such a way 
that the power series for 0 is cut off after some finite number o. 
terms, making 0 a polynomial. Let us suppose that the power 
series terminates at some finite value of k=l (say), where / is a 
positive integer, and all higher powers vanish. According to eqn. 

dm it will be so if A has the value given by 

A=ti 2 / (/-f-1) ...(20) 

These are the eigenvalues of L~ for /=0, 1, 2, .../is known as 
the orbital angular momentum quantum number . 

Using eqn. (20), we can write equation (17) as : 


Scanned by CamScanner 










232 


ADVANCED QUANTUM THEORY AND FIELDS 


(1 -l& -2m ^+/(/+D ®“° 

' dfj . 2 a/i 


...( 2 !) 


This is the well known Legendre’s equation and its solution is 
the Legendre’s polynomial of degree /: 

1 d* fa 2 -!)' 


(p)= 


/ ! 2 £ <//** 


...( 22 ) 


Thus we have solved equation (16) for the special ca^ wher 
m-0. Now we can find the solution for the case m*0 by ns ng 
the solution for „-0. For it we different,ate equal,on (17) m 

d m 0 , + 

times (using Lebniz’s rule) and write we 

(t —M 3 ) 0-2ft (m+1) J?+(/-m) ( , ' +m + 1) * =0 - - (23) 

Since Pi (m) is a solution of eqn. (17) ; equation (23) is satis 
lied by 

w - :.. (2 4) 




dp 


If we substitute w—v ( 1—^ 2 ) m/2 in-eqn. (23), we get 

0-^) p -2c J+(/(/+D-irjs) - (25) 

This is identical to the equation (27) for A=h 2 /(/+ !) an d is 
known as the associated Legendre’s equation. From it we see 

that solution of eqn. (16) is given by : 

d m Pi (iA 

6 (0)=w=Pr (m)=(1-m 2 )”' 2 -++ ...(26) 

Here w—Pi m (p) are called the associated Legendre s poly¬ 
nomials and these are defined for positive integers m ^ /. These 
are the only physically acceptable solutions of eqn. (16). To 

normalize 0, we w'rite 
r+i 

J CM P ,*» (cos 6) Pi m (cos (?) d cos 0 = 1. 

2 (l+m) ! 


or 


I cp 


= 1 


=> c 


21+1 ' (/-/«) ! r 

{Using the orthogonality relation for P x m ) 
r__ 1(21+1 (l— m ) ! \ 

v \ 2 (/-t-/n) ! / 

Therefore, normalized 0 is given by 
o 1(21+1 (l—m) ! \ 

0 l T- • (]+4 t ) p '"‘( cos « - (27) 

Hence the normalized eigenfunctions of Z 2 can be written as : 


Scanned by CamScanner 




















‘ORBITAL AND SPIN ANGULAR MOMENTA 


233 


r2/4- 1 (l—m) H*/ 2 

<H (<9, 4)=e (6) <D ( 0 «e [ 4 —. ( 7 ^y-, J ^/ m (cos 5 ) 


e*m$> 


( 28 ) 


Here ^=7/ m (0, <f>) are called the spherical Harmonics, e j s a 
phase factor, chosen for later convenience as e=(—l) m for m >0 
and e=1 for m < 0. 

7-4. EIGEN VALUE PROBLEM FOR Lx, L v and L z : 

We have seen that 1} commutes with all the three components 
of L. Therefore it is possible to construct the simultaneous eigen¬ 
functions for LL and a component of L. We note that 


L z Yi m (P, 4) = — ift Yi m (8, (6, <f>) 


...(29) 


i.e. Yi m ( 0, 4) is the eigenfunction of Lz with an eigenvalue hw 
where m is any integer, positive or negative The number m is 
known as the magnetic quantum number. 

Thus the spherical harmonics are the noimalized simultaneous 
eigenfunctions of L z and L 2 . 

In order to find the effect of Lx and Ly on Yf 1 (0, 9 ) define 

two operators L + and L- as : 

L+^Lx+iLy 1 L-—L x iLy. ...(30) 

It is eary to verify the following properties of these operators, 
Z + *=T_ 

Z + L.=L 2 -Z,- £ -fhZ,- 

[L + , Lz]= — n L + 

[L_, Lz J=h T_ 

[L +> LJ]= 2h Lz 

According to eqns. (6), we have 


Z, —h e 1 * (— -f/ cos 0 — 


1 


t dd 1 

£_= —hc - ^ [~—/ cos 8 


8 - 




...(31) 


d6 


WJ 


»j 

The effect of — on JY“ (6, $) is known. To determine the 
d(p 


effect of— we note that from the definition, eqn. (26) 
ct> 


dP, 




d\x. 


_ l _J»!L „• 


m 


With fi—cos 0 and the definition eqn. (28) it is easily seen 


that 


1 
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Ljr {<>’ 4)=W{(l-m) (/+m+l)} j'm+i (e ,, , 
l,Yi m (9> (5)=ti{(/+»0 (/-m+1)} y,m-i ^ ^ J ..(32) 
Using these relations we see that 
Lji n 4 >) = * (L++LJ) Y t m ( 0 , <jj) 

V{V- m ) (/-Hm-H)} 5V n+1 ( o , $) 

. +yV{(/+m)(/-«!+l )}y, “-■(».« ...(33a) 

and I-, Y, m («> W-J- ( L +~i-) JV* ( 6 , 4 ) 

=|v{('- m) (/+m+1)) r,"« (9, 

~ 2 fV{(l + m) (/-m+1)} 5V»-1 ( 9 , 3) ...(33J) 


Thus Yi m ( 9, f) are not the simultaneous eigenfunctions of L 2 
and Lx or L y . But we can construct new functions by using the 
method of section 11 of Ciiaptei 2 on Operators in Quantum 
Mechanics using Yi m for various values of m. The procedure is 
quite involved and cumbersome and hence we omit that here. 

7-5. MATRIX ELEMENTS OF ORBITAL ANGULAR 
MOMENTUM OPERATORS: 

The spherical harmonics satisfy the following orthonormality 
relation 


r2ir fT W* W 

| j Y, (9, 4) Y r (0, 4) sin 0 <16 ai= 8^,8^, 


...(34) ■ 


Using this we can write down the matrix elements for L? and 


L~. as 


(L‘). ,, ,= =I r: ( 0 , 4 ) L 2 r ; «, 4 ) sin 9 d 6 do 

1,1 ; m, m Jo Jo / I 


71 m 


=Ti 2 /' (/' +1)8..,$ , 

v 1 It mm 


...(35) 


S 277 TT ffl* HI 

Y ( 0, <j>) L s Y ( 6, 6) sin 0 do dcf> 

o Jo / l 


=bm' S,,, <5 

// mm 


...(36) 


There remains the problem of obtaining 
for L x and L y . To do this, we work in terms 
and L_. Using eqn. (32) we have 


a+) /, l'] m, + /'; 


w, m 


the matrix elements 
of the operators L+ 


r i 


I 

t 


{ 

1 

I 

i 

I 

j 

i; 


r 


i 

i 


! 
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i 

r j*y- y;’ &*)**•*# 

=ti,V{(/'-'«')( , ’+ m ' + 1 )S /,/' 8 '»>m'+l ^ 

and (£.-), ,, 

=ti # VV+ m ') ( , '- w ’+P s /, /' S »<> >”'—*• f38) 

tVint (T 4-z Lv') and (L x — 1 ^y) 
From eqn. (37) and (38) diag o„al in /, but in which 

are represcntel by matrices which 8 ^ jn m 

all elements are one position ^ can have (2 ;+1) values, 

Now for a P*"™'” angular momentum matrices for 

m-0, ±1, ±2. •••, i • dimensional representation. 

a eiven value of / will be a ( written below explicitly : 

fe ; of these for different values of/arewr 

For / = !. 




1 

| 

V 


1 

0 

-1 

\ 

1 

2 

0 

0 I 

1 

= 1 

1 o 

0 

2 

0 

1 

I - 1 

0 

0 

2 


\ 

\ 

/ 

- 

1 


N- 

V 

\m 

m'\ 

1 

0 

- 1 


1 

1 

0 

0 : 

J 1 

0 

0 

^ CL_ 

✓ 0 

1 

-1 

[i 

0 

—1 


/' l\m 
m'\ 


1 o -1 


1 1 0 V(2) 0 

0 0 V(2)|: i-/h= 1 

0 o 0 


110 0 o 

0 V(2) 0 0 

-10 V 2) 0 



i f o i/V( 2 ) 

<!.«->., ^ 'wra 


and 




0 


r o -i/vw u /Vo v 

(£,+ -£-)= i/V(2) 0 " - I /V(. 2 ) 

b 2^ ['V / / V(2) 0 
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D 

tl 2 = 


4 

tl = 


Lx 

Ti : 


Ly 

¥ 


' 6 

0 

0 

0 

0 1 


r 2 

0 

0 

0 

0" 

0 

6 

0 

0 

0 

r 

0 

l 

0 

0 

0 

0 

0 

6 

0 

0 

. -k* 

3 Z = 

0 

0 

0 

0 

0 

0 

0 

0 

6 

0 

Ti 

0 

0 

0 

-1 

0 

L o 

0 

0 

0 

6 ^ 


L o 

0 

0 

0 - 

-2_ 

~ 0 

2 

0 


0 

01 


r o 


0 0 

0 


o 0 V(6) 0 0 
0 0 0 V(6) o 


0 0 
0 0 


0 

0 


2 

(L 


0 1 
1 0 
0 V(a) 
0 0 
0 0 

0 -i 
i 0 

o W( f) 
0 0 
0 0 


0 
0 

0 

V(l) 

0 

v/(f) 

0 

0 

—*V(|) 

0 

i\/(i) 

0 


. L_ 

’ Ti ; 


2 0 0 0 0 

0 V(6) 0 0 0 

0 0 x/(6) 0 0 

L 0 0 0 2 0 J 


0 

0 


0 
0 

V(l) 0 

1 

0 

0 
0 

■wm 

0 


0 

1 


0 

0 

0 

-i 

0 


7-6. SPIN ANGULAR MOMENTUM : 

The magnetic moment m of an electron circulating in an 
orbit with an orbital angular momentum L is given by 



L, 


...(39) 


where m is the mass and e the charge of the electron. 

In quantum mechanics each component of L has(2/+l) 
eigenvalues e.g. L z has values from — /to -f/. Since / is an 
integer, (2/+1) will be an odd number. These odd number of 
states have the same energy and the orbital angular momentum. 
When a weak magnetic field is applied there should occur a split¬ 
ting of these degenerate levels. / 

Stern-Gerlach performed an experiment in which they passed 
a beam of silver atoms througLan inhomogeneous magnetic field. 
They obtained only two (an even number) of traces on a screen. 
If we suppose that the single valence electron in silver atom outside 
the spherically symmetric closed shell should be m its lowest 
energy state (1=0), we should get only one trace according to 

eqn. (39). 

In order to resolve this difficulty, Uhlenbeck end Goudsmit 
proposed 'that in addition to the orbital angular momentum L, 


i 



i 
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• ' angular momentum S, called the 

' n, s * associated a spin ma£netic 

moment 7 with this s P' n angular momentum 

e c -..(40) 
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-> 


WC m-ntum for the electron was 
The value of the spin angular m0 -if, in any direction, 

assigned to be if, which has two components 
so that in particular 

Thus each orbital electron provides a contribution of ^ to 

• Airrction. The two projec¬ 
tile angular momentum m an ass ' g ^ be ass0 ciated with 

tions in the Stcrn-Gcrlach experiment can * 
these two components of the spin magn 

The soin angular momentum is not the attribute of the eke- 
t Liv bu? all quantum mechanical systems are assigned with 

1 Of it It is found experimentally that electrons, protons, 
;Vut : S n 1 utr os, mrd .-mesons each have a value **, photons, 
have h and r-mesons have zero value of the spm angular mo¬ 
mentum. Similarly, all the other particles and the quantum 
mechanical systems (aggregates of particles) can be character**! 
by a definite value of the spin angular momentum. Spin has no 
classical analogue and is introduced in non-relativrstic quantum 
theory adhoc. [We shall see that the relativistic theory will itself 
endows the electron with a spin angular momentum]. The exer¬ 
cise of assigning it to some sort of rotation of the particle about 
its axis proved futile, because when we consider a complex 
system such as the nucleus, as a whole, we can talk of its total 
intrinsic angular momentum which we call the spin angular 
^^ifi-i & rmoipnc hut ctrirf.lv sneukinc there is nothing 


like spining of the nucleus. As the spin angular momentum can 
not be attributed to any sort of spin or orbital motion, it is inde¬ 
pendent of r and p. Thus the definition (2) of the otbital angular 
momentum L, cannot be applied to the spin angular momentum. 
We now go ahead and generalize the definition of the angular 
momentum as a Hermitian operator whose components satisfy all 
the commutation relations satisfied by L 2 , L and its components 
(see section 7 - 2). Thus the spin angular momentum is an observable 
represented by an operator S with three components S x , S y and S z 
which satisfies the following commutation relations : 
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14 a:, 4 /]— ih S z ~ 




and 

(4i/j iSz] = fh S x 

[&, S'*]— zh s v 



...(41) 

Defining 






S + =S x J r iSy 

S_=S x —iS y 



...(42) 

and 

S 2 =S x *+S,/+S 2 * 


we can very easily 

derive the following commutation 

relations 


using the relations of eqn. (41). 

[5+, *Si]= h S+ [£., «S 2 ]==T)S_ 

[S+, 5-]=2h S 2 ; S + S_=S 2 ~S; 2 -i-l] S z I ...(43) 

[S 2 , S X ]=[S 2 , S y ]=[S 2 , S ;]=0 

As the spin is an observable independent of the position and 
momentum coordinates, it commutes with position and momen¬ 
tum components and therefore, with the orbital angular momen¬ 
tum components also. 

If (spin) is the simultaneous eigenfunction of S 2 and S 2 , 
then we have the following eigenvalue equations : 

S’ 2 <\> (spin)=^ (5+1) h 2 ^ (spin) i 

S 7 . $ (spin)=^ a h <li (spin) ( ' 

Here s is known as the spin quantum number, and it can have 
integral as well as half integral values, but exclusively one or the 
other for a given type of particle. s z is the z-component of the 
spin and can have values from — s to -f -s in integral steps : i.e., 
—s, —5+1, ..., 0, 1, 2, ..., 5. The spin wavefunction ip (spin) can 
be designated by the values 5 and 5 Z with the following orthonor¬ 
mality relation : 


f 


s' z * s z 

^ (spin) ip (spin) d 3 r—<$ss' Ss~, s' 2 

s’ s 


...(45) 


Usinr this relation we can write the matrix elements for the 
various spin operators for a particular value of the spin quantum 
number 5. As an explicit example, the matrices for an electron 
with 5=+ are written below : 


Hence, 


HI 4 ) * 


r 


o) = 


_L (Q I c /° ^ 

n “2h o 

_ w/ 0 ~ i l 2 

h ~2ih - } \i/2 0 


)■ 
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and 




(T 


’ y v/ 4* / 

. The corresponding wave function for the electron in matrix 
form can be represented as : 

/.I. (r\\ ...(46) 


+ ( s P in )=(t_ (r)) ; Say 


XYV 1 // 

Such a two component column representation is called a 

spinor. 


For later convenience we wiite 


S=-Vh a 


...(47) 

, " ■„ are simply ±1. The matrices 

so chat the eigenvalues of er*, w, are simpiy =c 

for the components of a are explicity given by 

/A 1\ /0 —/\ J 


Ox - 


0 1 
1 o 


[(7 are expuutjr m 


These are called the Pauli Spin Matrices^ Jhe foilowmg 
relations can very easily be verified or ese 

. o or 

O x <Ty—O y O x = 2iOz __ v ...(49-6) 


GyjO z — O s Cfy=^Z.iox 
a~a x — <7 x Oz — 2 i<Jy 
o x( r y +<r u a x =o v az + o z a y = ozOx + o^ z =° 


or cj X o=h o 


.. (49 
...(49- 

a x Oy = i cfz ; o y o s =l CJ X ; Ozcrx— * v 

7-7. GENERALIZED ANGULAR MOMENTUM:^ 

As we have remarked in the last sectl ° " ^ as a possi ble 
L=r x p of the angular momentum "^‘momentum as an 
value. We, therefore, defined the an e jnn relations , with those 
operator satisfying very genera commu < convenient 

of U, L y , L : as a spec.al case. In orde to n 

notation for later work, we define a S e ” ar ° j. . satisfying 
vector by the symbol J, with the components J„ A, 

the commutation relations : _(5C 

r r J • r Jv J -l = ih Jx 1 v T .1 

j Jnay'beTn palmar, the orbital angular momentum L, 

spin angular momentum S or a “* b '" ab °" n ° d p=} j+j/Jf 
Defining the operators J + *± ’ 

we can also show by using eqn. (50) that. j 
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.Ci 

;! 


|i; 


y, z ' 4 ; t4 4]=-ft ; 

> 4 >]={ 7 a , J v ]=[j\ /,]=0 ; 

7 + ,/_ = i / 2 _^ 2+Ti ^ . j_j += j2_j2_h Jz . 

and [4, 4]=2ft /*. ...(51) 

It can be shown immediately that Eqns. (50) and (51) are, by 
t lemselves, sufficient to determine the eigenvalue spectrum of J 2 
as weE as that of any component of J, and that the spectrum 
includes half integral values also. 

7 8 . THE EIGENVALUE SPECTRUM FOR J 2 AND J 2 . 

If we denote the eigenvalue of /.- by mft and that of ./ 2 by Aft 2 , 
the simultaneous state-vector of J 2 and J z can conveniently be 
written in ket notation as ] A m> and the eigenvalue equations can 
be written as : 

J 2 | Am)=Aft 2 j Am) ...(52 -a) 

Jz | A/? 7 >=mft J Xm) ...(52 -b) 

Now we show that the eigenvalues A and m satisfy the in- 
equality A ^ m 2 . For it we have, 

J 2 -J 2 =$(J+j_+j_j + ) 

• <A /77 | J 2 ~J Z 2 J \m) = b <A 777 J /+/_ + /_/+ I Xm) 

or (A-m 2 ) ft 2 <A /?i | Am>=|- <A/?z | J+Jjf | Am) 

+ 2 <A m I J_J_f | A7?7> {V /..=/_f by definition} 
= K4t I Xm \ J + f Xm)+\(Jj\\m | JJ\ Xm) > 0. 

=> 2 ^ m 2 ...( 53 ) 

Next we consider the operation of JJ+ on | Xm). We have 
J ~4 I X} ») =(h4-f-44) I Xm) (Using [/ 2 , A] = h/ + } 

= ft (m+l) 4 ( Xm) ...(5 4-d) 

Similarly, 

JzJ. j Am)—ft (m— 1) /_ J Am) ,..( 54 _£) 

. Eqas ' ^ show that | Am) are also eigenkets of/- with 
eigenvalues (m±l) ft. We may, therefore write that 

4 | Am) — C + | A, m + l> ) 

and /_ | Xm)=C_ | A, m — 1 ) f -(55) 

C +. and C ~ are the Proportionality constants and can be 
determined by the normality condition of J + | Am). For a given 

value of A, the inequality (53) limits the magnitude of m. If/is 

the greatest value of m for any given A. application of the raising. 

operator J + to the eigenket [ Xj) should not lead to a new eigenket 
Therefore, 

4 I \i)—0 


i- 
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...(56-a) 


•(56 -b) 
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Multiplying from left by we obtain 

J- /+ I A/>=0 

(/W,*-ft./«) ( Ay>=o 

(A—y 2 —/) ^ I A;>=0 
X2-f—j=0 or A—y'(y+l) 

Similarly, if/ h ™ lue ° fthe " 

/_ j A j }~V 

v frnm left by /+ we can deduce that 
operating on it from ien ^ + 

Equations (56-fl) and (56-3) give 

j'(f-Vr s SO+ 1 ) 

=> y'=-7 or J'=J + L 

The second solution is meaningless because/is the greatest 

value of /«. Hence y' — 7- 

Siuce the eigenvalues Have both the upper as well as lower 
. i : s obvious that for a given value of A, ory, it must be 

bounds, it , _;\ f r om U/> in a sufficient number 

7stfos e ‘descending thl ladder by application of the lowering 
o°pe tor/. In each downward step, W decreases by unity. It 
f n «that ;• must be a non-negat.ve integer. Hence, ; 

Si; 

possible values of j aye 

7 = 0 , 1 , 2 / 2 , ... 

The corresponding values of A=y (7+1) aie 

-5 1C 


.3 „ 15 , 
A=0, 2, ^ , j 


...(57) 

...(58) 


For a given value of/, the eigenvalues of/ s are 

n* *j\u- 1)». y-2) ft..... o. -u -1) ft. -/ft -( 59 > 

These are (2y+lJ in number. 

We now determine the constants C± of eqns. (55). We have 
(An? | /_=<(A, m+1 | C+* 

/. <A/;t | /_/ + | Am>—| C + | 2 <A, m+1 | A, m+l> 

Now assuming that the eigenvectors | Am) are normalized to 
inity, we can write the above eqn. as : 

| Am>=| C + | 2 

r [y (y+l)—/? 2 2 —m] T 1 2 <A;?71 A/72>«=| C+ j 2 

r [C+ l z =(./~tn) (j+m+1 ) ft 2 
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f ^-^0-»)(y+ w+ i n 

where we have chosen an arbi trarv i 

convenience. tr ary p h ase fac(or 

Thus we have 

4 | A»i>=VtO'-m) (y +w+ 

Similarly, we have )] I w+1) 

4 | Am>= % /{(y+m ) (y_ w+ . 

Using these equations and the 0rth ; ’ W ~ ]> -(59Z>) 

|A,«> we can find out the explicit £T?'! ly ° ftho ‘feenkets 

various generalized angular moment,, ofthe matrices for the 
values ofy : ni operators for different 

Forj—0, J* and all components of j 
matrix of order one.- arc represented by null 

F°n=h m will have the values A anr? . • 

;'(y+ 1 )—«• Hence the matrix element? r Wl11 be e 9 UaI to 

<3/4, m | J z J 3/4, V 3/4 “ and are given by 

<3/4, m 1 J-' j 3/4, m'>==3/4W 3/4 m hi m ')r sm " h Smm ’- 

. The matrix elements of J, an d 7 ’ ? ^ =3/ ' 4 ? ’ 2 

common basis of J 2 an d J z : ~ Can also be written in the 

<3/4, m | 4 | 3/4, ««'>= t/{(l/2—m') (I/2 , m , + ])} 




\'! J- 

1 

' 2 

1 

j 2 

h 

2 

0 

_ 1 

2 

0 

h 

2 

__w\| 2 

1 

2 

1 

2 

0 

h 

__ 1 

2 

0 

0 


7 2 = 


Vf J~ 

m\l -2 

1 

2 

1 

3h 2 

0 

2 

4 

1 

0 

3Ti 

2 

4 


and 


\ 


1 

\w' 

m\ 

2 

2 

1 

0 


2 

0 

1 



2 

h 

0 



Scanned by CamScanner 







































and <3/4, m | J_ | 3/4, ni')=J{(l/2+m') (l/2-w'+l)} 

fc<3/4, m I 3/4, m'-l) 
*=Vl(l/2+m') (1/2—wi'-j-l)} ti 3m, 

Explicit form of the matrices are, o>, V( .+» 



hr-. 



J* 




./0 Ti/2\ 

U/2 oj 


2 \Ti/2 0 

Similarly we find that,/or;«1. 

1 
0 
1 


• 7 — + - 

, Jy — ~ , 


2i 


JO -ih/2\ 

11 ft /2 0 / 



andfor j =3/2.. 




V* 


0^ 

0 1 and y 2 =2h : 


/0 V(3) 0 0- 

7 r0 ~(V(3) 0 2 0 

* "‘0 2 0 v/(3) 

0 0 V(3) 0 





0 

I 

0 


- V(3) 0 o- 

0 -2/ o 

2/ 0 — V(3) 

0 V(3) 0, 



0 

0 

0\ 

\ , „ 15?i 3 

land/ 2 — 4 

/l: 

0 

0 

0\ 

(o 

1 

0 

0 

-1. 

0 

0) 

r- 

1.0 

1 

0 

0 

1 

o) 

'0 

0 

0 

—y 


'0 

0 

0 

1 / 


7-9. ADDITION OF ANGULAR MOMENTA 


."I 


V 


Let Jj. and J 2 be two independent (/.<?. commuting) angular 
momentum vectors. J t may be the orbital angular momentum L 
and J 2 the spin S of some particle, or both may be the spin or 
orbital angular momenta of two different particles. Let us denote 
the sum of J t and J 2 by J (J=J 1T f- J 2 ). Let J z , 2„ and J &s be the 
^•components of J, J a and J 2 ; respectively. Since + and J 2 com¬ 
mutes with each other while they separately satisfy the usual 
. k, commutation rules for angular momentum, the total angular 
momentum J also satisfies the angular momentum commutation 
relations. 


Now onwards we can designate the simultaneous eigenkets 
*| A my. of J 2 and J z by ‘j’ and */«’ as ‘J j m>’, because A=/( j+]). 
The eigenvalue equations (52) in these new notations can be 
written as: . 

P j j m)=j (i+l) n 2 | j m) ...(60 a) 

and J z | j m}-m ?i ini} ...(60 b) 
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Hence the orthonormal set of eigenkets of J x z , J x z can be 
wiitten as | j\, m j) which forms the basis for a (2/j + l) dimensional 
vector space. Similarly, the eigenkets | j 2 , w 2 > of J.ffi J v are 
represented in a different vector space of dimension (2y 2 -4-1). 
The states of the coupled system are vectors in the direct product 
space of the two previously separated vector spaces. 

Thus the problem of addition of two angular momenta con- - 
sists of obtaining the eigen values of 7 2 ; J~ and their eigenvectors 
in terms of the direct product of the eigenvectors of (7 X 2 , J lZ ) and 

Jz ~). The normalized simultaneous eigenvectors of the four 
operators 7, 2 , ,/ 2 2 , J 1? , J can be symbolized by the direct product 
kets 

|./V»i> ® 1 y 2 /» 2 >= | ...(61) 

These constitute a basis for the product space. It is desired 
to construct from this basis the eigenvectors of (J 2 , J z ) which 
forms a new basis. We write the eigenkets | jni) of 7 2 and J z as a 
linear combination of the eigenvectors (61) as 

1 jin') = \ C ( j 1 jpnpn,, jni) \ j x j.jnpnj} 

wtlf/ 

m i, ?n 2 

Using the orthonormality of the eigenkets, the coefficients of 
expansion are given by 

C ( J\ k jni) — < j x j 2 m\in 2 | jin'). 

<7i7>V” 2 ! jni) | jijimjn.j). ...(62) 

/»i, w 2 

Summation in (62) over m x is from —j x to j l and over m 2 from 
7*2 to j 2 . The coefficients of expansion in (62) are known as the 
Clebsch-Gorclan or wigner or Vector-coupling coefficients. 

Now the question is : given the angular momenta (y\, m,) and 
(7a> n h) of the individual systems, what are the possible values of 
j and m for the composite sytem. For it wc operate 
on (62) / 

Jz ' • 7> ”' >= 2 fe+^s) | jffinffinffi} < j\ jpn x m 2 | //??> 

mV 

or mil | jm)— >' «ti+m.'h) | Aj>iV) < jdun^mi | j m y 


m x , m% 


or m 


j™) ( /?2 i +w 2 ') | (jij 2 m x mV | jni) 


m x , m 2 
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- : .... 245 

or m (Jijzni 1 m. ti \jmy 

S <h.W>h I (JJimSm,’ I im \ 

um > 

or m ( jni) 

( /??I $m l m 1 &/n,m 3 ' (jij^h'm 2 ' \ jin') 

rn 2 ' 

m O1/2 m i ,n 2 \jftf)—{i W1 + W2) <./i./V«iWo | yw) 

° r T , . ‘ , ...(63) 

, 1S 1S known a s the triangle rule-2 for the addition 0 f 
angular momenta and it states that the sum of the z-components 
of the angular momenta equals that of their resultant. Thus onlv 
those basis vectors will contribute for which this law is satisfied. 

Next, we know that the largest value of m=j, and this occurs 
only once when n h and m 2 have their largest values, viz , /, and / • 
respectively Thus from (63) we can say that the largest value of 

possib/e. there jS ° nly 0116 SUCh State for which this value is 

This second largest value of m is Ui+jt-1) and it can occur 
for two cases ; 

j m i a ji ~ 1 


tu¬ 

rn 


h—ji | 

h “./a —1 j 


and 


- j* - j {/77 2 •=y 2 J 

Of these 6 indcpendcnt orthogonal combinations 

r tnese states which correspond to j=-.U+i and /-l; 1 a 

both with the projection (j\-\-jz—l). + ■ /l ~ hj2 ~ 1 and 

t We ■--- - ' lll ' i L. realized in ihree 


‘I 


l. l'«i =/j —11 

\m,=j z -2 J > iln « 




J /? h—yV- 


2 I- 


comb I La“o n ns be of h t 0 hIs'e ^tlfThicT* orth °gonal linear 

^ a " « 

hits assir* ends ’ if either - 

°fy in that case will be If-/ 1 1 °wu h h ‘ Tke lowest value 
/+/ \ Thus d oan have the values, 
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The is called the triangle rule —1 for the addition of angular 
momenta and it states that the magnitude of the sum of. two 
angular momentum vectors can have any value ranging from 
the sum of their magnitude to the ■ difference of their magnitude by 
integral steps. 

710 RECURSION RELATION FOR CLEBSCH GORDAN 
(C. G.) COEFFICIENTS : 

Simplifying the notations, we write | mynt^), 

jt is being understood that j\ and j 2 are the maximum values ol 
m and m 2 . Hence we can write eqn. (62) as 

| jm)= ^ | m a m 2 > (m x nu J jm >. 
m„ m 2 

Applying the raising operator J+ to the left hand side and 
the equal operator (/ 1+ +/ 2+ ) to the right hand side of this equa¬ 
tion, we get 

J+ \j m ') == (*^i 4 -+A+) 1 mpnf) (jn x m 2 \ jni) 

m x , nu 

or h ViU~ m ) U+ m + 1 ^ \J‘> w+1 > 

=_ V [hv'{(A“ 77 h)'(A+^i+i))' W7 i+H w 2 > 

+W{(i.-®i) 0-+ m s+>)) I ”> m = +1 > ] < m ' m * 
or \ j , m+1> V(( j~” 0 0’+ m+1)5 

= V [v«A-»») (y.+mi+i)} W I W,1T1 ' "'=> 

•4wm4 

(j,+»h+D) I " ,s+1 > ] . 

=V{(ii- m i ,+1 ) <mi '' '• .« , 

■W{(; 2 -W+i)(*+»V)}<"V D m >-< 65a) 

{v I W 1 + 1 ’ w »>- 8 Wx', W 8 +1 

\ s S 1 

and <m x m 2 \ m x ,m 2 + 1>— m ^ m 2 + l 

i lowering operator J_, we get the 

Similarly, applying the lowering p 

relation: .. ., w ;_m+l)} 

= ivO+Wi>) <+ ’ IM> - (65 > 
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Equations (65) are the desired recursion relations for the 
C. G. coefficients. 

711. CONSTRUCTION OF C. G. COEFFICIENTS : 

Now we describe the procedure for the construction of the 
C. G. coefficients. (rn x m z | jnij : 

We know that for each values of j there are (2/4-1) values of 
m associated with it. Also j can take values from \j x —j 2 ! to 
( ji -f jo )• Hence the total number of | jin') states v/iII be equal to 


jl +7*2 





Thus the matrix <in x m 2 J jin') has (2j x + 1) (2/ 2 + l) number of 
rows and the same number of columns, but breaks up into dis¬ 
connected submatrices in accordance with the value of m-=m x -\-m 2 . 

The highest values of in-=j = j \—-/« and it occurs only once 
when m x =j x and in 2 —j 2 . The next highest value of m—j—\ =j x 
~rj 2 —l and it occurs twice when m x =j x ,m 2 —j 2 — 1 and m x =j x —l, 
,77 2 —j 2 - Hence there will be a 1 x 1 submatrix, then a 2x2 sub¬ 
matrix and continuing like this we shall .get a 3x3 submatrix, a 
4x4 submatrix and so on until a maximum order is reached and 
maintained for one or more submatrices, then it decreases by unit 
steps till the last 1 x 1 submatrix has m= —(./i+y’ 2 ) and y=(A~h/ 2 )- 
To find the maximum order of the submatrix we note that . 

for m=j 1 +j 2 - 0, we get 1 X 1 submatrix, 
for m—j 1 J rj< 2 .— U we get 2x2 submatrix, 
for m —Ji+jz — 2, we get 3x3 submatrix, 

for m =Ai -fA — //, we get (/z+1) X (« -f 1) submatrix. 

Now m—j^+jz—n can occur for m x —j x , m 2 =j 2 —n and 
Wj=A— n, m 2 =j 2 . If j 2 —n < — y 2 , then (n+l)x(/z+l) submatrix 
is not possible because the minimum value of m 2 can be —j 2 . 
Similarly, j x —n < —j x is also not possible. Thus the "extreme 
value for it should be such tha tj 2 —n——j 2 or j 1 —n=—j 1 i.e„ 
n—2j 2 or 2j x whichever is smaller. Hence the maximum order of 
the submatrix is (n+l)=(2j+l) or (2 j 2 -j-l) whichever is smaller. 
So the general appearance of the C.G. coefficient matrix will be as 
shown in the table on page 248. 
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TABLE 

GENERAL FROM OF C G. COEFFICIENT MATRIX 



As an explicit example the order of the various submatrices 
for=5/2 and y 2 =l/2 is shown in the table on page 249.. The 
total dimension of the C.G. coefficient matrix is (2/i+l) (2j 2 -bl) 

= ^ V 2 .-^- + l j=i2, and the maximum dimension of 

the submatrix is (2j\+\) = ^ 2 -i +1.J = 2. 

To evaluate the values of the elements of these submatrices ? 
we shall make use of the following convensions : 

(i) All the elements < [m-jn 2 1 jin') are real. 

(ii) We have 

\jm)= U j /72 1 7?? 2 ><w 1 m 2 | jin) 
m 1 m. 

< fm' I j m')=8j'j bin'in— 2 < j x j 2 m x m, | jin') 

X< jm’ \j l j 2 m^n.j) 
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TABLE 

DIMENSIONS OF VARIOUS SUB-MATRICES FOB 
ji=2 AND j 2 = 


/ 

/ 

3 

3 2 

: 3 2 

3 2 

3 2 

1 3 2 

rr 


|\7M 

U?o\ 

1 3 

J 2 2 

1 l 

0 0 

h - 

1 -2 -2 

1 " 3 

6 

n 

*• 

l * 

/Oxl) 

i 1 • 

• 

1 ■ 

| • 

• 

• 

a 

-ft 

i 

• 

((2x2) 

• 

• 

1 • 

I • 


n 

1 -i 
i 

• 

• 

(2x2) 

. ( 

• 

• 

• 

u 

_ A| 
2 

F 

• | 

• 

• ( 

(2x2) 

• 

I 

. I 

• 

nil 

2 

• 1 

• 

. 1 

• | 

(2x2)1 

• ! 

1 

• 

u 

-jl 

$ 

• 1 

• 

• | 

• | 

• 

(2x2) | 

• 

- 5 

2 

-*i 

• 

• | 

• 

• 

• 

• 1 (1 X1) 


or 2’ | < y 2 Wj/Wj 1 y'w>, ,2 = 1 ... (66 o) 


CTjm, 

For the h : ghest value of7 = j\ + j 2 we have m l =j 1 and m 2 =7,. 
then from eqn. (66) we have 

I < Ji k h h I i/>; 2= 1 => < h k k k I JJ >=± 1 • 

We take here only + 1 and discard the value—1. 

Using the above two convensions, we shall find out the 
elements of the various submatrices. In order to find the ele¬ 
ments of the 2x2 submatrix, we note that m—k+k~ 1 and y 
can have two values j\ -f- j\ and j\~\~jz — 1 • The various elements 
are tabulated below' : 



\ 

jLJ 

' yi+y? 

./i +y - 2-i 



Ml 

\m , 

w 2 \! 

1 y-i 

y'-i 

i 


Jl 

72- ] 

{ j\ 1 y 2 — 1 

1 y, y -1> <y'i ; y 2 - 1 1 



y' 1-1 

k I 

H 

1 

10 

1 j, y-1> <y'i- i 3 y 2 1 y-1,./-1> 



From the recurron relation (65b) with m^=j x and m 2 =k—U 

j=ji+k and fn==i k+k we fi ct 
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, \j -l t lI(7»-A+ OK;,;,l/;> 

O- 72 1 //2 . V{0+JR/-7+i)} 

=/ V \2/ ) ^ lJj>=l}- 



or 


...(67 a) 

Xo find the other elements of the first column we use the 
orthogonality relation (66-«) We write 

IOWs-1 D.y-OI'+KA-i,;, |y,;-i>p=i 

A"*" +KA-J.A IA 7— 1 >|»= 1 

yi~h/2 

.. => ...(67-6) 

A relation analogus to (66-o) also holds for the elements of 
the various rows : 

£ I <J\ J* "h I = l ...( 66 - 6 ) 

im 

Using this relation for the rows of the above 2x2 submatrix, 
we. get . . 


...(67-c) 


and 


<yi-l 5 A 17-1,7-1)=- 


72 


7i+72 




,..(6W) 


Various elements of the 3x3 submatrix are listed below. 


~\T 

\ 

7 

7i +72 7i +7« ~ 1 7i +'A—2 

m x 

< 

|\ 

1 \w 
/?? 2 \ 

7i +72 ~ 2 7i +72 ~ 2 7i +72 - 2 

7i 

72-2 

<7i,72-2 | 7 , 7 - 2 ), <A, 7 i>—2 17 — 1, 7 - 2 ), 

<7i,72-2 [7 — 2 , 7 - 2 ) 

7i — 1 

73-1 

<7.-1,72-1 ]7,7 " 2>, <7i- 1,72-1 |;-l,7-2>, 

<7i-1,7 2 -1 |7-2,7-2> 

7i-2 

72 

<7i—2,7a | 7,7-2), <7i—2, j\\ j— 1,7—2). _ 

<7i-2,72 17-2,7-2) 


in 


eqn. (56-6) we get 

OWs -2 \j, ./- 2 >y« 2 /-l). 2 } 

=V((2A—i)-2} OiA-1 UJ-ty 


or 


< A, k-2 i j, j-2>=J\ ( 2 -gq+p-,). <A.A- 1 ! A J - 1 > 


7 


! 

v> 
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Using eqn. (67 -a), we get from it : 

io (2/o+l) 


r jo (2/o+n _T 

2 1J 2> LC7i“h/a) (2/i+^/a 

Again, putting m x ,BS h— 1> 1>7=7 an( ^ m ’ 

in eqn. (65-6) and using eqns. (67-a) and (67-6), we ge 

...( 68 - 6 ) 


1/2 


251 


..;(68-fl) 


<A~l.A-1 Ij* / _2 > = [(A 


4/V/V 


u (A + 72 ) (2/1+2/2 1 ). _ _ 

Now putting nii --ji —2. m./=j 2 , ./—A+A ancl w-'A+A— in 
eqn. (65-6) and using eqn. (67-6), we get 

7 (2/i — 1) 11/2 


<C — 2, ./ 2 | 7, 7 2)— 


...(68-c) 


_ (A+A) ( 2 A +A — 1). 

• Similarly, using eqns. (65-6), (67-c) and (67-/), we can eva 
luate that 

... . 9| . , , A (2/2-1.)_ i ...(68-rf) 

<71,72 2 17 1,7 > [(A+AXA+A" 1)J . 

, . 1 . 9 \_[" (A~A) 2 _ ] 1/2 ...(68-e) 

< 7 i- 1 , 72-1 17 1 ,7 2 > [_(j, +y 2 ) ( 7 i+ 72 - 1 )J 


and 


/ • o-i-i = A ( 2 Ar_l )_T* ...( 68 -/) 

<7i 2,72|7 1,7 ) j (ii+A) (A+72-1) * 

We have constructed the elements of the first two columns of 
the 3x3 submatrix. In order to find out the elements of the 
third column, we use the orthogonality relation for the elements 
of a row. We obtain 

. . _ . 9 v T A ( 2 A _ 1)___ ] 3/ _.(68-g) 

<7i, 72—2 17-2,7-2>-La^-lX2A+2/ i -l) ) * 1 ‘ 


, . , , . 9 • ox r (2A —1)( 2 7~2-1) _T /2 

<7'i- 1,72-1 l7-2,7-2>=-[_ (A+7 - i _ 1) (2A+2y 2 -l)J 


.,( 68 - 6 ) 


and 


A (272-1) 


<7i-2,72 I 7 2 , 7 ~ 2 > [ (A+A~l) ( 2 7 


-i) - T' a 

/"i + 2 72 — 1) J 


...(68-z) 


As we go for the calculations of the elements of higher order 
submatrices, the process becomes very cumbersome. Hence the 
evaluation of the elements of a nx n submatrix is quite difficult 
and we don’t try to evaluate them. Here .we give some examples 
with particularly simple numerical values of A and A- 

Example 1. If A=A=i then the elements of the various 
submatrices are given by the following table : 
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m x 

* 


\ j 

\m 

m 2 \ 

i 


1 
1 

r 1: 


1 

0 


0 

0 


1 

2 


-I 


2 


-.1 

2 


* 




l 


W2 J/V2 

V\'2 -1/V2 


1 

I 


y 


i j 


Example 2. For j\=-l andj 2 ~£, the elements of the various 
submatrices are given by the following table : 


m x 

1 

\ j 

\m 

m 2 \ 

1/2 f 

| . 

3/2 3/2 

3/2 1/2 

1 j 

1/2 

1/2 

1 

-1/2 | 

| 

j 1/V3 

V(2/3) 

0 

1/2 | 
i 

-1/2 | 

i V(2/3) 

-l/t/3 

0 



1 

j 

1/2 | 
j 

• o 

• 

1 

-1/2 L 

O 0 

e 



■ J" the ab ° ve exam P les ' the element of the first 1 X 1 submatrix 
a .en equal to unity by the convension. Elements of the next 
2 X 2 submatnx are written by using equations (67). 

To find out the elements of the npyt o \x o u 
apply the ladder down operation on the elements “hUsT 2 x 2 ° 

“m^st txf:Six he r der “ P ■**'** "£ 

the ladder up operation" 

m^-l, + i and w=-| i n ean * ’ uttln g 

values of the elements of the first 2x2 JLU w"hLw "* ““ 

t/3 <-1, i I f, -i>=<_l, j s _ f>=1 

■*<--«. ill. -i>- ' 

V3 

Other elements can be obtained by usino the 
relations for the rows and the columns of a submatrix h ° g ° naIlty 
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717 IDENTICAL PARTICLES WITH SPIN : 

7 12. IDE tuuffid for each other without any 

The par teles which can e su si fem constituted by them 

change in the dynamicaproperties ass ical mechanics, we can 

** known as “Identical particles In to* 

distinguish the identical part* s of» ^ ^ics. In quan- 
paths of motion which are sharply defined trj^ ^ 

turn mechanics, due to t e uncer ^ time eve n jf we know ; t 

a particle cannot be known c m < size and the 

— « ^rr^'riUSua. particles, make it 
when they interact wrth each ote • » ]e> ’ ^ ^ 

mechanics identical particles ar j.nnndent of the inter- 

physically measurable quantities must be in p 
change of two particles. 

tssss& i&i ft ’ zjsss 

indistinguishabihty implies that the Hami tonia 
an interchange of the symbols that assign the coordinates 
or the other member of any pair of identical particle*, 

H( 1, 2, 3, n)=H(2, 1, 3, n) = H(n, 1, 3, 2) etc^ 


In general, the Hamiltonian is unchanged by any permutation 
of the particle labels 


Writing the wavefunction for “/*” identical particles b> the 
symbol, «l! 2, 3, ..., n), the Schroedinger equation for a system 
“ 11 " identical particles can be written as 

(1, 2, 3, n) 

ct 


Hi 1: 2, 3, n) 4/(1, 2, 3, 72 ) — /Ti 


If the symbols for the coordinates in eqn. (70) are permute 
in any way, the resulting function <p will also be a solution 0 

equation (70), because the Hamiltonian remains unchanged y 
this permutation. In this way n ! solutions can be obtained from 
a single one, each of which corresponds to one of the n ! permuta¬ 
tions^ the n labels. These solutions are obviously degenerate 
with the original 0. This is known as the excahnge degeneracy. 


1 
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Symmetric and antisymmetric Wqvpfmw * , 

4,(1, 2, 3, ...,«) is symmetric, if the A ™ efmct } on 

particles among its arguments leaves the ° ^ ? any pair -°f 
On the other hand, if this interZ J , Unchan ^ 

wavefunction is antisymmetric. ^ c lan S es the sign of <p, the 

We define the transposition oner at nr p d u- u i. 

. A . • . , , u peiator P i} =P Jt which when 

operated on <j,, interchanges the /th andyth labels 

Pij *!> (1 5 2, i, ..., n)=<p (j ,2 j i n \ 

Thus any permutation of the particle hbel’s can be obtained by 
the operations of the transposition operators 

Now, m quantum mechanics the wavefunction if) (l, 2, 3, ,n) 

is to be interpreted as a probability amplitude for the system. The 
quantity J if) ( , n) ) represents the probability density for 

the coordinates of the n particles. From the principle of indistin- 
gmshability of identical particles, the states i and Pi are in fact 
the same state, where P is the transposition operator for any 
permutation of the labels of the particles. Thus the quantities 
[ ^ H, 2, ..., n) i 2 and | P tli (1, 2, ..., 11 ) ( ! are the same. This 
means that the probability 

I 0, 2, ..., n) J 2 d 3 r 1} d 3 r 2 , ..., d 3 r n 

is proportional to the probability that one of the particles is in 

the volume element cP/r d% ... d 3 r n , but nothing can be said as to 
which of the particles this may be. From the above discussion 
we can say that for every permutation P, if) and Pb can differ only 
by a phase factor. 


4(2, 1, 3, .... B )=e'*"4,(l,2, 3.n), 

where a 32 is real and exp (Ni 2 )=exp (/a 21 ) is the phase factor. By 
repeating the interchange, we get back'the original wavefunction, 

while <|> is multiplied by e** 12 .e^'^e^ 12 . It follows that 

2/ctjo .. i^i ‘2 , i rp. 

e — 1 , or e =±1. Thus 

(2, 1, 3, ..., = (1, 2, 3, ..., n) 

and the same is true for the interchange of any pair of particles. 
In the above, the wavefunction is symmetrical when interchange 
of particles leaves it unchanged and antisymmetrical when this 
interchange changes the sign. Therefore, the wavefunction which 
describes a physical state of a system containing any number of 
identical particles must be either symmetric or antisymmetric 
with respect to permutations of the labels of the particles. Of the n ! 
solutions of eqn. (70) obtained by permuting the particle labels, 
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only two linear combinations can describe physical states ; A 
symmetric solution can be obtained by taking the sum of all these 
n ! solutions because the interchange of any pair of particles 
changes any one of the component functions into another of them 
and the latter into the former, leaving the entire wavefunction 
unchanged. An antisymmetric wavefunction can be constructed 
by adding together all the permuted functions that arise from the 
original function by means of an even number of interchanges o 
pairs of particles, and subtracting the sum of all the permuted 
functions that arise by means of an odd number of interchanges 
of pairs of particles in the original solution. 

It should be noted that the symmetry character of a wave- 
function is permanent, and a system which is at one instant in a 
symmetric (or antisymmetric) state remains so far all times, 0 
show it let be symmetric at a particular time t. Then H y is 
also symmetric becaase H does not change by any permutation of 
labels. Hence from eqn. (70) dty/dt is also symmetric. Since «/» 
and its time derivative are symmetric at time t, 4 1 at an infinitesi 

mally later time (t+dt) is given by (^+^r ) and ]l ]S a * S0 

symmetric. Such a step by step integration of the wave equation 
can be continued for arbitrary large time intervals, and y is seen 
to remain symmetric always. Similarly, if ^ is antisymmetric at 
any time t, Hb and hence ?ty[8t are antisymmetric, and integration 
of the wave equation shows that <f> is always antisymmetric. Thus 
any sort of interaction is unable to make a transition between 
symmetric and antisymmetric states. Only one of the two 
symmetry types ever occurs for a given type of particles, 
and the linear combinations of the two symmetry types o not 

occur. _ . 

Pauli’s exclusion principle. By comparing theoretica pre ic 

tions with experimental observations, it has been found that 
systems of particles with half integral spin (electrons, protons, 
neutrons etc.) from totally antisymmetrical states only, and the 
systems of particles with zero or integral spin (photons, 7 r-mesons 
etc.) form totally symmetrical states only. Particles described by 
symmetrical wave functions are said to obey Bese-Emstein 
statistics and are called bosons The particles which are des¬ 
cribed by antisymmetrical wavefunctions are said to obey Fermi- 
Dirac statistics and are called fermions. Thus the wavefunction 
for a system of fermions should be antisymmetrical and that for 
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a system of bosons should be symmetrical. We have described 
that how to construct the symmetrical and antisymmetrical wave- 
functions for a system of identical particles. If there is no 
interaction between the particles, then the Hamiltonian can e 
written as the sum of equal Hamiltonian functions for the sepa 
rate particles : 

Ii (1, 2, 3, n)—H (1 )+// (2)+ff (3) + ... + # ( w ) ---(^l) 
and the wavefunction will be a product of one particle eigenfunc 

tions of H (1), H (2), etc., i.e. 

4 (1, 2, 3, ..., n)=4x (1) ( 2 ) ^ 

where 

H (0 <]/< (i)~Ei (0 ; i=U 2, 3, ..., n. 

The subscripts of the single particle functions in (72) tell us 

the position of the particles while the arguments of the functions 

specify all of their coordinates and spin. We can make n ! func 
tions of the form (72) by permutation of the particle labels. The 
antisymmetric combination of these n ! functions can be formed 

as 

4m (l, 2, (-i)V^i 0) W 2 ) 4* ( 3 ) ••• ^ ; 

...(73) 

the symbol Z denotes'^hc/sum over n ! functions obtained by 

p 

permuting the pttrticle labels, and ( —l) p is +1 or —1, depending 
on whether the permutation P can be represented as an even or 

an odd number of transpositions. — ^ ^ is the normalization 

constant of the wavefunction. We can express (73) as a deter¬ 
minant known as the Slater's determinant : 

MI) M2) - M«) 

0* (1) M2) - M«) 


4 m (1 j 2 , . • •, ri) — 


1 


4'n («) 


V<" !) 

Ml) M2) 

The symmetric combination is given by 

(i, 2,..., p ^ (1) (2)- " (w) 


...(74) 


...(75) 


From eqn. (74) we see that the interchange of two particles is 
equivalent to an interchange of two rows of the determinant 
which therefore changes its sign. Also, if we put two particles in 
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the same position, then the rows of the dele ™ lndnt <=or r(:s 

ing to these positions beeome .dent, cal and hence the 

mfnnnt vanishes Titus no two (or more) fermions can exisi . 
minant van • -phis - s cal]ec i the p au!rs the 

same stale at the same • . . U:i io n 

principle. However, eqn. (75) .s never zero , there ,s no exclu^’ 

•*??£$> »•” 

values of the quantum numbers n, I and m d ‘ rect ‘ ons of th eir 

3^ must be antiparallel. The probab.hty of find.ng thc ^ 
electrons with the same spin simultaneously at the same p oint ■ 
z ro Clearly the number of fermions in any state is 0 or 0 ' S 
the other hand, there is no such restnct.on on the nu mber 

bosons in any state. 

7 - 13 . ROTATIONS AND ANGULAR MOMENTA: 


Q 

Of 


Let a quantum me¬ 
chanical state | 4>> S° cs 
over into a state | y /* 
as a result of a rotation 
through some angle ab¬ 
out some axis. Fig- * 
shows a rotation thio 
ugh an angle 6 about 
the z-axis. Let this 
operation be carriea 
out by an operator 0 
Then 

U | = | O- 

When we say that 

the state | 0?) gc> cs over 
into the state | after 



Fig. 1. Rotation about z-axis through 
an angle 0. 

nto tne stale | y / . . 

he rotation, we mean that whatever observations we make upon 
'he system in state | f >, the results of these observations can be 
ieduced by rotation from the results that the same observation 
,vould yield if made upon the system in state | t|?>. 

We require that J $')> should be normalized for normalized 

tb> ; hence 

<f I 1 <K> 

)r 

-p. U’\U--X /.c. U is unitary. 

Thus the rotation of the states is represented by a unitary 
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operator U which should depend „ , 

of the system, before and after th y ° n the reIative orientations 
Having defined the w' 

rotation, we now define the t 0n ? atlon . of state vectors under 
A be an observable which tran^^° rmatIOn of observ ables. Let 
Physically, the transformation S ° f r ™ S . int0 A ’ after the rotation U. 
rotation of the measuring A mt ° A ' re P resents an overall 
value of measurements of A m rument - Therefore, the average 

average value of measurement! \ !■? the State 1 ^ is ec l ual to the 

s 01 A made in the state I 0'\ • / e 


i.e. 


A-uuv I *’>-<«-1 tfWU+> 

A'=VAUf 


Thus, in a rotation the ,, ■■■('7) 

transformation as the stale vectors"^ ** mderg ° ,he Same mitar y 

x l z ^t n T- re,ation b “ the 

operators : y em anc lts infinitesimal rotation 

forms (.v, y, z) " ab ° Ut z ‘ axis ’. trans - 

cos e-y sin e ffa X -y e 

y ,~ X Sln e +>’ COS e sss * e + y y 

z ~Z J 

{V for very-very small «, sin « *, e and cos. 

“ (fHi 1 ?)(;’ 

matrix^ 1011 ° f ^ Umt ” ° an be re P resented b Y the unitary 


1} 


..(78) 


-.(79) 




...(80) 


com- 


where J represents the generator of rotation and n, J is its 

ponent in the direction of vector n. The factor ± has been intro- 

n 

uced for later convenience. From the unitarity of U, we have, 
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16 






or 

neglecting square and higher power terms in 
Thus we have 

i e.. the component of J in the direction of an arbltrary 

vector,? is Hermitian and hence J itself is .Iso Herman, 
also show that J is a vector operator. For ,t we have 




Where <J> is the expectation value of Jm states 

now apply an arbitrary finlt ® rata '° wi u be invariant. 

I i> and I A'>, the scalars <<H * > and ^ 1 v/ 

J , - /n wi u also be rotationally mvan- 
Hence the scalar product „ <J>* <a> should als0 

ant; i.e. it should be a scalar. 5 " tor We shall denote by 
be a vector, and thus J is a vector P ^ and __ axis 

J«, J, and J ,; the components of it alon = 

respectively.^ ^ ^ ^ ^ an „ bitray vector 

operator A. Then 

■<i' I A, I 4>'>1 

iP I Ay I V> =J? « 3 ^ A > 1 

K r rLv * which gives the transformation 

where R 3x3 is a matrix of or the state j to that in 

from the values of the com pone n above as 

the state | *'>. Since j 40=*>, we can 

...(SO 

UjA z U=R2\A x -\- RnAy+Rzzdsj 

» in q mrticular case, as the 
If we take the vector operator , P from eqa . 

^fthat^T riion° about “z-axi's" through an infinitesimal 


angle e, 


i^3X3 : 


6 

0 


0 


O' 

0 

1 


.. .( 82 ] 
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ahrv 7 if^- nCC ^° r a rotat,on through an infinitesimal angle 
axis, we can write from the first of tqns. (81) as, 

1 - ie \ / v 




. t ** v '“ ill OL u i ^ V.j 11J 

( J—Ax—eAy+O A z 


or 


|v ^ I~~J S j for a rotation about r-axis| 

ic 


-e A 


1 


and 






i ; /- 


and 


Iff.- r ^ h a i 
h Jz A * H Ax Jy 

=> J z A x —A x J z ~ih A y 
From the other two eqns. (81) ; 

Jz Ay ~ Ay ^z trr= ^ ^ 

J z Az—Az Jz = 0 J 

Similarly, rotations about the A-and y-axes give the relations : 
Jx Ay~A y J x — ih A~. 

J x A s ~A : J x =-ih A y ■ 

Jx A x —A x J x —0 


...(836) 


J y A z —A z Jy■=iTi A x 

Jy A *~ A * J y—' ih Ax > ...(83 c) 

JyAy-AyJy^O j 

It can h/*^ not P“t any restriction on the vector operator A. 

take A=/ th g6 r raI V£Ct0r operator ’ and in Particular, if we 
— , then from equations (83) we see that, 

Jx Jy-Jy J x =ih J z -J 

Jy Jz-~J~ J y = iTl J x I 

Jr.J X ~J x J~i‘h J y J 

COmponems of J satisfy the commutation relations of the 
fiular momentum operator. Hence the generator - T” of 

infinitesimal rata,ion is identical with the orbital aZl, ° ® 
of the system. a an S u 'ar momentum 


:bya^ ^ ^ ‘-strutted 

i e sequence of infinitesimal rotations V about "'ru 
lore the matrix for a finite mfi rp h(ire- 


fore the matrix for a finite o a ionT u ^ Thm - 
(SO) as * ■ ’ canbe written from eqn. 

£/«(#)= L ™ I i 1 « 


11 ~> OO 


I ~ -~ ~n. J 

n 


==exp T"¥"' J 0 } 

Hence, for a rotation 0 about n we have ; 


...(85) 
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and 


| 0')=exp.j—0 j | <!> > 
zT=exp.j — ^-72. J ^ | A exp. |^-77. 


J 0 


...( 86 ) 

...(87) 


714. IRREDUCIBLE TENSOR OPERATORS : 

In order to define an irreducible tensor operator, we begin 
with the definition of an irreducible linear vector space : Let V x 
be an /z-dimensional linear vector space spanned by the basis 

vectors ( iq), | iQ, .; | Uu y. If a transformation changes these 

basis vectors into the new vectors | n/>, | | u n ') and if these 

new vectors also span the same space ‘ V n ’ then the vector space 
V n is known as irreducible with respect to the given transformation. 
Now it is well known that the fundamental characteization of a 
tensor is through the linear transformations of its components 
under the effiect of a specified class of operations (such as rota¬ 
tions) on the coordinate system. Thus the vectors of Vn are 72 - 
component tensors. By definition, a tensor is irreducible, if the 

space V n in which it is defined is irreducible. 

We have seen in the previous section that if | <]0> is any state 
vector, and A an operator representing some dynamical variable, 

A 

the rotation through an infinitesimal angle V about the direction n 
takes | ip} and A into | ^') and A', where 


and 




A' 


/ /V 

( 7 -iT"- 


n. J 




J A 


/+ F «. j) 


1C 


~ /i—__ n. [J, A] 
n 

Thus the changes in J and A, brought about by infinite¬ 
simal rotations, are directly expressed in terms of J | ^) and 
[J, A]; respectively. In our discussion, we shall find it to be 
convenient to work with the spherical components (also known as 
the standard components ) of the vector J rather then the cartesian 
components. These are defined by 

Ji=— i 7j-)/a/( 2 )= — 1/V(2) /+, 

and J_ J*WW=W(2) /„ ...(88) 

The commutation relations of these operators can be written 
from eqns. (51). It can very eassily be verified that 
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...(89) 


[ Jv] = r J/ <>' i J M | 1 v) 

r 

Using the fact that 

<l,x' | Jo I lf*>=<V | J z \ l^p], 


r n 

<V|J±i|1m>=t ^.<1 Ui | 1(t> 

= ^[1-^ (/x 2 dh^)] 1/2 ti 8 , 

New we observe that ii | is an y 0 f j] lc an g U i ar momentum 
states | jin), then the change J M | = \jm) is al inear combina¬ 

tion of states having the same j and various m. Specifically, 

J )L | jin) - T | y W ') < j m > j j^ j j m y .. .( 90 ) 

m' 

Thus the (2y-f 1) states | jm) transform linearly among them¬ 
selves when subjected to a rotation and therefore, for a given j 
form an irreducible tensor of ranky, with (2y-f 1) components 
labelled by m=j,j—l, ..., —j. The transformation operation is 
the rotation about the origin. 

We consider now the changes [J (1 , A] in operators A : Supp¬ 
ose we have a set of (2/+1) operators (which we shall denote by 

m—j,j— 1, • ••> ~j) such that under commutation with the 
• m 

the set undergoes the same linear transformation as the state 

| jm); i-e-, 

liY 


J 


m 


T i ] J 

III 


jm). 


,..(91) 


m' 


Xj) 


Then the set of operators T^' constitute an irreducible tensor 

operator of ranky with (2y+l) components corresponding to 
(2y-f-l) values of m. Eqn. (91) provides an alternative definition 
of an irreducible tensor operator. This definition is due to Racah 

and it states that the (2 \j-\~ 1) operators are said to be the 

standard components of an irreducible tensor operator if they 
satisfy the above commutation relation with the components of the 
angular momentum operatur J. Eqn. (91) can be written equival¬ 
ently as : 


J,. r (;) 1= 

m J 


mh T 


[ 

[ j±, T \j=\j u+n~ m ( m ±n- 


1/2 ( j) 

h T J \ , 
1 


•••(92) 
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715. THE WIGNER-ECKART THEOREM : 

The matrix elements of the tensor operators between the 
eigenstates arc of great physical importance. The igner c ar 
theorem gives the ratio of the matrix elements of a tensor operator 
between angular momentum eigenstates in terms of C. . c° e 
cients. This greatly simplifies the calculations because a t e 
matrix elements of a tensor operator can be related to one parti 
cular element which may be chosen to be the simplest one an 
is usually determined experimentally. 

One putting in the other quantum numbers explicitly, the 

Wigncr-Eckart theorem gives the matrix element <fNiji m x I ^ m 
I No jo w 2 > of any component of a tensor operator as : 

<N X j x m x | | No h » h > = <N, ji || ^ ^ II N 2 7s> 

<j 2 j™2™ I jx ™i>---( 93 ) 
The parameters N x and N 2 appearing here stands for one 
or more quantum numbers required for a complete specification 
of basis states when such extra degress of freedom are present, 
e.g., the principal quantum number will be such a degree of free¬ 
dom in the case of hydrogen atom. 

In eqn. (93), </V a j, || T& || NJ,> depends only on the nature 

of the tensor operator and the quantum numbers N x , j x , N z and 
jo. It is independent of m, m x and m 2 . It is known as the redu¬ 
ced matrix element or the double-bar matrix element. (It is not a 
matrix element in the quantum mechanical sense, hence the use 
of double bars is make). <j 2 j » h m \ j x m x > is the C.G. coefficient 
which is quite independent of the physical nature of the tensor 
operator. Expressed in words, eqn. (93) states that the matrix 
element of the m-th standard component of a tensor operator T'» 
between the angular momentum eigenstates | N x j x mjf and | N 2 jpnjj 
equals the product of the C. G. coefficient < j 2 j m 2 m \ j x mj> with a 
number which is independent ofm, tn x and m 2 . 

Proof. The proof of the theorem follows almost trivially 
from the basic definition of tensor operators. On taking the 
matrix element of Eq. (91) we obtain 

(N 1 j 1 m x | T^JJ | No jo mj) <Jm' | J,, \jm} 
m' 
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=< N iJi "h I [j„. r^] | N,j, ,n,y 

-21 




< Ji "hi J„ ! ji m'> (N, J\m" j T" I N 2 j\ m.j) 


m 


-«A »h I T ( fi I N,j 2 m-y <j„m' | J, | A>n,)J ...(94) 

Here we have introduced the projection operator 


1=2^1 N"fm"y (N "j"m" | 

NT»f 

between J and T^\ and used the fact that 
m 

< N i h I J, ] N'f m"y=( j\m y | J,, | j 2 m 2 > BN t N” Sj, f. 

On the other hand we can obtain an equation of identical 
form with C.C. coefficients in place of the matrix elements. Speci¬ 
fically, 


i k j ”hrn'} < jin' I Jp f jin'} 


m 


— y Kji m i 1 ! ji m ") <./j m" 1 j 2 j mjn) 


m 


~ < jx m i \hjm'my ij 2 m” I J M \k m 2 >} ...(95) 

This equation follows from the identity 

(h m i I \ kJ m z m /= \ < y> 7 i I (ji m ’> 

m” 

x OV”' \ kj»hm) ...(96) 

on re-expressing the left hand side as 

< J 1,ni I j- j 711 m ) ^ J 2 j m " m ' I Jft 1.7*2 .7/77.777} 

m", m' 

and writing Jim-J 2 ^> where J 1#j acts on the j„ m 2 variables 
only and on the _//7/> the last factor in the above eqn. can be 
written as 

0*2 m I I w 2 > w-f < jin I J 2fl | jinj 8 m " m r. 

Hence the above eqn., or what is the same thing, the left hand 
side of eqn. (96), becomes 
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m 


+^£(j’ !} h I h i ”h»0 I I J m > ...(97) 


/?2 


with this, eqn. (96) reduces to Eqn. (95) f. 

Now, let us compare Eq. (94), ignoring the middle member, 

with Eq. (95). The two are identical except that (N 1 j 1 | yO) 

| N 2 j\ m,) in one is replaced by {j\ w, |;, m 2 m') in the other. 
Evidently the two equations can be mutually consistent if and only 
if the above two quantities are proportional to each other, with a 
proportionality factor independent of the summation indices 
occuring in the equations (i.e. the magnetic quantum numbers). 
This is precisely what is stated by the Wigner-Eckart theorem, 

eqn. (93). This completes the proof. 

The matrix elements (93) has the same selection rules as the 
C.G. co-efficients appearing in it; i.e., they vanishes unless | j~j 2 j 
< h ^ J+j* »h =w+«, and | n h | < j v Once the reduced matrix 

element (N, U I! 7™ II K* 0 is determined for given values of;), 
JXanffiall the (2*+!) G/+U (2*+U matrix elements can 
be easily obtained from tables of C.G. coefficients. Moreover, 
taking the ratio of any two matrix elements of the same tensor 

operator of the form (93), we find that 


Qfih r 'h i i 


< h ./ 'h m I h m i> 


- JJ0ZT- < h j m I m> I h m’> 

(Ni j\ m’ | Tjj | A 2 j-i m 2 ) 

Thus the ratios of the matrix elements are determined without 
any other knowledge. 

It is not an easy task to calculate the reduceo matrix element 
theoretically. It is normally determined from wigner-Eckart The¬ 
orem by calculating one particular element experimentally. This is 
usually chosen to be the one simplest to observe, that for which 
m = m 2 — 0 or 1 and m= 0 dependend on whether the system has 
integral or half integral angular momentum. The Wigner-Eckart 
theorem has useful applications in atomic and nuclear physics. 

ij-We drop the subscripts 1 and 2 °n j J)t and j 2jl? with the unC ^ 
itanding that stands for angular momentum operator which pertains to t 

;ystem concc ned. 
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Example. The Quadrupole Moment Tk„ , 
of charge distribution p ( r ) which h ^ uadru Pole moment 
classically as h haS axial ^nrmetry is defined 

Q=j (3 z--r 2 ) p ( r ) f /v, 

where axis of symmetry is the 2-axis anrl ^ L 

the centre of charge. d thc ° r,gm 15 chose " a < 

In quantum mechanics a particle of charge c with the wave- 

s»ar*~* •—»*«>=• #*»♦« 

Q=e J ( r ) (32 2 -/- 2 ) 4 (r) d 3 r 
N °w, (3^ 2 -/- 2 ) is the component Q f of a second rank tensor 
operator, [observe that in the terms of spherical harmonics y"\ 

Q 0 '=(32—/- 2 )=^/(-— j r 2 Y® . Therefore, if <J, is the angular 

momentum state | / m), we have from the Wigner-Eckart theorem 
that 

<' m I Qq } I 1 '»>=<1 II 0 (2) II /> <7 2 m 0 | / m> 

It is the value of this quantity when m=l which is usually 
referred to as the quadrupole moment Q in a quantum state of 
angular momentum /. With this definition, 

(Im 1 Q ( ^ I lm) = Q^ l l 2m0 ( lm ' ) . = Q —— - (/+1) 

' 1 ^0 1 7 ^ </ 2 / 0 | //> ^ / (2/—T) 

PROBLEMS 

^Problem 1 . Show that for a particle moving in a conservative 
potential V (r), 

[H, U l=ih i=] = [F, U], 

Cep 

and hence prove that the orbital angular momentum is a constant 
of motion for the central field problem. 

Sol. The Hamiltonian for a particle moving in a conservative 
field can be written as 


H^- + V(r). 


..(i) 


[H, £.]=[£+ v (0. i«]=4 [f 2 . L=}+[V (r), I,] 


< / 


I 

I 


7 
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Now, [p\ L,]=[p‘ + p‘+p‘, « 

= [/? x 2 , £*]+!>/> Z,*] {V Pz commutes with L z ) 
~P,x [px, L^\-\-[p x , L z \ p x -\-Pv [Pyy Lzi\ 

~\~[Py> Zz] Py 

= - i hp.xPv - i hPyPx -f i hpyPx + i^PxPy =0 


and 


[K(r), £,]=[> (r), 


■ih 


8(f) 


'* V (r) £ +i * v b +, * i lP 


/'Ti 


3K(r) 

8<J> 


Hence, [//, Z s ]=/h 

o<p 

To prove the second relation, we have 

[Ii, 1/=]=^ [p>, L*]+[V( r), £ 2 ]- 


...(ii) 


...(iii) 


...(iv) 


Now, p 2 commutes with Z s as shown above. 

Similarly, it can be shown that it commutes with L x and L y 
Thus p 2 will commute with L 2 . Hence from (iii), we have 
[H, L 2 ]=[V (r), L 2 ]. 

For the central field, V will be a function of the radial distance 
r only and will be independent of 6 and Therefore, 8V/d<j> will 
vanish in (ii). Hence L z commutes with H. 

Similarly, L x and L y commute with H. Thus all the compo¬ 
nents of L commute with the Hamiltonian and hence Land any 
power of L will also commute with the Hamiltonian. Therefore, 
L and all of its powers are the constants of motion for a central 
field problem. 

Problem 2. Show that the operator L.S. has the eigenvalues \ 
and _] i n the p-state of an electron. Also, derive the formula 
L»S = | (L-i-iST+Z- S + J r2L z S s ) 
any verify directly that 


L°S [ f, m) = \ j |, m), 


and 


L°S | h m}=-\ h in'). 

Sol. For the /estate of an electron, the orbital angular 
momentum /—1. The spin of the electron s—\. Hence the total 
angular momentum J=L+S has the values from (J+$) to \"\~l | 
in integral steps, i.e. it has values ;=§ and 
Now J^L+Sy^If+S'+lL.S. 

• L®S==|- (J 2 -Z 2 -S 2 ) 
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and /t c-\ , , 

< l *s>=£ [</ 2 >—<z. 2 ) ~ <.s 2 >i 

O'+l)-/ (l+lj- s 04-1)] ft 2 
-*[/ (S+l)-l.(l + l)-£+l)] fta 

l> - ‘if ° i8en va]ues ofL.S arc°i and’-,. 

Hie prove that L«S = i ( , /.c . T ~ LOr 

l.s-£^ +£ j , 5 . ji+£ ^ ( +s-+£-*+2wa, we s et 
"* (£++£ - ) ' i ^+' S -)+2j(^-i-)- 

4 (£+S+4-£+.S_4Z / _ l S' + -\-l_S_) 

-,. (T S 1/ V N4 5 V - .S.- L-5- + ++ Z. 2 S- = 

-i!_(/.+$_+ £_S + + 2£,S.). ; 

Usmg („) It can very easily be seen that 0 

and t L °| I f ™>-* I f. »> 

j ' J ° b 1 2> »*>=- I 4 /;?>. 

Problem 3. r/i<? X = S ° r „ 

? w the component of the 

■L’ctron spin in the direction of the vector r c/ e • 
operator, it commutes with J / * ^ ^ w a scalar 

momentum J=L4S, hence ^ e ^ l ^ c ^P oneuts of the total angular 

)' ei ify this by ca Iculatinq [L S 1 and r <3 e t ; 
ommutation rules for L and^ujj^ J 7 ^ ° f the 

f§^ r ]=~[U r ]=^. 

Sol. [L } s r ]=i s, 5l r 


Now, 


Similarly, 
and 


o Sorl 1 „ 

L ’ r J“"7" f 1 ^*+i^+k£z, S-r]. ...q 

S.t]=[£ a;j *S' a; ..T4SV.y45' ;: .2r] 

= S y .y]-i~[f S= z -j 
~Sj, [L x , y] +Ss [ Lxi z] 

— ID S y .z~ih S z .y 
rxS)«. 

l/-y, S.rJ = —/ft ( rx §4 


r *• S.r]==~/h (rxSk 

equation (i) gives 


[L, Sr]~ Z!± 

r 


(rXS). 


P can also be seen easity that 

(r XS) 
r 


[S, S r ]=ff i 


-(H) 


•••(Hi) 
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5 * 


From (ii) and (iii), we have 



[S, £.] = —[L, SV] 


or 

[S,5,] + tL. 5,] = 0 


or 

[S + X„ 5V]=0 


or 

[ J, S r ] = 0. 


Problem 4. Prove that 



Lxr—zhr=/hr— rxL=K (say) 

■•■(0 

and show 

that this operator is Hermitian. also show that 



[A 2 , r] = —2/hK 

•••00 


Sol. Let us take the ^-component of the left hand side of (i) 
(L Xr — z'hr)* = ( L y z—L z y) -ihx 


= (L y z — L z y) - /' h a -f (yL z —zL y ) — (yL z —zL y ) 

— ( LyZ — zLy) d ~(yLz L z y) zTi a (yL z - _ l y ) 

= zhA+/hA — ztiA- (rx L)* 

= (/hr — rX L) >v . 

Similarly, we can show that the p-and z-components of the 
left hand side are equal to the v-and z-components of the right 
hand side. 

Since all the operators L and r appearing in K are Hermitian, 
therefore, K is Hermitian. 

In order to calculate the commutator [A 2 , r], we first calculate 
the A-component of it, viz. 

[A 2 , x]=[L X 2 + Lf+Lf, a]=[4 2 , x]+[Lf a'] 

~Ly [ Ly , A'] 4- [Ly, A'] Ly\-L z [L z , A]-f-[ih-, a] L z 
= — i h L y z - i h zL y -f / h L z y +/ h> L~ 

-/h \(yL-zL y )-(LyZ-L z y,] 

= /h [(r x L) x — (L x r). v ]. . 

From (i), we have 

(r x L), v = —K x -f- /h a and (L x r ) X —K )X -fz h a. 

/. [(rxL) x -(LxL\ x )--2K x 
and [I 2 , a]=-2 itiK x . 

Similarly, [L 2 , y]——2ihK y and [A 2 , z]=~2ihK y 
Hence, [A 2 , r] = — 2/hK. 

Problem 5. Prove the validity of the following commutation 
rules : 

(a) [Li, A*/;[—/hezfcjAj, 

(b) [Li, pit]=ih€ ik/ pi and 
(o) [L{, Lf\~ ItihiLi- 

[Hint: e t /; 2 is the totally antisymmetrical tensor : 
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f 0 ; if any two indices are equal 
I 4*1 , if the indices can be obtained from 1 2 
€ai= » ^ ? n even number of permutations, ’ 

1 * > if the indices can be obtained from 1, 2, 

l 3 by an odd number of permutations. 

Using this definition of e <; . { and the commutation relations 
between various components of L, r and p, the commutation 
relations (a), ( b) & (c) can easily be verified. 

Problem. 6. Obtain expression for the operators L x , L y , L z in 
spherical coordinates by starting from the fact that L is related to 
infinitesimal rotation operators. 

Sol. Let us first consider an infinitesimal rotation e* about 
the z-axis. This will change 

x->x'—x—e z y\ 
y-+y' — 

and z-*z'=z. 


Since ‘z’ remains unchanged. 

0=.8z=S (r cos 6) =—r sin 5 3 0 => 35=0 

{V r is unchanged under any rotation}. 
Also, —€->' = S.x=S (r sin 5 cos f) 

=r cos 5 85 cos <f> — r sin 5 sin <f> 8<f> 

= —y8<f> {•/ 85=0 and r sin 5 sin i=y} 

d> e 2 = 8</>. 

Thus, under the above rotation 

5 ~* 6 '~ 6 , 


and, therefore 

7 (r, 5, ( r > ( r > 0 ’ 

(r, 6, 

where we have neglected the square and higher powers of 3^. 
Also, the infinitesimal rotation matrix, 



> 1 - (r, 6', #)=( L - ) + (f> 6 ’ i* 


=4 (f, e, o—* (r ’ 6 ’ to - (n) 


Comparing (i) and (ii) we see that 
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60 


or 


To find the expression for L y , we consider an infinitesimal 
rotation e, about the y-axis. We have that 

X-+x'--X — e y z 

y->y'~y 

z-*z’ = e y x+z 

c y x=$z=$(r cos 6/)=—/- sin 0 S0 
y sin 6 cos 0 e y = — r sin 6 SO 
=> $0— —cos 0 
Also we have 

0 = 5j;=§ (/• sjn 0 sin 0) = r cos 0.i0 sin 0-f-r sin 0 cos 080 
—/• cos 0 cos 0 e y sin 0+/- sin 0 cos 0 80=0 
=>S0=.-cot 0 sin 0 e y 

( 1 —ir (r ’ ^ =,/ ’ (r ’ s+89, ,s+s ^ i) 

= 0 (r, 0—cos 0 e y , 0+cot 0 sin 0 e,) 

gib . Sib 

= 0 0, 0) — cos 0 7 ~ +C 0 t 0 Sin 0 e y -g-- 


or 


=>' Z v =/h 


00 

8 . , 9. 

-COS 0 ryr + COt 0 Sin 0 ^ 


00 ' 30. 

Similarly, by considering an infinitesimal rotation about the 
A'-axis we can show that 

g g *" ^ 

sin 0 ™+cot 0 cos 0— 

Problem 7. 06 /a/h arc expression for the operator of the orbital 
angular momentum relative to an arbitrary axis in Kirms o y th^ op-iu 
tors L x L y and Lz Hence show that the average value oj the 
angular momentum relative to an axis making an angle 6 with the 

z-axis is (m cos 0). . . 

Sol. Let the arbitrary axis be in the direction of e u 

vector n. Hence the direction cosines of this axis are : 

/\ A A 

cos ( i , n) ; cos (j, n) and cos (k, n ) 
and therefore, the components of the angular momentum operator 

I „ relative to the axis n are given by : 

(L;h= L * cos n ) 

(L-)?=L> cos (;, n) 
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and 

Thus, 


(Lp) z =L £ cos (k, n) 



L x cos (i, n)+j L y cos (j, 


ii)+k U cos (k y n) 


It is the required expression. 

The second part of the problem can be visualised as follows. 
The momentum vector in any state is evenly “spread out 

over a cone with its axis along the z-axis, its slant height equal 
to V 7[(/+1)3, and its height equal to m. The average value of its 
projection on the xy-plane is equal to zero, and its component 
along the axis making an angle 6 with the z-axis is, after averag¬ 
ing equal to (m cos v). 

Problems. Consider a system of one kind of non-inter acting 
particles. Let their momentum be the same and then spin be eqiia 
to h Jf these particles did not possess spin we could describe the 
system by “pure case ” ensemble. However, we do not know whether 
the spins of all the particles are parallel. 

Is it possible to use an experiment of the Stern-Gerlack type to 
determine whether this beam of particles corresponds to a pure 
case’’'’ or to a “ mixture ” ensemble ? 

Sol. It is possible. In the case of a mixed ensemble for 
every direction of the inhomogeneous magnetic field we shall 
always get a splitting into two beams. In the case of a pure ensem¬ 
ble by a suitable alignment of the instrument we can obtain the 
disappearance of one of the beams. 

Problem 9. If ^ and B ar£ tw0 °P erators wjlkh commute Wlth 




a ’s, then show that 

(A <T a) (B c ° )— (A c B)+* x B) 
Use this result to show that 


J 0 °' ,7Z =cos e-fit 7 .ii sin 


here n is a unit vector in an ' direction. 


Sob 

{ AxBz + dyBy + A z Bz -I- <* x o y {A x by AyB x ) 


+ Oy ofAyBz - A,By) dr 0:o x (A s Bx - A X B : ) • • • 0) 


j 


J 


''1 


i 


J 
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In writing (i) we have used the relations 

a l = G l~ a t = 1 > Oy'Jx etc. 

-> 

and the fact that A, B commutes with a ’s. We can now write (i) 
as : 

_ _>. —>• —> —> —> _ —>■ - 

(A • a)(2? * o) = /4 • i g-(/4 X X B) x 

-f i o y (A xB) y ogOy^i cr-etc.} 

or (A • a )(B • a)— / • #+* ° • •••(^) 

which is the required result. 

To prove the second part of the problem, we expand the 
exponential in a power series as : 

o • » , , id a » « 4 f 2 6 2 ( a ■ 

e =1 +-fl~ ^ 2! 

^ ^ ^ ^ 

,(! «)(a “ * ^) + — 

'-TT 

Using (i) with A— B = n in the above, we can write it as : 


/ 6 v n 


i 6 a • n 6 2 (\+i o • (» xn) 

= 1+ n ~ 2! 

i 6 3 ( cT. 7z)(l + i c • (” _* ”)) 

-— 3 -,- 


+ .. { w • «=U 
e b\, \ 


=( i-jt+ .) + ( /G -%r3! 4 -J 

(V nx«=0} 

=cos f/+i o • n sin 0. .-(iii) 

■ k, in Knrfrte eigenvalues and the eigenvectors for the 

the representation » to*. — « 

-**» x sentation To have -S itting h) 

s= (* °I, ■$«=(* o) and S,_ ('/2 °) 

5 VO -il v " we solve the matrix eigen- 

To obtain the eigenvectors of 5,, we 
value equation 
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(5 !)©-*(§) 


The solutions are easily found to be : 
1 1 
VW e 


as x — 


1 


for A= 


LX 

I 2 


and 




1 


'< -i) 


for A=- 


V(2) 

Similarly, for S y and S. we have : 




as v — 


1 fa 2 A 1 


V(2) 


(■ 1 j for X = + i 


and 

and 

and 




i_ 'ft i 


V(2) 


— 7 . 


for A = -4 


■••(d) 


o.s z ~J J 3 ( q j for A = +J- 




0 

1 


for A = —A 


...(iii) 


a’5 and in the above are arbitrary phase factors. 

Problem IX. Find the matrices corresponding to the spin 
operator components S x , S y ,S z fora particle of spin 5=1 in the 
representation in which the operators S- and S- are diagonal. 

Sol. In a manner exactly similar to that for 5=4, it can be- 
shown here that : 

1 0\ j / 0 — i 


S x 


1 


V(2) 



'0 

1 

0 

0 

0 

0 


0' 


V (2) \o 
n o ’ 

0 ) and S 2 =2 ( 0 1 

-1 / VO 0 


0 

i 

0 


—/ 


0, 


Problem 12. Show that the operator-S 12 =2 


(S.r) 2 


r ~ 


-r.S 2 


' regarded as a function of r, depends only on the polar angles 8 and 4>. 
■ and that this dependence has the form of a spherical harmonic with 
1 = 2 . ■ 

Sol. In spherical polar coordinates, 
r=(/* sin 8 cos 6, r sin 8 sin r cos 0), we have 
S x cos cj)-fS y sin <h~\ {S+e~ i *' J rS-e' 1 *) 

L (S.r) 2 =[£ (S'+e-^-fSle*) sin 0+&cos 0] 2 

=1 S+ z e~ 2i * sin 2 0+£ SJe 2i * sin 2 0+£ (S + S z +SzS+) 

+e-» sin 9 cos0-H (£_&+S , f &.) & sinfl cos0 
+S 2 co&e+HS+S-fS^) sm 2 9. 
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Using the relations 

[S + , S_] =2 S 2 , S 2 —S + S-+Sz 2 —Sz, S + 4-S-S+—2S + S„—2S s 
— 2 (S’ 2 — S 2 2 ) we get 

^- 2 sin 2 5+.3 (S + Ss+S g S+) e’** sintf cos0 

-(3 S* 2 -S 2 )(l -3 cos 2 ^)+3 (S_S s -f-S;S + ) e** sin 0 cos 9+ 
f SJe*** sin 2 0. 


In terms of the spherical harmonics, with 1=2, we find that: 

Sl2 ~J[^) ls +‘ n-M-(s t 5H-&5 , + ) n-'+ 

-(S.S,+S,S„) Yz'+SKYJ] 


Problem 13. Show that (Jx^—^Jv}— 0. 
and (J x 2 )=(J/)z=^ [j C/+1)—m 2 ] / n a representation in which 
the operators J 2 and J- are diagonal. 


Sol. We have 

■4=L (j + j-/_) and /,=L- (/+ — J_) 

K'-» and <J,>=X {<A>-<^->} 


Now <7 4 )>=0'm I A I J> 

= [fy—/?z) (j-l-w+OP^h <7>n |j\ m-}-l>=0, 
due to orthogonality of the angular momentum states j jni). 

Similarly, </_> = 0 ; and hence, </*>=</?> =0- 
J x 2 =i (J + y + +4/_+J_J++J-7_) 

</**>=* {<4^>+<4^>+V-V+<^->}- 

Now <./+/+> = <jm 1 J + J + j ym) 

=[(/ — m)(y -f w +1 )] 1/2 h (jni | J.l ! j, tn +1 > 

=[(./ wX/-f^+i)] J/2 h. l)0'+^+H-l)] 1/2 h 

<Jm | j, m+ 2> 


=0 


Similarly, <•/_/_> =0 ; 

(J+JS>=<Jm | JV /-| ./Vw> ^ ' 

= [(7+w)C/- /M + 1 )] I/2 ^ <7 m I -7+1.7. 7M--1) 

=[(/-j-/72)(/—w-H)] 1/2 ft [O’— tn-\- l)(y+m —1 + l)] l Mi 

<;m \jnl) # 

=o*+wi) o'-w+i) ?i 2 ^ 'TT 

and <X/+> = (y-m) O'-fw + l) h 2 . 

» ■» 

Hences, 

</,->=1 n 2 ty+'”)(/—">+1)+o’ _m )0+w+1 )i 


1 


I 
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Exactly in a similar manner, 

[ j 0’+1)-im 2 ]. 

Problem 14. Suppose the total angular momentum of a system 
J = Ji +J 2 Show that 

<‘ /2 > = [ jl ( j\ + 1) +j 2 ( j 2 -f I )+ 2w a /77 2 ] fc 2 . 

Sol. 7 2 =/ 1 H/ 2 2 +2 (J lx J !x +J ly J 2y +Ju J v ) 

<y 2 >=a 1 2 >+<t / 2 2 >+2 {<y lx /,.>+</jr^/>+<-W«>}. 

NOW, 

<- / 2 2 >=y 2 (y 2 + l)ti 2 , 

<^/ 2 *>=<y atc > /J 2X y=0 (due to previous prob.) 

0 (due to previous prob.) 
<J lz J 2Z } = (J lz y \ /Hob. 

Using these, the required result follows at once. 

Problem 15. Prove that every matrix representative of a 
component of a vector J which satisfies 

J X J = / J 

has zero trace. 

So). The components of J are given by 

JX i (JyJ C J 1-Jy ), 

Jy——1 {JzJx — J x Jz ) 
and J: = -i(J x Jy-JyJ x ). 

Trace J x =—i [Trace (J y J z ) —Trace ( J z J y )] 

= — / [Trace (/>.//)—Trace (J y J 2 )] 

= 0. {'.* Trace ^5=Trace BA} 

Similarly, Trace J y =0 and Trace J z = 0. 

Problem 16. Prove the identity 

W, = 7z a ]=[7* 2 , 7x 2 J ...(/) 

and show that these commutators are all zero in states for which 
j= 0, £orl. 

Sol. We have J 2 =J x 2 +J y 2 +J z 2 . 

J V *=J2-J X 2-J2 

Hence, [7 a 2 , /,«]=[/,*, J*-JJ-J e *\ 

=[J X *, J 2 )-[Jx\ Jx*]-[J X 2 , J z *] 

=—[M y s s j 

{V commutes with J 2 and / x ] 
=[■/.*,/«*]. ...(h) 

Similarly, using the fact that J, commutes with J- and J y 2 , we 
can show that 

W, Jy 2 l ...(hi) 
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From (ii) and (Hi), we can see that (i) follows at once. The 

second part of the problem can be proved by finding the matrix 

representations for Jf, Jy 2 and Jf fory-O, i and 1 ; respective]. 
It will be seen that the matrix commutators wdl vanis . 

Problem 17. Show that if any operator commutes with two 0 j 
the components of an angular momentum vector, it commutes with the 

Sol Any two components of the angular momentum are 
related to the third by the relation of the form 

[/*, — •••(i) 

If any operator ‘A* (say) commutes with J x and J y , then from 
(i) it can easily be seen that it will commute with J z also. Similar 
is the case for the other components. 

Problem 18. For the electron moving in a central field of force 
show that the eigenfunctions of H, L\ L, and a, can be found as the 
simultaneous eigenfunctions. Obtain the explicit form of the 
eigenfunctions. 

Sol. For a central field, H, L\ Lz and a z all commutes among 
themselves and hence their simultaneous eigenfunctions can be 
found out. To find these functions, we write the eigenvalue equa¬ 
tion for H as 

" (£)-*(£)• . ••■<«> 
We have written the function as a two-component spinor because 

the matrix a, is a 2x2 matrix for the electron and hence its 

eigenfunction should also have two components. 

Equation(i) can be written as two equations 

and 2 . •••(”) 

and Vo, which are the solutions for a central potential, can be 
written in the form 

Rui (r) rr (o, </>), . 

where R, n is the radial part of the solution and Yi m is the angu ar 
part. 

The eigenvalues of a. are -f-1 or —1, corresponding to t e 
spin up and spin down states of the electron, respectively. 

For spin up state, we have 


or 


C Ik;; h!; ) 
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or 


( 1*WM 

V~^2/ \0 2 j 
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=> ^2=0. 


0nim ( t )“ (q 1 


’*»* ( r ) *lm ( e, 9i) 
For 5/?m down 5/a/e, we have 


1- 


•••(Hi) 




or 


II 

H 

•9* 


\ t2 ' 





^nltn ( 4- ) = 


0 


(iv) 


.-Fnj (r) y im .. ^iv; 

2” d (W) are the simultaneous eigen functions otH.lf.L. 

Problem 19. A spin \ particle ? „ , 

Find the wavefunction of this panicle which is'f'sinwh*° f 
function of the three commuting operators • Igneous eigen- 

Jz^L^-fS-, U and J 2 . 

Sot. First of all we find the eigenfunctions of the operator J 
the matrix for this operator can be written as '' 

L z -f\ 0 
- o 4-i 


J~- 


Since L s =-ih the equation determining the eigenfunc¬ 


tions and eigenvalues of J z is of the form 

0 \ 

9 1 


- 9,1 

" n aT + T 


o 


— zh 


H 2 / 


a-"® 


or 


1 

" ltl a"T + T 


—zh 


d{ \>2 1 , . 
- ~2 % = '#2- 


9</> 


It follows that 

W > (r, 8) exp («-l) <S,|, +,=/, (r, 9) exp )± ( m+ j) A 

where A and/ 2 are arbitrary functions of r and 6 and m is a half 
integer. 

From all possible functions of the form 
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h ( r, 6) exp j— (m~|) ^ 

h (/•, 0) exp j~ (m+i) <j> 

we select those which are at the same time eigenfunctions of the 
operator L 2 . Such functions are of the form 

(r) Yf-’ 12 (0, 4) \ 

Wl U. 0) ir w2 (ft-« r -co 

Now we have to choose i?, and /?, such that (i) becomes 
eigenfunction of J 2 also. To do this we write the equation 
J 2 ’!/—/ (j+ 1) ti 2 i in matrix form 

IL’+I+L, L x -iLA (R, (r) T ,” 1 - 1 ' 3 («, 

(, £,+;£„ L*+l-L-. ) Us M Ti m+1/2 (fl, 

., n /& 0) 57”-" 2 («>« \ 

Uw ir +i/2 ( e -' 5 >/ 

and take into account the properties of the spherical harmonics 

(£,+«,) jv-vW+»+i> (/-«)} trrt 

(Lz—iLy) Y t "’=V{< l - m + l > <J+»I)} w 1 - 
It follows then from the matrix relation which we have 
written down that S l and R 2 must satisfy two homogeneous 

equations 

r, (l+D-j (y+l)+m+n A+vK'+i) 2 -"' 2 ) R "- =0 ’ 

In order that these equations can be solved, it is necessary 
that j is equal to l+i or 1-b If we take we get 

Bi {r) = y/{l J r : h J r m ) & 0')> 

Bo ^ O') 

and thus 

J-hm+j 


[Jt 


2/+1 
l—m+Y 


Yi m ' 1/2 (6, 4) 
Yi m+1/2 (0, 4) 


1 

i 

l 

j 


i 


4, (U=/+i, |_ 

|_a/\ 2/+1 

Similarly, we get for y=/-|: 

iVtSM, 

^ (4 ^ (*) | — if Yi m+V * (&, £) I. 

L- V\ 2/+1 / J 

(/=1, 2, 3, ...)• 
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1 


Vpy+D <IW ^r/icfer, «« >«</> 

Problem 20. A system* consuls J aW ,fcr 
nngntor immoiMh /,-l, W hc °"' , te , care tote or «*« 

/,=/. 77k total angular women un /Ae operators J 2 and , 

/+1, landl-1- Express the eigenf - and the z-component 

J. . in terms of the eigenfunc,Hons *£*1*. 
of the angular momentum of the P ( . m)> has the form 

Sol. Thewavefunction ofthesys -f jcIes> 

of a sum of products of functions of P 

- . fl) . (2) I r 7 ,. < U 


^ ,(i) i vz)_l/ 7 ...(i) 

. , . s r o„ j/“ +Ci*i +. + c - 1 'te ■» +I 

d> ( — Vi Vm-i 

• a on the wavefunctions indicates the value of 
where the lower index on tl 

the angular momentum comp ' . d from the equation 

The coefficients C, can be deterrn ...(H) 

* ( * 7*0 flirt Side «n be written conve- 
The wavefunctions of the r P 

niently in the form 

' 1 “(o)' |i ” = (o, 

The operator L x will be a 3x3 matrix 

j /0 1 0\ l / u 



Tja; —' 


->VJ- 


V(2) 


A.-= 


V(2)\0 1 

’1 0 
0 o 
,0 0 

d we find for the operator J~ : 

J 2 —L x z -\-L-2 2 4-2L 1 .L 2 

rl(l+ \)+2+2L2 z V(2) Lo— 

V(2)L 2+ /(/+!)+2 

V(2) L z 


0 


_/ 04 - 


0 

V(2) ^2- 

/ (/+1)+2 — 2Loc 


:re —Lx-VH-v, — L x iL y , 

If we use the properties of the operators L± and Z,_, 

(/+;»+1)} H»+i> 

V{(^+ 7?? ) ( 7 ~W-fl)} h'/'m-i, 
ind that equation (ii) leads to two equations, 
jt yq-l)—/(/+!)— 2m] C x —y /2 \/{0 J r }n ) l—m+\)} C 0 , 
? (j_[_l)_/(/-f-l)-f2w] C„j=V2 V{( / +^+ 1 ) ( 7 -^)} C'o 
If we solve these equations we find for C (y, m) : 


v 
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r /f(/+«) (/ 4 -w-i-J) l 

Vi 2 (21+1) (/+ 1) J 


I 


VI (2/-H) (7+ 1 ) 


i 


_| __ ; J (l+m) (l—m+ l) 1 


L 


■A 

Vi 


2/(/+l) 
<7-/n) (1-m+i )| 

21 ( 21 + 1 ) f 


\/{l (l+\)} 


fUl+rnULz^i 
-J\l(2l+\) « 

)Ul-m ) (l~m+l) ].l 

J | 2 (21+ 1) (/+1) J | 

r(V +m-+-i) (/-”*) ) 


Vi 

Vi 


2/(7-H) f I 

(/-fm) (/4-m-f-l) 


2/(2/+l) | J 

Since the matrix is orthogonal, its inverse is the same as its 
transposed matrix and therefore, each of the functions 

d/ 1 ) J/ 1 ) can be expressed as a linear combination of 

to r ,fi ‘-1 T *n+1 r 

j 

0 (/-f-l, /;;), 4^ (/, 771 ), t]i (l— 1, m) with coefficients which are in the 
columns of this matrix. 

Problem 12. Show that between the simultaneous eigenvectors 
of the operators J 2 and J~, there exist the following relations * 

. . , v _ /( (j+m) ! 




:j> 



( j~m) 

( j+m) ! 


-p j 1 j . ± y>- 

j (/±y-«* \j, ±w>. 


(2/;! ( j m) ! 

Sol We have (deleting h) 

7_ly, w +l> = v'{y (j+\)-rn (w-fl)} ! ;>”> 

=V{ (./-'*’) O J : 

/. U-Y 17. m+2>=/_Vi(y-'«-l) (y+ra+2)} 17. « ! +» 

= \/{( j—m — I) ( j—m ) (j+i/i+1) (;•+/»+2)} f ] m / 

and in general, 

(/-)'-•" li/')=\ / {l. 2, ... ( j—m — 1) (.j-m) ()+m+ 1) 

X (j+m+ 2) ...(2/-1) (27)) l./ m > 

-VPW-')'* 
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Similarly we can derive the other three rehtinn* 

Problem 22. Show that in a representation in which J, and j. 
are real matrices, J, is of the form i x (a real antisymmetric matrix) 
[Hint. It can be shown easily by using the commutation 

relation 

2 ) Jx\~ iJy. 

As [Jz, Jx] — JzJtX ~ JxJ 2 — J X jZ — J 2 J z z=z[J x J . J 
= —[Jz, Jjc]}, 

Problem 23. Since the components of the angular momentum 
operator do not commute , their simultaneous measurement is not 
possible. Show that in a state \ jniy the greatest accuracy of mea¬ 
surement of the components J x and J y is obtained when | m \=j. 

Sol. The uncertainly in the angular momentum J x is defined 

by A/x=[</x 3 >-<4> 2 J 1 ; 2 

= V«Jx 2 » ('•' <Jx)=0 ; see prob. 13} 

= VK jm I Jx 2 ! jm» ...(i) 

Similarly, 

AJy= VK J m I J y 2 I J” 1 )- — 0 0 

Now <./ 2 > = < Jm / J 2 I jm>=Ti 2 j(j+l) = <«4 2 >+<J/>+<L 2 > 
= (AS X ) 2 +(A J*) 2 +m*h 2 
Therefore, 

(Adx) 2 + (Ady) 2 =( f +j ~ w 2 ) ti 2 -(“0 

From (Hi), we see that minimum value of the combined un¬ 
certainties of J x and of J y is obtained when | m j =j- 

Problem 24. A hydrogen atom is in thep-state (l=*\, s=\). 
Obtain the wavefunctions in terms of the spherical harmonics and the 
spin states. 

Sol. Let us take«=■ / = 1 and jz— s —\' 

Hence the state of the atom can be written as 

| rYj 

Here j is the total angular momentum of the atom an m is i s 

z-component. , t 

Now, the states | jirif can be expanded in terms o t esa 
1 J\ m \> and | j 2 m 2 y using the CG. coefficients as . 

| j m y=^f | f j, )«!«!> < hh m i m °- 1 J m > ' (ll) 

m x , m 2 

^here we have used the abbreviation 

I ji 1 j\ m i® 1 j-™ 2 ' 


Scanned by CamScanner 


c< 


ORBITAL AND SPIN ANGULAR MOMENTA’ 


283 


For h=\,m x =\,0, -1 

and for j 2 =b m 2 =\ and 

.Possible | states are 1 1, 1>, | 1, 0)> and | 1, —1> 

and | j 2 m 2 y states are | i i> and | 
j can take values from \ j\ — j 2 i to j 1 + j 2 i.e, 

yW&r 

Corresponding to j—l, m= f, Z, — J, — § and corresponding 
1° j~b m=Z and — i 

Possible | j m ) states are : f f, f>, | f, £>, I i £>> 
1 25 —2>5 1 2 , —I) and | f —, §>. 

Using (ii) and the values of C.G. coefficients for j x — \ and j 2 = £ 
we get: 

I I, f>= I 1, 1> (x) 1 h b> 


3_ 1 \_ 1 

2 5 2 / V3 


1, 1>® 


T ’ 7 + 


7t x 

i i,o>® ii,i> 

T ’ T 1 lj ® jy ’ “T/~V3 X 

1 lj 0/® I 2 5 2 5^* 

1 \_ / 2 , , 1 \ 

2 ’ 2 '/ 

, 1 


2 / 


=7- 


i 3 o>® 


2 ’ 


J_\_i 

2/' _ y3 


V3 


1 1, — 1> ® I 2 2> 


as 


T* -T)-jT x 

I i, -i>® \b £> 

| f, —f>= | l, -i>® |i -*> 

Now the wave-functions for the hydrogen atom can be written 

tynim=Rm(r) Y ” (0, x spin state 


where is the radial wavefunction and T, m ,s are the spherical 
harmonics. The spin up state | i £> can be represented by the 
spinor and the spin down state | i — Z} can be represented 

by the spinor ^ j. Thus we can write 

l i>=-R n M Yl (0, *) ( o ) 
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= r; <o, 

3 l V i / o \ 

t’t/=73^ w y ; w*«(i) 

+ J^R„(r)Yl(», *) (±) 

y~ ** (r) y® 0 ?, *) 

Similarly, we can write all the other states in terms of the 
spherical harmonics as a two component spinors. 

Problem 25. Consider an electron with orbital angular momen- 
um l and spin Under spin orbit interaction, the two possible 
allies of j are /4-| and l — \. Show that the expectation values of 

>* in the state j=l- 

ively. 

Sol. Taking j t =l and/ 2 =| we have j=(j\+j 9 ) to\j\—f\ 
•=/+! and /—i> 

If the z-component of J has (2/4-1) values (-j to +/) denoted 
y m, then we have the two sets of states for the electron as : 

| y>w>= | /-h^, m> and | l—\, m\ > 

The C.G. coefficient matrix for these states is given in the 
allowing table : 


~ and l—are 


;«h , wh 

- 7 —- and — —, 

2/-f7 2 / 4 -1 


respec- 


\'l 

I+i 


/-I 

W, 

\/w 

m 2 \\ 


m 


m 

‘-i 

t 

.A. 

2 

-I 

j 

j 

/ l+m+% \ 

V 2/+1 ) 

( l - m - }-i ' 

V 2/4-1 , 

) Ji 

(l-m -hi > 
v 2/4* 1 ; 

f / 4- wt+i ' 

^ 2/4-1 

1 

) 


l+m 4-i 


1 /+ -’ m>= ja~2i+i 


—1 i\ 


»i—i, i 


/ 


/r\ l+m + i . /-m + i 

<Sj) ;=/+r 27+r lli+ -a+i -* 1 
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T /+1 


Similarly, 

<&> 


1 coefficients for to write the 

Problem 26. L se tl . , md determine the nature of 

spin states for two particles of p 

symmetry of these functions. & o. Corresponding to 

Sol. FoTj\=j 2 =h ^\ve ave^/ Thus we have four|;m> 

7 -=1, m=l 0 -1 and for j 0 ^ Q> Q> Using the values 

states, viz, | 1, 1>, I 1 > °>» I l * ' itten in terms of the states 
of C.G. coefficients, these can be written in 

|./i, >»i> ® 172, m 2 y as: . 

...(b) 

...(c) 

...(d) 


/=/- 


.i 

2 


/?jh_ 

'2/4-1 


and 


1, l>«x 

l.°> = 72 W+ ^ ) 

1, -1>=# 

0, o>=4 2 («*-*«) 


1 

25 


.£) = £(spin down) 


where we have used the notations : 

}; KS- S i k 4)4 (spin down) 
When we interchange a and ? in the above four states we 
see that the states (a), (b) and (c) remains unchanged whde^ 
state (d) changes sign. Thus the first three states are^sy^ 
and the last state is an antisymmetric state. Th 

is a triplet one while the state with y=0 is a singlet • ^ 

Problem 27. Show that the operator ( <r L . o 2 )», where and 

T, are Pauli matrices, depends linearly on the product (a, • ««) 
Find the explicit form of this dependence. < ^ 

Sol. From the previous problem we see that if Jx^ - 
and ./,=■*=! are the spin values for two electrons, then 
(c) and (d) are the states of the combined system ot the e 
If S is the spin operator for the combined system, then 

8=82-1-152 


or 


S*=Sl + +2 S X .S Z 
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( s i-S ;! )= 4 (sa_„j 

» ) 


AND FIELDS 


* : (i) 


•■•(ii) 


—(iii) 


(Si«S 2 ) | 0, 0) =—l_/o2 , 

-mT; ,>,0,0> 

2 ^ 4 4 ) I 0, 0> 

3ti 2 , 

= —4 I 0, 0> 

Now, S=—a, therefore (s S \ fi 2 

2 l ' 2 ^~~4~ ( a i • ° 2 ) 

Hence from (i) we have 

& • °. 0>=-3 I o, o> 

Similarly, it can be shown that 
^ —>• 

( CT 1 • a 2) I 1> 0=1 | 1 } 

(°1 • CT s) I 1, 0> = l | 1 S 0) 

and ( a i • a Y ! 1, -1>=1 . | 1,-1) 

Thus we see that 

-> -> 

. 0^) | ^ = 0, ^>.= _ 3 | t y =0 , 

„ ' ' (»!• <> 2 ) I*=1,*> = 1| *=!,*> 

1 rom (iv) we can write, 

.... - *—■—>• 

i ■ ■ C ®1 • ®s)" I -5 = 0 , /.->=( —3)" 11 = 0 , i 2 > 

(».. ?)»1 i=i, i,>= 1 s =i, *>. 

Since the three triplet states and the singlet state together form 
a complete orthonormal basis in the space of the spin states of two 

electrons^ is sufficient to verify the linear dependence of 

on (°i . a 2 ) for these states. Let us suppose then that 
■ ^ ^ 

( CT i • a i) n = C 1 (ffi • o 2 ) + C 2 ...(v) 

w ere ^ ie coefficients C 2 and C 2 are to be determined Applying 
both sides of the operator relation (v)to the triplet states, and to 
the singlet state, we obtain 

Q+Cs^l and —3C a +C a =(—3)* 

So that, 

Q=|[ 1 — (— 3) n J and C 2 -1 [3+(-3)»] 


-(iv) 


v'l 
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Note that for «=2 

(°1 • cr 2 ) 2 = —2(cr 1 . c 2 ) + 3. 


Problem 28. S/wir that for a system of two identical particles, 
each of spin s, the ratio of the number of symmetrical to the num¬ 
ber of anti-symmetrical spin states is ( s4-l)/s . 

Sol. Since for any of the particles there are possible (2s+l) 
spin orientations, the total number of independent spin functions 
for the system of the two particles is equal to (2s-\-\y. 

These functions, which are not symmetrised with respect to 

the spins, have the form X^ n X^\ where i, k=—s, .. f 

s. If we symmetrise them we get symmetic function of the form 
X ; (1) for i^k, there are (2s-\-\)~—(2s-f\)—2s (2s— 1) 
functions of which one half, that is, ^(25 , +l) functions are of the 
form (X, 1} X f . 2) -fX ; 0) ^ 2) ) (symmetrical) and s(2.y-f-l) functions or 
antisymmetrical form 



In this way we get altogether ( 5 +l)(2i'-fl) functions which are 
symmetric w.r.t. permutations of the spins of the two particles and 
s(2s~{-1) antisymmetric functions which lead to the required ratio 




Problem 29. Show that the transposition operators Pi) com¬ 
mutes with the Hamiltonian of a system of l n ’ identical particles, 
while the operators Pij do not commute with one another. 

Sol. We illustrate it only for the system of three particles. 
The result can be generalized to bz’ particle system exacty in the 
same way. 

P 13 H (1, 2, 3) 4 (1, 2, 3)=// (3, 2, 1) <I> (3, 2, 1) 

=H( 1 , 2, 3) 6(3, 2, 1) ••;(>) 

we have written the last result from the fact that the Hamiltonian 
for a system of identical particle does not change by the inter¬ 
change of the particles. 

Also, 77(1, 2, 3) P j 3 tp (1, 2, 3)=77(1, 2, 3) (3, 2, 1) ...(») 

From (i) and (ii) we see that 


Pi3 H=H P# 
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To illustrate the second part of the problem, let us corsi 
P„ P n + (1,2, 3)=J>„ iK2,l, 3)=* (3,1, 2) 

=P 2 3>K3, 2, 1)=A S 2’ i s4'(1-2, SI 

Thus 

As As = A3 PuT^Pu As* j t i ie anti- 

Problem 30. S/zow f/zar //ze symmetrization an . ^ 

symmetrization operators are orthogonal projection operato 

that S*=S, A 2 =A, SA=AS= 0. . . 

[Hint. The symmetrization and the antisymme riz 

operations are defined by : 

1 - 1 E (-\) p P, --W 


5= 


Z P, A = 


VOT!) V(«l) 

where the summation is to be taken over all n ! permu a 
operators. Suppose that these operators have been place in 
some particular order and we multiply them on the right (or on 
the left) by a given permutation operator P’. This will mere y 
change the order in the arrangement of n ! permutation operators. 
Owing to the summation in (i), it follows that 

P , S=SP'=S, P’ A=AP'=(-1) P A . •••(") 

From (i) and (ii) the relations stated in the problem can 

easily be obtained.] 

Problem 31. Write down the spin wavefunctions of proper 
symmetry for a system of two identical particles, each of spin 1. 

[Hint. This prob. can be solved by using the C.G. coeffici¬ 
ents. Taking the one particle states corresponding to s z —l, 0 
and —1 as a, /J and y; respectively, the result is as given below : 
Symmetrical States : 

(i) a a : 5 = 2, s z — 2 ^ 


(ii) 


1 


(a,S+j9a) J s — 2, Si — 1 


V(V 

(iii) J[y) «y+i y«) ; s==2 > 

i 


S Z 



(iv) 


(£ y+y/O; s—2, s z — — I . 


V( 2 ) 

(v) yy ; s=2, s 2 = —2. 

(vi) ~~77tt (^-ay-ya); 5=0, 5 2 =0. 

Vw) 

Antisysnvnetrial States: 

(i) (ajS-^a) J5=l,5, = l 




Scanned by CamScanner 



ORBITAL AND SPIN ANGULAR MOMENTA 

(ay— y*) 5 J==1, ,,ys=0 
-OSy-yyS) ; J * =s “ 1 * 


289 


(») 

(ii>) 


V(2) 


(1U V(2) ix/ i down the normalized wavefunctions. of a 

Pt °f Th 3 l' Inti cal bosons, which are in given one panicle 
system of three identic 

SMe s 0 \ Let | W, I 4-2>> I be the norraaliZed 0ne - particle 

w, i,..=...»SS;„,, i «»* 

.),><*)=S | 'hi (1) 4-2 ( 2 ) 4-3 0)> 

11 wo w 2 > ^( 3 )>+1 wo W 3 ) W2) > 


V(3!) 


" + wo 

(b) Two of the three filled states are identical, e.g. 

’ |«1)>94H<2)>-M<3)>. Then 

I /(l* \ [ | WO 4-2(2) «2»+ | U2) 4-2(0 W2)> 

* V3 ' ’ +14-1(2) 41 ,( 2 ) 4-j(i)>l. 

(c) All three particles are in the same state ; i.e., 

i 4»(i)) = l <K 2 )>H *K 3 )> Then 
| ++>=| <K(i) W 1 ) W 1 ))- . , ... 

Problem 33. Express the operators r, p and L as irreducible 

% 

tensor operators. , 

Sol. The components of the operators r, p and L satisfy the 

following commutation rules : 

[Li, x,..]=rn e <J:l x* ; [L ( , pk)=i h u kl p t 1 , ...(i) 

and [Li, Lk\ — i*m A* 

Let A x , Ay, A, be the components of any vector operator, 
which is such that 

[Li, Ai-\=iun A\ 

where the indices 1, 2, 3 stands for the x- } y-and 2 -components as 
usual/ Let us define the spherical components of A as: 
f - (lj .,m //^ . ,0). ^ A (1) 


1 


-(A x +iA y )l\/(2) ; A^=A S and A 


[t can very easily be seen that, 


xi) 


L m 


■ \/{l (1+1 )—m (m+1)} h 


...(iii) 
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\l--’ A m ]' 

j7 0 r example, 


p 

m 


•••(iv) 


=[ii, AJi+i [£-*, 4i]=~/h A 2 ~7iA l =V( 2) A^ 

T king into aCCOUnt anc * ^ ie definition the irreduci- 

• 0 r operators (eqns. 92) the problem is easily solved. 
bl e ^ problem 34. Find the matrix elements of the Zrcomponent of 

. vPC tor n in the direction of r,for a spinless particle, in terms 
^ Te eigenfunctions of angular momentum of the particle. 

® j-jliut Using the results of the above problem, we can write 

components of the vector n in terms of irreducible tensor 
C tors and thus the required matrix elements can be deter- 
nS using Wigner Eckart theorem] 

problem 35. Let L be the orbital angular momentum of a 
^pitiless particle, and A an operator whose components satisfy the 
commutation rules . 

[L\, Aic\—i tun A[ 

Using the Winer Eckart theorem, find the matrix elements of the 
components of the operator A in the {D, L,) representation. 

Sol. Using the Wigner-Eckart theorem, we obtain the requi¬ 
red matrix elements in the form : 


{l u mi i 4! } I k ™ S >=<4 lU l) II 4> <4, h rn 2i , m | 4 m i> 


( 1 ) 


where A^ are the spherical components of A, and the expre- 
m 

ssion <4 |1 A' v > ji 4> depends, for a given A, only on 4 and l 2 . 

Xn the following we shall require the C.G. coefficients 
<4 /, m I 4 5 Wi), given by equations ( 68 ). 

Suppose first that m= — L Then, since m i -\-tn=tn\ we obtain ^ 
M 2 =*vfl. For / 2 we have three possibilities, viz, 4=4± 1 or 4, 
so that, conversely, 4 — 4 “FI or 4- Then we can write directly, 
for the non-vanishing matrix elements, 

< 4 w, | 1 4—1. Wi+l)— 

<4=1 ,J,/«,+i,--i|4> "h> 

f*(A iri\ -l)(4-- ^ij 1,3 < 

4-11 (24-1) 24 J 
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where the coefficients a __ /7 

dent of m l5 Similarly ^ ^ 1 ~’ 1 1 ^ ^~^ are ind epen- 

"h | I ! li m l +iy ==a T -ji/2 

<'i «>, i i,,, 11 ll ~ 2/1 (/i+I > -I ; 

1 1 A ~.\ I 4+1, m,+l> 

==a r j4+w J +2)(/ 1 + w 1 4-n p/a 
For m=0, m 2 =m 1 3 ’ 1+1 *- ( 2 4+2)(2 /h-3) J ; 

< /ls , fJVi«i)(4+«i) T' 2 . 

, n 4,4-iL 4(2?+!)—J ’ 

< / d | (A k j | l L , ?n 1 y= a - —_—g?. i . 

u 4,4 t4(4+i)] 1,a 5 


and 


<4> | 4+1, w ?1 > 


r~ 


A 


N 

^_ c [ (4—wi+i)(/,+/» ,-i-n7/ 2 

rp, . 4 3 4+1L (44-1X24+3)—J ; 

ine matrix element for ra= +1 can also be obtained in the 
same way, using the relevent C.G. coefficients. 
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APPROXIMATE METHODS FOR 

BOUND STATE PROBLEMS 



In the development of quantum mechanics, only a few simple 
physical problems like Hydrogen atom, harmonic oscillator and 
rigid rotator etc. could be solved completely and exactly. However 
in practice, exactly solvable problems are rare, i.e. s for the majo¬ 
rity of systems of physical interest, the exact solution of the 

Schroedinger. equation presents great mathematical difficulties. In 

order to permit the discussion of these systems, various methods 
of approximate solutions of the wave equation have been devised, 

leading to more or less accurate approximate evaluation of energy 

. * " 

values and wave-functions. Really speaking, there are as many 

approximation methods as there are problems and there is no 

question of treating them all here. In this book we present only 

three most general methods which are useful under' different 
conditions, ’ 


81. PERTURBATION METHODS : 

. ■ * ■ * * * ■, * * 

, 

■ ■ . . „ . . * h , 

Out of these methods, a simple and beautiful one is wave 
mechanical perturbation theory daveloped by Schroedinger in 
1926. If the problem at hand is sufficiently similar to one that 
has an exact solution, the Hamiltonian can be broken up into two 
parts, one of which is large and characterizes the system for 
which the Schroedinger equation can be solved exactly, while the 
other part is small and can be treated as a perturbation. Pertur¬ 
bation theories are of two kinds : 


(i) time-independent perturbation theory and 

> 1 t ■■ 

' ■ , ' ■ + „■ 

: (ii) time-dependent perturbation theory.. • 

* i , % * r 

In the . time-independent , method, Hamiltonian does not 
depend on time, while in the .time-dependent method Hamiltonian 
depends explicitly on time. 


* 
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1 

8 2 TIME -INDEPENDENT PERTURBATION THEORY FOR 


DEGENERATE 


Let us suppose that the discrete set of all the eigenvalues £ (0) 

n 

r m 

and the orthonormal set of eigenfunctions <}/ 0) of the unperturbed 
Hamiltonian Hto) of a system are known, 


BW ^= E ' n X°>, 


-d) 


■ ■ ' ^ f 

in which E £ 0) is the energy of the nth level of the system with the 

corresponding state function as <]/°>. Now, if a small perturbation 

■ .r * * * 

is added to the system so that the Hamiltonian changes to H 

t en t e energy levels and the stationary states of the system are 
given by the solution of the eigenvalue equation 




Usulally this equation is not exactly soluble. The perturbation 
heory provides a systematic method of successive approximations 
to the eigenfunction <|» and the eigenvalue E in terms of the unper¬ 
turbed eigenfunctions <j/ o) and eigenvalues E^\ The basic idea is 

to split up // into the unperturbed Hamiltonian W* plus a pertur¬ 
bation part if', • F “ 

where the small parameter A characterizes the strength of the 
perturbation*. _ ; 

I ^ n ° W deve J°P the Perturbation theory assuming that E and 
first etc T n P ° W6r SefieS in A such that the zero, the 

' SIS:" C ° rreSPOnd t0 thC Zer °’ the &St etc - 


-( 


^o+A^ 1 4-A 2 ^ 2 +... • 

E=E 0 + \E t + A Z E<> 4- 
• Substituting Eqs. (4) and (5^ in Fn n\ a 

the same order together, we have ' d grou P in 8 the terms 

--- - - . * 

^_ % 

♦For example, when7h^p erturbed r---—- ; — 

bation h due to electromagnetic field acfing on^t the n ° m * ^ P " 
structure constant 8 n ,t ' *" e parameter A is the 

e 2 r ■ • 


* 

* 1 
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(tirt-Eo) *+[(*»-*> +1+(#'-£,) <> 0 ] a 

• 1 4-[(H t0, - £ o) E^o] A*+.=0 ...(6) 

nt this equation to be valid for any arbitrary (but small) 
" C ' h 0 f the perturbation, i.e., for any value of A. This can 
StfCn en only if the co-efficient of each power of A vanishes. Thus 


... (7a) 
...(7b) 


(F<°)— Eq) </'i==(^i 7/ ) i p 0 

Eo) ) 'tyi-\-E 2 * ...(7c) 

These arc the zeroth oraer, first order, second order, ...» 

ClV t*on$ of the perturbation theory. The zeroth order equation 

e ^ u means that is any one of the unperturbed eigenfunctions. 
(7a) 111 

Let us take 

.to) t-. «rni 

...( 8 ) 


and E 0 =^ 


(0) 


and suppose that is non-degenerate. 

Evaluation of first-order energy Ej. Using eq. (8), we can 
write the first-order perturbation equation (7b) as: 


(tf(°> 


E™ ) 4>i=(E 1 -H') 6 


tn 


(0) 

m 


...(9) 


For the solution of this equation we expand fa in terms of the 
complete set of unperturbed wave functions ^, 



1 



•c 



u 
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Multiplying equation (12) by $ 


(0) 

m 


and integrating over the 


space variables 

* 



* 


<o) 

m 


(Ef ~ 4 0) ) d*r 



(0) 

m 


(Ei-H')*™ d*r 


n 


Using the orthonormality of i|/ n 0) , 



( 0 ) 

m 


tjtd 3 r =0 if m?£n 


=1 if m=n; 

we have from the above equation that, 


0 



( 0 ) 

m 


(E 1 -H')^ d»r 


Since E x is first order energy correction, it can be taken out¬ 
side the integration treating as constant. 


E l f <j/ 0) tPr 


tn 


f <l (0 * H' <! 

I m 


£3 r 
m 


or 




<L (0) * H' (L 


m 


(0) 

m 


{ 


Using the normality of 4 


(0) 

m 


Denoting tJv by the ket | m ), we can write it in the bra and 


ket notations as : 


E x =( m | H‘ | my 


...(13) 


Evaluation of First-order wave-function ^i* In order to find 
out the wave-function we multiply equation (12) by <j/ 0) and inte¬ 


grate it over all space, we get 

pc a(v ^ C0) " r(o) ' 

n 


C ) f 


C ^ d 3 r 


Using the orthonormality of the unperturbed functions <j/ 0) we get 


(C 


4 0) ) 


e H' 


7 . 1 ,( 0 ) 

m 


* 


or fl<«(£ 


!0) 

ft 


£ (°) 


m 


) 


< j H* | m y=> a 


(l) 


< k 1 IT | m > 




(0) 


4 0) )' 
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or a 


0 ) 

n 


<”» H '\ m > ; n^m 

e*(0) 


JE (0 ) — £ (0 

n m 


...(14) 


Using eq. (14) into (10), we get the first order wave-function 


* 



' < 7i I H' | m > 


n 


E 


( 0 ) 


m 


£ 


(o) 


...(15) 


n 


The prime on the summation indicates the omission of the 
term n=m in the summation, i.e., the summation is for n^tm only. 

If we take A=1 or include the parameter A into H‘, then in 

■ * " * 

the first order perturbation, 

■ ■ 4 * 

( 0 ) 


E^Ea+E^E™ . +< m | H' | m > 


/- 


( 0 ) 


■ * * % 

and 





■ <« I H' | m > C 


( 0 ) 


a hp 


(E 
v m 


£ (0K 

n ' 


. + H. -■ 

Evaluation of Second order energy E 2 . Using eqn. (8), we can 
. write the second-order perturbation equation (7c) as : 




(m- ~E„ ) >p2=(Ei-H') ^+E 2 


(o) 

m 


' -C 16 ). 

For the solution of this equation we expand and vj> 2 in terms of 
the complete set of unperturbed wave functions ^ 0) : 





a? ^ 0) and 





a (2 > <L (0) 

n T n 


P V 

n 


...(17) 


72 


■ p, i 

Substituting equations (17) into (16), we get 


y 


(fl(0)-^ O) ) *<«) 



< 3 > C 


n 


7Z 


or 


y 4” < e ? 


£<°) ) i (0) 

tn ' “n 



<£> (E-l—H') ^°) +^J> 


0 0 


n 




A 




' .. v'"'' • ...( 18 ) 

_ P _ Hi. ' 

j ■ I a p 

Multiplying equation ( 18 ) by <]/^* and integrating over the 

space, variables, . 


■ | 0 


* 


K 


■ • * 


L 








f 
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. * " 


,<°) 

m 


* 



Co) _£<0) ) ip(°) d Z t 

n m J ^ 


rt 


l (0) 

m 



fl?> (£!-#') ^ <**'•■+ 


,(°) 

m 


E*c d3 r 


n 


p ■ 


For m—n, (E ( n 0) —E^ ) vanishes and for m^n, / <P 


(o» 

m 


...(19) 

<P (3) a 3 r 


i 

vanishes; therefore, the integral on the left hand side of the above 
equation vanishes for all values of n. Also, for n^m, the first 
part of the first integral on the right hand side vanishes us"-- to 

the orthonormality of <l»< 0) . Thus using • the orthonormality of 

■ 4. f .p " j a a 

* 

* r 9 <*#■■■■ 

■ ' ' ^ * f 

functions t|/ 0) , we can write equation (19) as 


, 0. 



a 


(i) 


n 



(o) 

m 


* 


H'^fdh+E, 


iv£m 


or 


E< 



(0 1/7' 


a n' 


n}. 


n 


Substituting the value of a { j\ from eqn. (14) into the above, 


we get 


E< 



\S' 

' (ri\ H* \ rn) (w \ H' I ti) 




n 


(E 


(e) 

m 


( 0 ) 


E v i) 

ii / 


.( 20 ) 


* * 


_ _ m ■» ‘ . - 4 *“ * * r * . 

As before, the prime on the summation indicates the omission 
of the term n—m. 

Evaluation of Second-order Function ib 2 . In order to evaluate 

sjc 

the' wave-function we multiply equation (18) by d/ 0) ' and inte- 

■ * . pp h 

* * * T . T * < 

grate it over all space, we get 






( 0 ) 


* 



a 


(2) Y 77(0) 


n 


(K 


£ (o) ) d z r 

m s * n 


•={ (Ei -ho t d *r 


n 


n 


* » p 


+ 



'o) 

ft 


* 


jEi rfv. 

a “fvj 


Using the orthonormality of 0^’s \ve can write it as 


* ■ 


a 


( 2 ) 

ft 




(o) 

ft 


£(°) 


w 


) 


a 


( 1 ) 


Ei 



<ft I H' | «>; 


I- P ' 


1 i - 


n 


■ > - ■ t 
* I w t 1,' t 


„■* _ -i 







i> * 


* , ■ # 

•* 


l l + 


' V f 
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m ■ ‘ r »■ . 

* * S r 


... ‘ 

trying eqns. (14) and (13) into it we write 

D S 6 . -VH H' l h,\ /^l iri 


<?’ & 


( 0 ) 

• ttl / 


<Jc I H' \ m> <m\ H' I m> 


m 


(^ 0> -4 0) ), 




^y * </c i H' i „ ) <« i g' I m ) 


77 


(Ef>~E^) 


or 




H' I ro> 



n 



ET) ( E 






. * . * " ■ 

n^tm. ...(21) 


. o eq. (21) into (17), we get the second-order wavefunction 

H r L / / i t v - . TT , f v 





(2 


(2) .1,(0) 




+; 



( 0 ) 

ft 



<fc | g' | n) </i1 g' 1 w) 


k 


k 


n 


(Jc | g' 


(£«> 

W?) <771 | //' [ 


E™) (E^-E^)' 


m ) (£ 

VI 




(E^-E^)* 


... ( 22 ) 


Hence the energy and the wavefunction for second order per¬ 


turbation are given by 


E^+E.+E^E^+imlH 



' | (m \H'\ny | a 


77 


(£«>-4 0) ) 


and 


* 


^0+^1+ ^2 




V' c 1 — 1 - 11 

^ L (4? } -^ 0) ) 




(0) r <fc | ft 1 w) 


(tn j H’ 1 my 


k 


(£<,;>-£i 0) ) 


+ 



</c | g' | n> <n 1 g' I w> 




(£ (0) _£(»)) ( £(o) _ £ (0) } 



vherd the primes over summations denote the omission of the 
erms k=m or n=m, as the case may be. 


^-//* Vi * *- * f y ? - 

•3. TIME-INDEPENDENT RERTURBATION THEORY FOR 

degenerate 


DLU&nihrvnAit/ • . . , ,.11 

The non-degenerate perturbation method is no app i 
.'hen the energy level of the unperturbed system is begenertie. 


lis ts due to the fact that in The non-degenetate petturbaUon 


ieory it was assumed that the perturbed wavefunction differs 


tightly from one function which is the solution of the 

» " - *m " ’ .. 


irturbed wave equation for a given energy value, whereas in cas 


* #■ p 


k 


-A 


7 

























*1 * * 
< ' 
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T 


i 








■P 

i 




t 

+ 


of degenerate level there are several such functions which correis- 

A I + 

pond to the same energy. For simplicity we first consider the case 

* l 

of a doubly degenerate level. Let 0^ & be two orthohormal 

^ s * » 

- 1 S 

r * " ^ # 

eigenfunctions belonging to the level E^\ Since ^ and ^ ^re 
// ■ , * 9 . r , * 
states corresponding to unperturbed energy; therefore, their linear 

combination will also be a state corresponding to this energy. 

■ 

Hence we write, 

(|/o=a«4' ( ^ ) -h...(23) 

’ ’ # *\ * ■ 

Substituting this value into the first order perturbation equa- 
iton {lb), we get ’ 




...U4) 


Multiplying eq. (24) by ^ and integrating over the entire 


space, we get 


4- 


(0>* 


m 


(HW-E 0 ) «h d s r=[ ( E i ~ H ") a »C d * r 

+| C* (Ei-H') d * r - 


... (25) 


We have, 


II(. 0 ) ^ d»r=\ [tfW 4$]* <1)1 d 3 r {•; Hm isHermitian} 


[£l 0) C ]* <W d *r 


4 0) f C* 4*1 d *r {V Ef is real}. ...(26) 


Also Eo =E ( °\ Therefore, using eq. (26) we see that the left 
hand side of eq. (25) vanishes. Hence equation (25j gives. 


<t> 


(0 * (E, - H ’) a m ^ ] d*r+ f (E^H*) a , d*r =0 


m 




or 


a m Ei^ ’I'm 


■ • (27) 


to)* .(to) 


dh~a m H’C dh+afa [ j,™ d’r 



m 



“/1 ^ n o) * 


H'^ dh~ 0. . . .,.(28) 


i ' 


a * 
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. • , Using the orthonormality of and this equation re- 

* ^ ■ i 

■ 

duces to 


a m Ei—a m (jn | H r \ tn)—a x (in \ H f \ l >=0 .-(29) 

or «m | H' | my-E t ) a m +(m \H'\l> a t ~0 

or {H'n m -E x ) a m +H f m ia^ 0, .,.(30) 

. Similarly, multiplying eq. (24) by and integrating over 
the entire space, we get ' 


H iftv o m -]~(H f n — Ei) dy— 0 . ...( 31 ) 

Equations (30) and (31) are two homogeneous equations for 
a m and.aj and they have a non-zero solution only if the determi¬ 
nant of coefficients, i.e. 

§ 

. ' ■ ' • I (H’mn-E,) H’ ml ■ I 





H' lm (H n—Ej) 


This is called the secular equation for the problem. It is a 
second degree algebraic equation for E v Explicitly, 

Ei^-iH'^+H'u) Ex+(H' mm H'u~H'miH' lm )=0 ; 

Ex=\ [H' mm +H’ n ]±\ [{H' nm -H' n }*+4H' m iH tm }W. .. (32) 

Thus, there are two possible values of E u say and E < 2 ). 
For Hermitian operator H\ both of these values are real. Hence 

the original energy level splits into two levels, £’ m <°)-|-£' 1 (i) anc j 

£ m <o)+£ 2 (2), as a result of the perturbation. We say that the 
perturbation removes the degeneracy. It may happen however 
that for some perturbations E^^E^, in such cases the de¬ 
generacy would still remain and in order to remove the degener¬ 
acy we have to go for higher-order perturbation calculations. 

Removal of Degeneracy in Second order Perturbation. 
Using eq. (23) into the second-order perturbation equation (7c) 

we get: v h 












A 
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a very good approximation for the solution of Sehrodinger equa¬ 
tion at time t* is obtained by assuming the instantaneous value, 
Hit'), of Hamiltonian as constant. The stationary state wave- 

functions at time V satisfy the equation 

H(t’) 4<n(r, n=E„(t') w» n —(72) 

Now, we expand the soln. of eqn. (71), i|>, in terms of functions 
in the following way 




■s 


...(73) 


n 


where we assume that ^n’s are orthonormal, discrete and nondege 
nerate. Using this tp into eqn. (71) we get 


zh 



jjf I eX P 


n 


+ 



rj* En d 

CtnfnEn exp. £ —jjj- £ £n(0 dt ’ ] 



n 


i^nEnpn 


exp 


l 

h J 


En (/') dt 


0 


n 


{V H<b n — E n $:s} 


or 



d\b n 

dn&n+an j- j exp. 


- 7 L f En{f) dt' . 

n Jo 


0 


...(74) 


n 


Multiplying eqn. (74) by 


€ ex P 


m 


E, 


m 


(O dt' 1 


and integrating over all space, we obtain 


y d„** exp. [1 j* E m (0 dt'-± £ En{f) dt' ] db 


n 



+ > 


tb* 

,w dt 


exp. 


i 




E„,(t') dt'- — £ E n {t ') dt' J db 


0 


n 


Using orthonormality of 4^’s we have 


dm 


5M 


li* 0 -^ exp 




m 


dt 



ft <«•-*■> *"■ ] 


db 


n 




* 























APPROXIMATE METHODS FOR 

BOUND STATE PROBLEMS 



In the development of quantum mechanics, only a few simple 
physical problems like Hydrogen atom, harmonic oscillator and 
rigid rotator etc. could be solved completely and exactly. However 
in practice, exactly solvable problems are rare, i.e. s for the majo¬ 
rity of systems of physical interest, the exact solution of the 

Schroedinger. equation presents great mathematical difficulties. In 

order to permit the discussion of these systems, various methods 
of approximate solutions of the wave equation have been devised, 

leading to more or less accurate approximate evaluation of energy 

. * " 

values and wave-functions. Really speaking, there are as many 

approximation methods as there are problems and there is no 

question of treating them all here. In this book we present only 

three most general methods which are useful under' different 
conditions, ’ 


81 . PERTURBATION METHODS : 

. ■ * ■ * * * ■, * * 

, 

■ ■ . . „ . . * h , 

Out of these methods, a simple and beautiful one is wave 
mechanical perturbation theory daveloped by Schroedinger in 
1926. If the problem at hand is sufficiently similar to one that 
has an exact solution, the Hamiltonian can be broken up into two 
parts, one of which is large and characterizes the system for 
which the Schroedinger equation can be solved exactly, while the 
other part is small and can be treated as a perturbation. Pertur¬ 
bation theories are of two kinds : 


(i) time-independent perturbation theory and 

> 1 t ■■ 

' ■ , ' ■ + „■ 

: (ii) time-dependent perturbation theory.. • 

* i , % * r 

In the . time-independent , method, Hamiltonian does not 
depend on time, while in the .time-dependent method Hamiltonian 
depends explicitly on time. 


* 
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1 

8 2 TIME -INDEPENDENT PERTURBATION THEORY FOR 


DEGENERATE 


Let us suppose that the discrete set of all the eigenvalues £ (0) 

n 

r m 

and the orthonormal set of eigenfunctions <}/ 0) of the unperturbed 
Hamiltonian Hto) of a system are known, 


BW ^= E ' n X°>, 


-d) 


■ ■ ' ^ f 

in which E £ 0) is the energy of the nth level of the system with the 

corresponding state function as <]/°>. Now, if a small perturbation 

■ .r * * * 

is added to the system so that the Hamiltonian changes to H 

t en t e energy levels and the stationary states of the system are 
given by the solution of the eigenvalue equation 




Usulally this equation is not exactly soluble. The perturbation 
heory provides a systematic method of successive approximations 
to the eigenfunction <|» and the eigenvalue E in terms of the unper¬ 
turbed eigenfunctions <j/ o) and eigenvalues E^\ The basic idea is 

to split up // into the unperturbed Hamiltonian W* plus a pertur¬ 
bation part if', • F “ 

where the small parameter A characterizes the strength of the 
perturbation*. _ ; 

I ^ n ° W deve J°P the Perturbation theory assuming that E and 
first etc T n P ° W6r SefieS in A such that the zero, the 

' SIS:" C ° rreSPOnd t0 thC Zer °’ the &St etc - 


-( 


^o+A^ 1 4-A 2 ^ 2 +... • 

E=E 0 + \E t + A Z E<> 4- 
• Substituting Eqs. (4) and (5^ in Fn n\ a 

the same order together, we have ' d grou P in 8 the terms 

--- - - . * 

^_ % 

♦For example, when7h^p erturbed r---—- ; — 

bation h due to electromagnetic field acfing on^t the n ° m * ^ P " 
structure constant 8 n ,t ' *" e parameter A is the 

e 2 r ■ • 


* 

* 1 


ch 137 • 


. . * 1 ■ 


w r 















ADVANCED QUANTUM THEORY AND" FIELDS 


294 

(tirt-Eo) *+[(*»-*> +1+(#'-£,) <> 0 ] a 

• 1 4-[(H t0, - £ o) E^o] A*+.=0 ...(6) 

nt this equation to be valid for any arbitrary (but small) 
" C ' h 0 f the perturbation, i.e., for any value of A. This can 
StfCn en only if the co-efficient of each power of A vanishes. Thus 


... (7a) 
...(7b) 


(F<°)— Eq) </'i==(^i 7/ ) i p 0 

Eo) ) 'tyi-\-E 2 * ...(7c) 

These arc the zeroth oraer, first order, second order, ...» 

ClV t*on$ of the perturbation theory. The zeroth order equation 

e ^ u means that is any one of the unperturbed eigenfunctions. 
(7a) 111 

Let us take 

.to) t-. «rni 

...( 8 ) 


and E 0 =^ 


(0) 


and suppose that is non-degenerate. 

Evaluation of first-order energy Ej. Using eq. (8), we can 
write the first-order perturbation equation (7b) as: 


(tf(°> 


E™ ) 4>i=(E 1 -H') 6 


tn 


(0) 

m 


...(9) 


For the solution of this equation we expand fa in terms of the 
complete set of unperturbed wave functions ^, 



1 



•c 



u 
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Multiplying equation (12) by $ 


(0) 

m 


and integrating over the 


space variables 

* 



* 


<o) 

m 


(Ef ~ 4 0) ) d*r 



(0) 

m 


(Ei-H')*™ d*r 


n 


Using the orthonormality of i|/ n 0) , 



( 0 ) 

m 


tjtd 3 r =0 if m?£n 


=1 if m=n; 

we have from the above equation that, 


0 



( 0 ) 

m 


(E 1 -H')^ d»r 


Since E x is first order energy correction, it can be taken out¬ 
side the integration treating as constant. 


E l f <j/ 0) tPr 


tn 


f <l (0 * H' <! 

I m 


£3 r 
m 


or 




<L (0) * H' (L 


m 


(0) 

m 


{ 


Using the normality of 4 


(0) 

m 


Denoting tJv by the ket | m ), we can write it in the bra and 


ket notations as : 


E x =( m | H‘ | my 


...(13) 


Evaluation of First-order wave-function ^i* In order to find 
out the wave-function we multiply equation (12) by <j/ 0) and inte¬ 


grate it over all space, we get 

pc a(v ^ C0) " r(o) ' 

n 


C ) f 


C ^ d 3 r 


Using the orthonormality of the unperturbed functions <j/ 0) we get 


(C 


4 0) ) 


e H' 


7 . 1 ,( 0 ) 

m 


* 


or fl<«(£ 


!0) 

ft 


£ (°) 


m 


) 


< j H* | m y=> a 


(l) 


< k 1 IT | m > 




(0) 


4 0) )' 
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or a 


0 ) 

n 


<”» H '\ m > ; n^m 

e*(0) 


JE (0 ) — £ (0 

n m 


...(14) 


Using eq. (14) into (10), we get the first order wave-function 


* 



' < 7i I H' | m > 


n 


E 


( 0 ) 


m 


£ 


(o) 


...(15) 


n 


The prime on the summation indicates the omission of the 
term n=m in the summation, i.e., the summation is for n^tm only. 

If we take A=1 or include the parameter A into H‘, then in 

■ * " * 

the first order perturbation, 

■ ■ 4 * 

( 0 ) 


E^Ea+E^E™ . +< m | H' | m > 


/- 


( 0 ) 


■ * * % 

and 





■ <« I H' | m > C 


( 0 ) 


a hp 


(E 
v m 


£ (0K 

n ' 


. + H. -■ 

Evaluation of Second order energy E 2 . Using eqn. (8), we can 
. write the second-order perturbation equation (7c) as : 




(m- ~E„ ) >p2=(Ei-H') ^+E 2 


(o) 

m 


' -C 16 ). 

For the solution of this equation we expand and vj> 2 in terms of 
the complete set of unperturbed wave functions ^ 0) : 





a? ^ 0) and 





a (2 > <L (0) 

n T n 


P V 

n 


...(17) 


72 


■ p, i 

Substituting equations (17) into (16), we get 


y 


(fl(0)-^ O) ) *<«) 



< 3 > C 


n 


7Z 


or 


y 4 ” < e ? 


£<°) ) i (0) 

tn ' “n 



<£> (E-l—H') ^°) +^J> 


0 0 


n 




A 




' .. v'"'' • ...( 18 ) 

_ P _ Hi. ' 

j ■ I a p 

Multiplying equation ( 18 ) by <]/^* and integrating over the 

space, variables, . 


■ | 0 


* 


K 


■ • * 


L 








f 
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. * " 


,<°) 

m 


* 



Co) _£<0) ) ip(°) d Z t 

n m J ^ 


rt 


l (0) 

m 



fl?> (£!-#') ^ <**'•■+ 


,(°) 

m 


E*c d3 r 


n 


p ■ 


For m—n, (E ( n 0) —E^ ) vanishes and for m^n, / <P 


(o» 

m 


...(19) 

<P (3) a 3 r 


i 

vanishes; therefore, the integral on the left hand side of the above 
equation vanishes for all values of n. Also, for n^m, the first 
part of the first integral on the right hand side vanishes us"-- to 

the orthonormality of <l»< 0) . Thus using • the orthonormality of 

■ 4. f .p " j a a 

* 

* r 9 <*#■■■■ 

■ ' ' ^ * f 

functions t|/ 0) , we can write equation (19) as 


, 0. 



a 


(i) 


n 



(o) 

m 


* 


H'^fdh+E, 


iv£m 


or 


E< 



(0 1/7' 


a n' 


n}. 


n 


Substituting the value of a { j\ from eqn. (14) into the above, 


we get 


E< 



\S' 

' (ri\ H* \ rn) (w \ H' I ti) 




n 


(E 


(e) 

m 


( 0 ) 


E v i) 

ii / 


.( 20 ) 


* * 


_ _ m ■» ‘ . - 4 *“ * * r * . 

As before, the prime on the summation indicates the omission 
of the term n—m. 

Evaluation of Second-order Function ib 2 . In order to evaluate 

sjc 

the' wave-function we multiply equation (18) by d/ 0) ' and inte- 

■ * . pp h 

* * * T . T * < 

grate it over all space, we get 






( 0 ) 


* 



a 


(2) Y 77(0) 


n 


(K 


£ (o) ) d z r 

m s * n 


•={ (Ei -ho t d *r 


n 


n 


* » p 


+ 



'o) 

ft 


* 


jEi rfv. 

a “fvj 


Using the orthonormality of 0^’s \ve can write it as 


* ■ 


a 


( 2 ) 

ft 




(o) 

ft 


£(°) 


w 


) 


a 


( 1 ) 


Ei 



<ft I H' | «>; 


I- P ' 


1 i - 


n 


■ > - ■ t 
* I w t 1,' t 


„■* _ -i 







i> * 


* , ■ # 

•* 


l l + 
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m ■ ‘ r »■ . 

* * S r 


... ‘ 

trying eqns. (14) and (13) into it we write 

D S 6 . -VH H' l h,\ /^l iri 


<?’ & 


( 0 ) 

• ttl / 


<Jc I H' \ m> <m\ H' I m> 


m 


(^ 0> -4 0) ), 




^y * </c i H' i „ ) <« i g' I m ) 


77 


(Ef>~E^) 


or 




H' I ro> 



n 



ET) ( E 






. * . * " ■ 

n^tm. ...(21) 


. o eq. (21) into (17), we get the second-order wavefunction 

H r L / / i t v - . TT , f v 





(2 


(2) .1,(0) 




+; 



( 0 ) 

ft 



<fc | g' | n) </i1 g' 1 w) 


k 


k 


n 


(Jc | g' 


(£«> 

W?) <771 | //' [ 


E™) (E^-E^)' 


m ) (£ 

VI 




(E^-E^)* 


... ( 22 ) 


Hence the energy and the wavefunction for second order per¬ 


turbation are given by 


E^+E.+E^E^+imlH 



' | (m \H'\ny | a 


77 


(£«>-4 0) ) 


and 


* 


^0+^1+ ^2 




V' c 1 — 1 - 11 

^ L (4? } -^ 0) ) 




(0) r <fc | ft 1 w) 


(tn j H’ 1 my 


k 


(£<,;>-£i 0) ) 


+ 



</c | g' | n> <n 1 g' I w> 




(£ (0) _£(»)) ( £(o) _ £ (0) } 



vherd the primes over summations denote the omission of the 
erms k=m or n=m, as the case may be. 


^-//* Vi * *- * f y ? - 

•3. TIME-INDEPENDENT RERTURBATION THEORY FOR 

degenerate 


DLU&nihrvnAit/ • . . , ,.11 

The non-degenerate perturbation method is no app i 
.'hen the energy level of the unperturbed system is begenertie. 


lis ts due to the fact that in The non-degenetate petturbaUon 


ieory it was assumed that the perturbed wavefunction differs 


tightly from one function which is the solution of the 

» " - *m " ’ .. 


irturbed wave equation for a given energy value, whereas in cas 


* #■ p 


k 


-A 


7 

























*1 * * 
< ' 


fl 
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T 


i 








■P 

i 




t 

+ 


of degenerate level there are several such functions which correis- 

A I + 

pond to the same energy. For simplicity we first consider the case 

* l 

of a doubly degenerate level. Let 0^ & be two orthohormal 

^ s * » 

- 1 S 

r * " ^ # 

eigenfunctions belonging to the level E^\ Since ^ and ^ ^re 
// ■ , * 9 . r , * 
states corresponding to unperturbed energy; therefore, their linear 

combination will also be a state corresponding to this energy. 

■ 

Hence we write, 

(|/o=a«4' ( ^ ) -h...(23) 

’ ’ # *\ * ■ 

Substituting this value into the first order perturbation equa- 
iton {lb), we get ’ 




...U4) 


Multiplying eq. (24) by ^ and integrating over the entire 


space, we get 


4- 


(0>* 


m 


(HW-E 0 ) «h d s r=[ ( E i ~ H ") a »C d * r 

+| C* (Ei-H') d * r - 


... (25) 


We have, 


II(. 0 ) ^ d»r=\ [tfW 4$]* <1)1 d 3 r {•; Hm isHermitian} 


[£l 0) C ]* <W d *r 


4 0) f C* 4*1 d *r {V Ef is real}. ...(26) 


Also Eo =E ( °\ Therefore, using eq. (26) we see that the left 
hand side of eq. (25) vanishes. Hence equation (25j gives. 


<t> 


(0 * (E, - H ’) a m ^ ] d*r+ f (E^H*) a , d*r =0 


m 




or 


a m Ei^ ’I'm 


■ • (27) 


to)* .(to) 


dh~a m H’C dh+afa [ j,™ d’r 



m 



“/1 ^ n o) * 


H'^ dh~ 0. . . .,.(28) 


i ' 


a * 
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. • , Using the orthonormality of and this equation re- 

* ^ ■ i 

■ 

duces to 


a m Ei—a m (jn | H r \ tn)—a x (in \ H f \ l >=0 .-(29) 

or «m | H' | my-E t ) a m +(m \H'\l> a t ~0 

or {H'n m -E x ) a m +H f m ia^ 0, .,.(30) 

. Similarly, multiplying eq. (24) by and integrating over 
the entire space, we get ' 


H iftv o m -]~(H f n — Ei) dy— 0 . ...( 31 ) 

Equations (30) and (31) are two homogeneous equations for 
a m and.aj and they have a non-zero solution only if the determi¬ 
nant of coefficients, i.e. 

§ 

. ' ■ ' • I (H’mn-E,) H’ ml ■ I 





H' lm (H n—Ej) 


This is called the secular equation for the problem. It is a 
second degree algebraic equation for E v Explicitly, 

Ei^-iH'^+H'u) Ex+(H' mm H'u~H'miH' lm )=0 ; 

Ex=\ [H' mm +H’ n ]±\ [{H' nm -H' n }*+4H' m iH tm }W. .. (32) 

Thus, there are two possible values of E u say and E < 2 ). 
For Hermitian operator H\ both of these values are real. Hence 

the original energy level splits into two levels, £’ m <°)-|-£' 1 (i) anc j 

£ m <o)+£ 2 (2), as a result of the perturbation. We say that the 
perturbation removes the degeneracy. It may happen however 
that for some perturbations E^^E^, in such cases the de¬ 
generacy would still remain and in order to remove the degener¬ 
acy we have to go for higher-order perturbation calculations. 

Removal of Degeneracy in Second order Perturbation. 
Using eq. (23) into the second-order perturbation equation (7c) 

we get: v h 












' I 


* * 

- A 


Hi 
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•l »• 

Using 



i}/i rf 3 r=0 and 


m 


n 


m § 



(0) 

tn 


iK to *.rf 3 r=0 for m^I 9 


a t ■ 


we can write eqn. (34) as 


f H ' ^ 0) db+a m E,^* C 0> ^ ri=0 for 


ft 


r> r* 

V A 


Jl) f .1(0 1* rrf .ro. ' 


L/ 


* —— r « —» # jrt. 


•* J 


j * 


ft 


or 



«<; > h' 


mn 


&mEn — 0 . 


...(35) 


n 

Similarly, multiplying eq. (33) by >!n (0) * and integrating over 

\ 4 - . " * * ■ ' - _ 

the entire space, we get 



a 


H'in—diE t =0 


...(36) 


> 

| 


n 


Now to find the value of a n {i \ we multiply equation (24) by 
and integrate it over the space variables; we get 


% 


( 0 ) 



(H^-Eo) <£> ^ d 3 r 


n 


i< 0) (E, - H') (rf+fl^V 3 ' 


or 





( 1 ) (£(0)._£(«)) <i/°> 4,w d 3 r 

n V n -■ w ' 1 -A • n 


ft 


=c ra E 1 f ^ 


rfV+fliEx | <l£ 


( 0 ) 0 <o) f 4 ,<°> $ 0) d 3 r 


l 


a m 


j ^H’^pr-oi j H '<I>f <Pr 


or a™(E™ -E™) 


amH'hnt—CliH'ki 


{using the orthonormality of 


a 


(1) QmH Jemft t 


n 


E m _ E m 

tn i: ■ 



+ ■ 












p p 


j ■ 

* F 


a ■ 


* # 
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( 1 ) &rnH nm^CliH'ni 


pf 


a: — 

n 


£. <o) 


m 


E™ 


m V 

; 


...(37) 


Using cq, (37) into (35) and 36, we obtain 


§ * 



(X^\H nm + diH r m 




F(°) 

J-'m 


£ v 
n 


(0) 


ff’ 


inn 


E 2 a m =0, 


...(38) 



Clrnff nm^T Cliff ni 


n^El, m 


E m 

m 


E' n 


(0) 


~ ff'm—E z flj=r.O: 


... (39) 


The secular equation associated with these equations gives 
1 tions for E z which are of the same general form as that for E%. 

These roots are equal if 



ff'mnff' 


nm 


and 


- e { 0) —E (0) 
n^=h m m n 

H'rnn H 71 / 



H'lnH „i 


( 0 ) 



m ■ -m 

■ 

p 

» 

1 o. 


E 


to) 


n 


P 


> 


...(40) 


E (o) 

ny^l, m *» 


E 


(0) 


n 


J 


■n 

Unless both of these equations are satisfied, the degeneracy is 


removed in second order perturbation, 

a-Fold degenerate 'case. Generalization of the above treatment 

to the case of atfold degeneracy is straightforward. Let , 4’^. 

+ 1 

1- ■ 

tb (0) be a orthonormal eigenfunctions belonging to the 

Tma 


*1 £ (0) . Since all these states are the eigenfunction for the 

m 

jerturbed energy, their linear combination will also be a state 
responding to this energy, Hence we write 


a 


4*0 


-2 a„ <\> 

1 


(0) 

nan 


...(41) 


Substituting this value into the first drder perturbation equa 


tion, {lb), we get: 


a 


H 


(0) 


E 


( 0 ) 


( 0 ) 


m 


)Jl l =:{Ei—ff ) E Ctnlj), 


...(42) 


Multiplying eq. (42) by 4» (0) * and intergrating over the entre 

s Pace we get: 
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[ * (0) 

J T ?nj 

+Ei b— 2° n j v , w-'~;r=r; j> _ * w « 

The feft hand side of above equation is zero as in t e case o 

(0) 


H 


( 0 ) 


) <h d 3 r 
m 


<°>* /»*■ 


TWi 


* m(0) 


ji®* a. f*.®>■■■•<«> 

I T m, mn * n=i J 


double degeneracy. Now using the orthonormality of <|» s 


and 


the notations 


f <|/ 0) * H'db = H\ n 
J r m x mn 


. ■ • (44) 


a«.H' 


or 


we can write eq. (43) as, 

Q^Eyai—axH'ii—azH'ii—asH'w- 

(H'n—Ei) a L +H' 12 a 2 + 

( 0 )* ,(())* 


la 


Similarly, multiplying eq. (42) by ip 
integrating over the space, we get: 


m 2 


4 


mz 


# m t 


...(45a) 
4 <°>* and 

'W« 


H'«,a 1 +(H' i »—Ex) a 2 +...+tfV 7 a=0 


... (45 A) 


• * * 


• * * 


■ i t * * * 


J 


* # * 


a « ■ 


• * * 


• # * # * * 


//'a 1^14"■*•4'aa -^l) ^ 

Eqns. (45) are homogeneous equations for 
they have a nonzero solution only if the determinant 

vanishes i e 


...(45a) 

a. Zi and 
coefficients 


(H'n-Ex) 

H' u 

. H'i « 

H' n 

* 

(ff«- 

t 

E l )..:...H , 2 « 

• 

* 

• 

H A 

H'a 2 .. 



This is the secular equation for the problem. On 


=-0 ...(46) 

K I 

evaluating the 


determinant, equation (46) is a polynomial of degree a in E u and 
has a roots E u (/*=1,2, a). Hence the original energy level 


splits (in general) into an a-plet,| + E lfi 


(^ — 1 > cc)* 


i f e the perturbation removes the.degeneracy, 

8 8. TIME-DEPENDENT PERTURBATION THEORY : 

+ 

So far we have assumed the Hamiltonian operator H to be 
independent of time. When the Hamiltonian has a small part 
which depends on the time, the above time-independent perturba¬ 
tion theory is not applicable. The theory of time dependent 
perturbation was developed by Dirac and is often called as the 
















fe 


/ 
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m 



However, the small 1 perturbation H' now depends on the 
time and has the effect of causing transitions between eigenstates 
of# , which are stationary in the absence of H' Since the 
Hamiltonian, H=H^ + H', depends.on time, we must now work 
with, the time-dependent Schroedinger equation i 


as 

3 1 




,..(48) 


A general solution of eq. (48). can be written in terms of the 
eigenfunctions <£< 0> exp. £ - iE^ t/ii Jsee equation (90), chapter- 
1 of the unperturbed time-dependent equatiou as follows ■ 




X . (0 € 


exp 


-iE m 


n 


V </!> }, 


..(49) 


_ r r** " » w 

where the expansion coefficients evidently depend on time. 
Substituting eq. (49) into (48) we get: 















< 

■' -s. 




I - 


- - + 


■ . * 


■ p 


ft 
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-* ■ 


Cancelling the common terms on 


both sides, we get 


■ \ 


X th fln 


(0 



iEfH ft | 


n 


a m 


X a n (t)H'C exp- 


iE 


?’</»} 


• • • (50) 


■n 


Multiplying both sides of eq. (50) by y t 


and 


integrating 


over the space, we get 


^ zti a„ (/) 


exp 


(o)* 

k 


n 



a n (t) exp 


lEl n) 

.{ -iE^t !h 







n 


or 



zti a n {t) exp 


iE™ f/fc 


§7:n 


n 



a n (t) exp 



iE™ t/h Iff'*, 


n 


From orthonormality of functions <J» 



or 


zti 4 (r) exp.I ti 1=^T a„ (0 exp. j — z££ 0) tj h | H'n 


n 


or 4 (0=(zh) _1 



H’kn a n (0 exp. {zWnZ} 


...(51) 




where we have 


£ 


( 0 ) 


£' 


o> 


n 




h 


5 


...(52; 


-i ■ « . 

known as Bohr's or Angular frequency, 

■ 1 a 


* it 

Equation (51) is an infinite set of simultaneous differentia 
equations in the functional). These can be solved for som 

particular cases as shown below • 

all exMDt^iwfnf th ‘ h,t Wl,en i» applied at <-C 

UTO W rf .! “™’ so «®‘ «» system is in a debit 

unperturbed energy state. We thus take 


■■ h 


1 / v 

, # i 

r - ( . 

■ a ■* 


V s. 
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a n (t) —0 for 

for n=k 
MO—Sn* at t =~o 


at /=o 


yj L ^ ^ T tK 0.1 l 

Thus, we can find the solution of eQ „ a ,- , ' . ■ -(53) 

but physically it cannot be done, since th t,0n ^ 51) numerically 

of equations. here are infinite number 

If the small perturbation H' acts 

time, it can be treated as independent^ system f °r a short 

Hence we may solve equation (51) by ne ,' me durin g this period, 
right hand side except that with n=k t^ e ^ Ing aI ! terms °nthe 
only the term in a k (t) needs be retain^ at 1S ,’ by assUm 'ng that 
equation. Thus d 0n the tight side of these 

dft(?)=(lh)-l £r/ 

4 * 


Integrating this we get 

a ft(0=exp 


... (54) 



H'lti , t 


. ..(55) 


. 

The constant of integration is zero due to th. ' 

that a k (0)—l- t0 the assumption 

The equation (55) tells us the wav in t , 

MO changes daring the time when Jper.^Son l 

*ZL "LThl-1 r !”!rj°?. 0 I ,he equatio ” s cm) >«* 

kjkn. 


„ . „ .ui iae equations f^r 

determine the behaviour of. the coefficients a k (t) with k+n 

Replacing (/) on the right hand side of equation (51) bfits 
initial value * n (0) = 1 and neglecting all other-*.>8 we obtain 

A 


a k (t) 


lw kn t 


. , (iti)- 1 H‘ kn e 

Let the field be switched on at /=0 and switched off at t~t. 


...(56) 


. “ "“ w,k,u u “ ai ana switched off at t-t. 

During this period the perturbation^’ remains constant; and before 
don (56)j we get^ 1Cat *° D ° f jt is > zero - integrating equa- 


Cfc (t)=(ij,)-i H' kn f e m '- nt> df 

Jo 


(iti)- 1 H' 1:n 


lUknt 


1 


H' 


l Wkn t - 

e —1 


" JlCOkn 

erefbre, the probability of finding the system 
any time t can be calculated as follows : 


...(57) 


in kth state at 


Probability^! a ’= (0 


I HW 3 


(e lJJint -l) (e l<1>knt -\) 


hV 2 


bn 


H'h 


kn 


2 2 COS 0)bnt 














“APPROXIMATE MOTHODS FOR BOUND STATE PROBLEMS 


jy 


307 


or 


flfc (0. 


4 H’kn I 2 sin 2 (aW/2) 


tl?W 2 jsn 


...(58) 


The factor sin 2 ( <0ftn r/2)/w 2 , ! „ is plotted as a function of in 


figure 1. 


■ 



T,V 




—8*/t —4jr/t 




Fig. 1. 


Taking aiim—x, we write 

sin 2 (xtj2 )_ 1 






1" 


(*0 : 

3-2 


+ 



The maximum value of S * n (xtjl ) occurs w hen x=0. There- 

X 


fore, 


f sin 2 (xtl2 )" 

Lim 

'sin 2 (xtl21 

x 2 

ItnaX' X—^0 

x 2 _ 


t 


4 


*•*(59) 


Hence the peak value of sin 2 (aW/2)/to?.*ri 2 is t 2 j 4 as shown in 


in the graph. 


The value of, s * n C xt l?) _ w jp zero w h en 


x 


Xt . 2 ?Itt 

sin (xtj2 ) = 0 or^- = i ? ^ or *=± 


* * 


2 


COjin— i 


f 


2tt72 

- 


...(60) 


It is quite clear from figure 1 that the height of the main 
peak increases in proportion to t 2 while its breadth decreases 
inversely as t. Therefore the area under the curve is promotional 
to t. Thus, if there is a group of states that have energies nearly 

equal to the initial state, the probability of finding the system in 
one or another of these states is proportional to t. This statement 
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* *« 1 ' 

* * 
i 

implies that the probability per unit time that a transition has 
taken place when the perturbation has been on for a time t is 
proportional to t. 

If the final states form a continum , as in the case of ionization ■ 
of an atom, we can define the density of final states P (k) such 

e . * , 1 w* f 

m " B 

j. ■ ■ 

that P ( k ) dE^ is the number of final states with energies between 


£f> and £ ( k 0> +d£, 


k 


■ 

* 

Transition probability per unit time. It is obtained by multi¬ 


plying equation (58) by p (k) and integrating with respect to 


and then dividing by time t , f.e., ’ 


w 



I a»(t) | 2 m dE[ 0) 


...(61) 


If the central peak is the domain of integration (i.e. energy 
conserving transitions), the main . contribution comes from this 
peak and only small error is involved in extending the limit of 


this integral to 


w 


T 

OO to 

' 4\h'k 


U-—4JL 

■ ^ j -CO N 


sin 2 (co j zn tjl) 


p 


(k) dE 


h 2 o> 


...(62) 


fcn 


* 

As t becomes large, then according to fig. 1 breadth of the 

main peak becomes small. We can regard quantities H'kn and 

9 ■ # r 

p(k) sufficiently independent of island hence they can be taken 

r 

outside the integral. Therefore, ' ’ ■ 


w 


2h i H'*n\* Hk ) f sin 2 (aW/2) 

_O0 t/2) 2 


b 2 


6?(o>fc n t/2j 



dE 


(o) 


as 



or 


putting ~ -~x, 


2 


TV 


■ ■ 

2h I H’kn 1 2 p(k) f +to sin 2 x 


h 3 



oo 


X 


dx 


2ft I H'un | a P(k) 

ft 2 


* 


L . 


*7T 


% * 


• * 


w 


2 it 

h 


P(k) I H’lcnl 2 


J 


N * ■ -*‘- 

■ J - -■ ■ 

j > , . .■ ■ 

7 ■ *. f ■ 

■ ■ . ■ ■ i ' ■ ■ 

' i ...(63) 


4*^ 


V * - . 
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This formula has got wide applications in quantum physics. 

■1 A?_ TT / J 


Harmonic Perturbation. If the perturbation H depends 
harmonically on the time except for being turned on at time f=0 
and turned off at a later time /=/o, we can write 


H 


2 (H'o)kn Sin Wt for 0 <J t < *o 


0 


elsewhere 


* * 


.(64) 


where „ is independent of time and u> > 0. Then the inte- 


gratioh of eqn. (56) gives:. 

■» 


■*» r 

<9 . 

f sin wt ' exp. {imJl dt f for 
fh Jo 


t<t 


0 


• m 


.(65) 


and a k (t) 


2(E f ohn 


zTi 


f*° sin cut* exp. (zoW'} dV for t > t 0 , 
Jo * 


\ve get 


(/>/•) 


L 


exp. [f {tDftn+g) jj 


1 


exp. [z (ccjfcyi—— 1 


.( 66 ) 


From eqn. (66) it is apparant that the amplitude is appreci¬ 
able only when the denominator of one or the other of the two 
terms is practically zero. If the denominator of first term is zero, 
then 


W7:n 


v 


CD 


K 


(o) 


£ (0 > 


or 


a 

a- 


h 


OJ 


or 




(0) 


...(67a) 


Similarly, the denominator of second term gives. 


E®=Ei 0) + hc« 


k 


11 


... (67b) 


From eqns. (67a) and (67b) we see that the first term is important 
when the effect of the perturbation is to transfer to the system on 
which it acts the Planck’s quantum of energy ha). If the effect of 
the perturbation is to receive from the system the quantum of 
energy hw, the second term will be important. Now if we assume 
that the initial state n is a discrete bound state and.the final state.. 


k is one of a continuous set of dissociated states, then 


* -r 




. i * ., 


■-i r 


and only the second term in (66) needs be considered, 'i,e* 

■ -*■ J * , 

. . 'V' ■ • V 
• - ^ 


k, h • 4 * 


' j , r- -■ L 1 


■> - 
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a k (t >lo) 


(#'„)* 




/ (w/iTI—&l) /o 


1 


ftl 


a>; ;n — oj 


Hence the probability of finding the svstem in kth state after 


the perturbation is removed is : 


ait (?>?o) | 


4 


l 2 sin 2 [(to/:n — to) t 0 j2 ] 

h 2 o>) 2 


...( 68 ) 


This is identical to equation (58) for the constant perturbation 
with the only difference that the role of wj :n is played by (<o*„— w) 
here. A graph between sin 2 [(co; ir j—to) to/2]l(a)}: n —a>) 2 and (to? ;n — oj) 
is identical to that of figure 1. The height of the main peak is 
t Q 2j4 and its breadth decreases inversely as t 0) so that the area 
under the curve is proportional to to. Similar to the constant 

perturbation, the transition probability per unit time to a group 

* • ■ 

of states k that have energies nearly equal to £^ 0) + fuo, is given 


by 


w 


to 
( 0 ) 



ciji (t ^ t 0 ) ] 2 p (fc) dE 


( 0 ) 


...(69) 


where p(k) dE^ 0) is the number of final states with energies bet- ^ 


ween E £ 0) and Ej 0) +dE ( K 0} , P (k ) is energy density of final state. 

As t a becomes large, the breadth of the main peak becomes 
small. We can regard (H' 0 )xm and P (k) as quantities sufficiently 

independent of E < 0) and can take them outside the integral. There¬ 
fore'substitution of eqn. (68) into eqn. (69) gives 


w 


2rz 

tT 


P(k) I (H'o)l:n 


...(70) 


8 5. ADIABATIC PERTURBATION : 

Time dependent perturbation theory is used to solve the 
problems for which the Hamiltonian has a small part which 
depends on time. We now extend this theory to solve more 
general problems in which the perturbation part undergoes large 

changes 


Now we wish to solve the Schroedinger equation 


jfc f(0 f ■ 

ot 


...(71) 


vhen HQ) varies slowly with time. If H{t) varies slowly enough. 
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a very good approximation for the solution of Sehrodinger equa¬ 
tion at time t* is obtained by assuming the instantaneous value, 
Hit'), of Hamiltonian as constant. The stationary state wave- 

functions at time V satisfy the equation 

H(t’) 4<n(r, n=E„(t') w» n —(72) 

Now, we expand the soln. of eqn. (71), i|>, in terms of functions 
in the following way 




■s 


...(73) 


n 


where we assume that ^n’s are orthonormal, discrete and nondege 
nerate. Using this tp into eqn. (71) we get 


zh 



jjf I eX P 


n 


+ 



rj* En d 

CtnfnEn exp. £ —jjj- £ £n(0 dt ’ ] 



n 


i^nEnpn 


exp 


l 

h J 


En (/') dt 


0 


n 


{V H<b n — E n $:s} 


or 



d\b n 

dn&n+an j- j exp. 


- 7 L f En{f) dt' . 

n Jo 


0 


...(74) 


n 


Multiplying eqn. (74) by 


€ ex P 


m 


E, 


m 


(O dt' 1 


and integrating over all space, we obtain 


y d„** exp. [1 j* E m (0 dt'-± £ En{f) dt' ] db 


n 



+ > 


tb* 

,w dt 


exp. 


i 




E„,(t') dt'- — £ E n {t ') dt' J db 


0 


n 


Using orthonormality of 4^’s we have 


dm 


5M 


li* 0 -^ exp 




m 


dt 



ft <«•-*■> *"■ ] 


db 


n 




* 
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i 4 




exp 


n 


■ RE 


(£n Em) dt 



V ; 


m dt 


d s r 


...(75) 


To evaluate the integral in this equation, differentiating equation 
(72) we obtain - 

m * n +H §-"=^ n f n +E n 


dt 


dt dt 


dt 


Multiplying it by tL w * (m^n) and integrating over the space, we 
get: 


4 


* BH 


m 


dt 




,* H ? ^ d 3 r=— n 
m 8t ' dt 


tb* . 


tn 


\]irid 3 V 4“ 


Ea 


m 


dipn 

dt 


d z r 


Using the fact that H is hermitian and the orthonormality of i/i n ’s 
this eqn. can be written as 


* m 


m 


dt 


fin d 3 r-\- 


* 

dt 


d 3 r=E n \ i> 


|c tyn 


* J 3 

dt . 


or 


j« ST ^+ £ -k 


or 


(Em—E„)(ii m | 


/ 

\ 


<1* 


//I 


Substituting (76) into 75 we get : • 


'J Vm St 

~ \ 4-n^); rn-^n 


...(76) 


a 


m 



m 


dH 

dt 


i)nd 3 r 


n^m 


{E m -E n ) 


exp 



a 


m 



Qn 


71 




m 


dH 

dt 


n 


exp 


■t'C 


E m )dt' 


, or 


w mn (t')dt' ...(77) 




Let us suppose that the system is in a definite unperturbed 
energy state at f=0, so that we can put a n =S nfi . We thus obtain 





exp 


t 


l I 

JO 


:(/') dt 



k^tm 


xkt j- ’ -( 78 ) 

e can now evaluate a m fay assuming that all the quantities 

dH' 
dt . 

appearing on the right hand side of eqn. (78), which are expec¬ 
ted to be slowly varying, are constant in time and can be taken 

outside the integral. Therefore we obtain 

■ 



If 

t 

* 

t 


i 


V 

1 

l 

T 

i 






* i 




L 
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5l^ 


V 


- / 






&m— (httJms) 

-1 /: 


3J7i,\f‘ I . , 

/C.'j exp. I Zwmfct 


' zfr' 1; k-^tm 


dH I ,\ 


(ifta> s m *) _1 | ~ J k' [exp. (iiomkt)- 1J; k^m ...(79) 

+ 

According to equation (79), the amplitude for states other 
than the initial state oscillates in time and do not show any 
steady increase over long periods of time even if H changes by an 
appreciable amount. Thus a negligible error is made by neglect¬ 
ing the probability, | a m | 2 , of finding the system in the final 
state tp M and in saying that the system remains in the initial state 

ipj: even though ^ itself is changing with time. ■ This is known as 
adiabatic approximation . A very good example of adiabatic 
approximation is met in the Molecular Physics, where the motion 
of the nuclei (due to their large mass) is much smaller than that 
of the electrons around them. Therefore it is a good approxi- 

mation-to take the nuclei as fixed for calculating the electronic 
motion. Moreover, the nuclear motion can be calculated under 

the assumption that the electrons have their steady motion for 

each instantaneous arrangement of the nuclei (adiabatic approxi¬ 
mation . 

An Example of Adiabatic Approximation . As a simple example 
of the application of adiabatic approximation, we consider a 
linear harmonic oscillator for which the position, a{t ), of the 
equilibrium point depends on time. Hamiltonian for this oscilla¬ 
tor is given by .. 


H 


h 2 a 2 , i „ r 

2m 8x 2 + 2 A l - 


a(t)} 


...(80) 


The instantaneous energy eigenfunctions are the harmonic- 
oscillator wavefunctions centered at the point n(t), and the energy 
levels are unchanged. 

ty n (x)=Nnff n [«(x-a)] exp. [~W(x- a y]; E n = (n +£)ha> ...(81) 


where, 


a 4 = 


mK 

h 2 ‘ 


, ■ * 

If the oscillator is initially in its ground state (n=0), the time 

1 * 

K. (x—a) a, has a nonvani- 


derivative of the hamiltonian, - 


m 


dt 


shing matrix element only with the first excited state. This can 
be evaluated using ; 


■ > 


.1 -' 




,r ^ «. 


vy 




■? 


< ** 
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f 1 

a 


. t 

Jin* X <]/« dx=-- -j _1 


a 

10 


«+i)V ' 2 

~2~ I in—n +1 

n \*i z 

~2 j w =«—1 

otherwise. 


...(82) 


We get 


<1 


3/ 


0> 


Ka 

a.\/{2) 


—Kd I 5-^ 
2 / 


3/2 


(mX)- 1 / 4 ...(83) 


Substituting this into cqn. (79) we get the magnitude of the 
fficient of the time dependent factor in the amplitude of the 

fi r st excited state, as 

Kd (W /2 _ . ■ 


a 


tio) 2 * (Ktn) 114 (2tio)/w) 1/iJ 


...(34) 


Equation (84) may be interpreted physically by noting that 
the denominator is of the order of the maximum speed of a 
othetical classical oscillator with the zero point energy. Thus 
the adiabatic approximation is good when the equilibrium point 
troves slowly in comparison with the classical oscillator speed. 

8 6. SUDDEN APPROXIMATION : 

The sudden approximation is used when the change in the 
Hamiltonian occupies a very short but finite interval of time. For 
this let us suppose that at time /=0, the Hamiltonian suddenly 
changes from H 0 to and remains constant thereafter, Le„ 

\H 0 for t < 0 
H \H X for t > 0 

Then the wavefunctions are given by, 


...(85) 


ib (0) =E W for t < 

U ‘ n 71 7 i 


(0) ,!,(0) 


0 


+S’ =4” for ? > o 


...( 86 ) 


where and ij/j^’s form complete orthonormal sets of functions. 

Therefore the general solution can be written as : 

f 2 a n d/n Co) exp. ( — ?/h) for t < 0 




n 


I Z b m ib m (1> exp. (- 
1“ 

8$ 


iE m ?/h) / for > 0 ...(87) 


Since the. wave equation zh is of first order in the 


j, 

. § 
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time, the wavefunction at each point in space must be a continn 
ous function of time. The condition of continuity at t —0 gives 

2 a n <b n m=Sbm 


n 


m 


Multiplying the above equation by A™* 1 !* and integrating over 

i * " 1 


the entire space we get : 


b 


m 


i 


or 


b m =2 a n <[m | n } 


. ...( 88 ) 

According to sudden approximation we can use the above equa¬ 
tion (88) even when the change in the Hamiltonian takes a very short 
but finite interval of time t 0 . We suppose 


f for f < 0 
H~lHi for 0 < i < t 0 


...(89) 


H 1 for t 


t 


o 


The intermediate Hamiltonian, which is assumed to be cons¬ 
tant in time, has a complete set of energy eigenfunctions, given 
by 


Hi 


-.(90) 


■ 

The exact solution can be expanded in terms of with 
constant co-efficients 


0=2 C h h ii} ex P- (~^ (i) t/h) for 0 < t < t 0 


...(91) 


k 


Applying continuity condition at t =0 we get 

C; : =£ a„ <fc | n> ...(92) 

n 

Similarly, the continuity condition at t=t a gives 

b,„—2 C k {m | /c> exp. [—i (E,^— £ m (1 >) t 0 /Ti] 

Tc 

=2 On 2 (m \ k> </c I ;j> exp [-/ (£*«_£ m d)) ? 0 /fi] ...(93) 

n h 


For r 0 = 0, the exponential is equal to unity and eqn. (93) 
reduces to eqn. (88) as it should be. 

For sudden approximation to be good, / 0 should be very 

small. Then we can expand the exponential term in eqn. (93) as 
follows 



n 


■ • ■ ( 94 ) 
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Comparing it with eqn, (88). we see that the error in the 
sudden approximation is proportional to to for small to, and it 
can be estimated from eqn. (94). 

8*7. THE VARIATIONAL METHOD 

The perturbation, theory applicable to those problems for 
which the Hamiltonian differs only slightly from the Hamiltonian 
H^ 0) , for which" the Schroedinger equation can be solved exactly. 
Now we describe a method, known as the variational method, 
which is applicable even when there is no closely related problem 
that can be solved exactly. This method is primarily used for 
the estimation of the ground state energy of a system. It can also 
be applied to the systems that are described by a non-separable 
Schroedinger equation. Variational method is based upon the 
following principle : 

The expectation value of the Hamiltonian in any state of a system 
is 7 iever smaller than the energy of E 0 of the ground state of the 
system. To show this, we expand in terms of the orthonormal 
set of eigen-functions fa of H as 


fa, di fa—E k 




fa* 


...(95) 


Now expectation "value of fffov the function $ is given by 


<H) 


f <1,* m d s r= f Ea n * fa : * H Ea , fa d s r= E a k * ai E x 8 W 
J " J k . / K t 

.. (96) 


E l a h | 2 Ek 

k 


On.replacing each of the eigenvalues En in eqn. (96) by the 
lowest eigenvalue £ 0 , we obtain the inequality, 


<H> 


E | a k 

h 


Eq~E 0 E | a<c 

k 


£ 


o 


...(97) 

1 for a normalized 


We have made use of the fact E | a k 

k 

wavefunction 4^ 

If ^ differs from the -eigenfunction of the ground state by a 
small quantity of the order of e, then <#> with differ from E^by a 
small quantity of the order of e 2 . To prove this, let us take 




Then, 


,..( 98 ) 


H (4>o+* fa) d 3 r 


<#>= J ot 0 +« tr 

- fao* dV+e f fa* H<i> d 3 -r+e 



H fa rfV 
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■j“ £ 


i « 

j H d s r. 


E 


0 



0 


io d s r+e E$ \ ^o* $ d 3 r + c Eo j ‘/'o d 3 r 


-f e 2 


<j>* H $ d 3 r {7 H is hermitian} 


Eq+<l 1 E (2) : where, £< 2 > 


* H f djr 


...(99) 


"' {7 (j/ 0 and <f> are orthogonal to each other} 

Equation (97) show's that smaller the vame of <77), the closer 
it will be to E 0 . Therefore, the variational method consists in 
minimizing <W> by varying d> and taking the minimum value of < II ) as 
an estimate for E 0 . In practice, we always have some information 

about the general form of the wavefunction, and most of the 
times it is possible to write a trial wave function in terms of suitably 
chosen function containing one or more parameiers , on the 
basis of physical intuition. Equation (97) can then be used to 
compute < ff} as a function of these parameters, and the parameters 
can be adjusted to minimize This minimum value of </7> is 

the best estimate of E 0t obtainable with a wavefunction of the 
chosen form. Because of the second order nature of the approxi¬ 
mation, the value of </7> is, in general, a much better approxi¬ 
mation to E 0 than the corresponding ^ to the ground-state 

wavefunction ifj 0 . 

. The variational method can also be used to calculate an upper 
limit for one of the higher energy levels.-. If we choose a trial 
wave function d< which is orthogonal to the wave functions ^ 0 , 


* % * 


; then the coefficients tf 0 , a l9 


• * * 


tfm-i in the expansion 


(96) obviously vanish and the lowest energy which appears in the 
expression 2 j ai : | 2 E> : will be E m . We then obtain 

• <ff> > E m ...(100) 

Thus the expectation value of H gives an upper bound for the 
mth energy level £7. 


Trial Function Linear in Variational Parameters . In many 

problems, especially in molecular physics, trial wave functions are 

■ ■ 

chosen as linear combinations of known functions, as 


• • ■ ~j-c r u 


r> 


,..( 101 ) 


with the coefficients ci, c 2 , ..., c r as variational, parameters. 

» w r ■ 

Mi’s are not necessarily orthonormal to each other. Then, 


The 


«* S- r 

i 

m i r m 

* 

* -* 


■ 
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<tf>= C} Hih where Il i} 


ui* H u, d 3 r 


...( 102 ) 


triant 


4, d 3 r=2 ci * c, A<i=l, where A<j 


We have to minimize </7> w.r.t. the C, subject to the cons- 
that 4> be normalized i.e. 

A 

Ui* it} dh ...(103) 

\ye use the method of Lagrange multiplier to take Into 
account this constraint. Thus we require that the quantity 

^ c* c} H {} - A (2 c { * cj ' ...(104) 

a jnitiimum, where A is the Lagrangian multiplier. For this, the 

derivative of / w.r.t. the real and the imaginary parts of Ci (or 

uivalently, with respect to Ci and c { * treated as independent 

eq c ’ ■ 81 

complex parameters) should be zero. From ^-=0, we get 


2* {Hu —AA ij) 0* 1, 2, •••, 0* 

i=.i . 

3/ 


...(105) 


The equations ^-=0 are simply complex conjugates of 

equations (105), and give nothing new.. Equations (105) is a set 
of r homogeneous equations in r unknowns C { . For a nontrivial 
solution of these equations, the determinant of the matrix of 
coefficients must vanish, i.e. 


Hn —A A?! I'hi— AA 12 
H« i—A A si Hy. A A 22 


• * * 


ff ir ~ A A 


x»* 




* 4 I 


H2T — h A 


2 r 


t * i 


* * * 


Hr r-AA 


0. .. (106) 


H n - AAri Hr% A Ar2 ••• 

This is an algebraic equation of degree r in A and have r roots 
A 1; a 2 , ..., A r . These are the possible values of </7>, because 

<H}=2 H ij C l *C l =X 2 A»C'<*Cj= a _ 

a a {Using eqns. (102), (105) and (103)} 

Minimum of the values A 1; As, A r , provides the be.t estimate of 
the ground state energy 

8 8. THE WKB APPROXIMATION : 

The WKB approximation stands for the Wentzel-Kramer- 

Brillouin approximation and it leads to the Sommer e 

quantization rules of old quantum theory from the Schroedinger 
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equation. It is, therefore, a semi-elassieal approbation^ ^ 

based on the expansion of the wave unc 10 se cond term 

first term of which leads to the classical f', , are tto 


first term of which leads to the ejassi * ’ terms are the 

to the old quantum theory results an e 
characteristic of the new mechanics, 

T 9 


actcijsue ui . . 

The one-dimensional Schroedinger equatio , 


d 2 & _ 2m rTy rz/v-M ,i J= rO, 


+^[JF-F(x)]* 


dx 9, h 


can be written in the form 




dx 


o * 


kHx) <H°> 


...( 108 ) 


where k (x) is the propagation constant at the point x.; 

tf /i...rr 1 / ( v m 


k (x) 


\/{2m [£— V {x\ 


t! 


...(109) 


The solution of eqn. (108) is of the form 

~A exp {i k(x) x}. 

For V(x) < E, we put it in the form 


* 


..( 110 ) 


<b=Ae 


i 





••(in) 


...( 112 ) 


where S(x) is a function of x. 

Substituting (111) into (108), we obtain 

/hS'—S f2 +t* a & 2 =0. 

The WKB method obtains the first two terms (one term beyond 
the classical expression) of an expansion of S in powers We, 

therefore, substitute 

S(.x)=tSo "b ntSj-F • - ■ ...(113) 


V 

into eqn. (112) We get 

ifi [cS' 0 "+t)5i'H-Ti s S"8+...]—[5 0 , +TiS' 1 +Ti 2 5'' 2 H-...] 8 +1i 2 fc 2 =0 

or ih [So'-t-tiS," +t) 2 5j,' + ...] 

— (>V 2 +2h S' 0 ',S' l ' + h 2 (S 1 '»+2S 0 'S’ a ')+...]+2ffi {E-V{x)}= 0. 

...(114) 

Equating the coefficients of same powers of h on both sides 

of the above equation, we get 

— So' 2 4-2m (E— V)—0, 

iS a ‘— 25VS 1 '=0, 

'■SY'-Sy 2 —25VSy=0 etc. 

From eqn. (115c). we have 

dS ' 

^=± V{2/n (E- V )} - ±b/c (x) 


...(115c) 

...(1156) 

...(115c) 


V 
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H ■ 


or 


*(*) 


J ^0 


dx\ 


...( 116 ) 


From equation (115Z>) ? we have 


dSi 

dx 


i 


1 


_ __ is* 

~ 2 (dSo/dx) ‘ dx 2 

1 d dS* 

2 dx ° g ~dx 


S 


i 


1 . dS 0 

2 '° g iS 


1 

2 


log [h&] 


and 


z\Sj = 

iSi 


i log [ft/cl-log 


(U) 


-at 


W i ill v I « 

We thus obtain to this order of approximation 


-(117) 


tywKB (x)=A (fl/c) x / 2 exp 


(**' \l 


k dx 


A [2m (E- exp 


fhf J’* 


[2m ( E- V)~] dx 


...(118) 

In a similar fashion, the approximate solution for the case 
' "" -fi'is found to be 


V(x) 

<!>wkb (x)=A [2m (F-£)]-!/« exp j ±~\* [2m {V-E)] dx 1. 

( l*J ^0 ^ 

,..(ii9; 

The accuracy of these WKB solutions is measured by the con 
vergence of the series for S. If the magnitude of the successive 
terms S 0 , etc. falls off rapidly the series will be convergent 
Since S 0 is a monotonically increasing function of x, the ratic 
hrS'i/So will be small if tiS^ /So' is small. We thus expect eqn. (118 
to be useful in that part of the domain of x where 


tiiSy i 

-1 k> 

c /' 1 

O 0 1 

1 2/c 2 1 



< 1. 


...(120 


The de Broglie wavelength at the point x is given b; 
A=2/7/^(x), so that (120) can be written as 


4n 


dk 

dk 


< < k 


■ IK Mft.1 ' 

Thus the change in k over the distance A/4u is much smaller tl 

unity. Hence the WKB approximation is best when the poten 

Junction changes so slowly with position that the momentum (hit) 
the particle is sufficiently constant over many wavelengths. 
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«.q wavffunction for a. particle in a given 

POTEOTIA™ ELL AND THE QUANTIZATION Rule : 

We now consider the problem of finding the wavefn„c, 1M , 
for a particle in a given potential well V(r.) as shown in the fig. 2 


V(X) 



* It 
fli 

■ 1 H 


)C 


Fig. 2 Potential well. 

In the first region, the wavefunction decreases exponentially as 
— oo since F(x) > E and k(x) is imaginary, we can approxi- 

■5 h 

mate the wavefunction ^ by 

m 




Ci 


exp 



Ic (;c) | dx 


V'{l fc (*)I) 
where C x is an arbitrary constant. 

In the region 2, 41 is oscillatory, and is given by 

C, 7 . f* . . ' • C ' 

• VJ 


..( 122 ) 


- 


ViHx)} 


exp. 


k dx V-f 


V{k(x)} 


exp 


x 


k dx 

■ ...(123) 

. '* m m ■» 

In region 3, the wavefunction decreases exponentially as 
00 


4*3 


c 


V(| *(*)!) exp 


*8 


1 k I dx 



...(124) 


1 ■ ■ 

In the above C 2 , C 2 ’ and C 3 are arbitrary constants. 

Now, the above solutions fail in the immediate neighbourhood 
of the points x x and x 2 (turning points), of course, these are valid 
at points sufficiently remote from x, and x 2 . Hence we are confron¬ 
ted w.th he problem of finding 4 in the immediate neighbourhood 

3n , ^ ? nd matching these in the regions to the 

Fnr tv»;c vva aec, ft, * 1 points to form a continuous solution. 

milteW line«H„Tk h m' po,en,ial '"Mgy function is approxi- 
. mately hues, ,n the netghbonrhood rf «, and ' . Thus> 


* 'I 
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...(126) 


V (x)f*E-A (x-xj,kcax x't ; ...(125) 

V {x)~E-]rB.{x~x^ t .near x t . 

a 11 ^ Therefore, i n the neighbourhood of Xj, the Schroedinger 

ation can be written as 

equation ^ 

dx 2+ h a 


...(127) 


nd near « be writes 


dx 2 


...(128) 


+ m 

m 

Now we change the variable in equation (127) as 

(2 mA\ m , , 

*=- »r) 1*1’ 


then 


dz 

dx~~dz'' dz 


dih 


dz 


_ f 2mA •' 1/3 

It 5 " 


and 


d 2 4 L 

jr 

AT 2 " 

dz L 




dz 


/2mA 


\ b 


T 


dz_/2mA \ 2/3 d 2 i> 
dx \ h 2 


dz 2 


Using 


these expressions in eqn. (127) we obtain 


d i 6 


dz 2 


zy 


!j=0 . 


...(129) 


Similarly the substitution 


-(ST*-*) 


...(130) 


reduces equation (128) into equation (129). 

Solutions of the dilferential equation (129) are tne -. a y 

functions: We require a function which vanishes asy ™ P °^ } 
for large positive z (z > 0 corresponds to * < * *nd * > 

Such a function is 

' ds, '—(131) 


Ai (z) 


00 /S' . „ 

cos I — ,-r S/ - 


which has the asymptotic forms 


,Ai (z) 


1 


* 


2yZ(n) Z vi 


exp 


?_ 2 3/2 } ; (z > 0 ),.. .(132) 


3 


Ai (z) 


1 


VW ( 





2 


3 


( 


z) 3/2 +^- ]; ( z < °^- 


...( 133 ) 


in the neighbourhood of x u we have 


2mA (x—%i) 


I) 




2/3 




r 

A 


[k (X)f 

J 


1 i> 
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4 

k (x) | dx 




dx 


.,,(134) 


and 


*■ 


k (x) dx 


(2mA \U» [x 

l h* 


2 ) dx 


i v<-*> 


dz 


a r 

a V 


-z) 3 '*. 

...(135) 


Comparison of these equations with equation 132 and 
(133) shows that the function approximated on the left of x t y 




1 



k{x)\dx)\x 



x 


...(136) 


V(k(x)} * \J * 

can be approximated on the right ofXj by 

<]> sin [ll 'fc(x) 



Xi 


...(137) 


. A similar analysis in the neighbourhood of point x 2 sho 
that the function approximated on the right of x 2 by 


^3 


. v{*(*)} 1 JXa 

can be approximated on the left of x 2 by 


k(x) 1 dx f, x > x 2 ...(138) 


* 


I 


x 



.. (139) 


Functions (137) and (139) are the continuations of & and 
& 3 ; respectively, in the region 2. Therefore, tlie .functions e iven 
by eqns. (137) and (139), both, .of which define the wavefunction 
for the same region 2, may differ from each other, at most* by a 

constant multiplier : because they represent the same quantum 

mechanical state. Thus we have 


sm 


[f. 


C sin 



*3 


k(x) dx +-£-] 


or 


sin 



dx 


k(x) dx+ 


C sin 



dx 


4 


This condition can be satisfied only if 


dx 


("+ 4 )" 


' (h an integer) ; .:.(140) 


Constant C is then equal to (—1)” and the unnormalized 

WKB approximation to the bound state wavefunction is given by 

* __ ■ 


f (- 1 )" 

Vi I K*) 1} 


§WKB 


exp 


** i K*) I dx \ ( x 



Xi ) 


fj* k{x) dx-lr-j-j 



x < X 2 )...(141) 


1 


ivmm 


exp 





k{x)} dx\ (x 



x 2 ) 
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.’Substituting the expression (109) for k into (140), we obtain 


2 


[E-V(x)]yi* dx={n+\) h, n—0, 1, 2,... 


...(142) 


t 


The left hand side is just jpdx,.i.e. the integral of the 
momentum of a classical particle over one complete cycle of its 
motion from to x 2 and back to x v Thus eqn. (142) is the 

Bohr-Sommerfeld quantum rule, with the difference that instead 
of an.integer quantum number, the half integer (n+^) appears 

here. 

8T0. APPLICATION OF W.K.B.—TRANSMISSION 

THROUGH A POTENTIAL BARRIER : 

‘ We have solved the Schroedinger equation for the simple case 
° P ene tration through a square potential barrier. For a barrier 

of more complicated shape, in general, the Schroedinger equation 
can not-be solved exactly. However, we can find an approximate 

solution of the equation for any form of the potential barrier by 

using the fW£#-method. 

* < 

Let us consider the case of the barrier of arbitrary shape as 

own in Fig. 3. In region 2, energy of the particle is less 

* . 

■ 

* m . ¥ _. ■ p 

* * « # 

vcrj 


? 


* 

k 



/: 


z 


j 

I 

* 

6 


\ 

t 

r 

r 

t 

l 

P 


-y 


3 


i i 


4 7 , 







X? 


Fig. 3. Potential Barrier 

■ -i 


than the potential barrier and hence the particle cannot exist in 

t is region according to the classical mechanics. However we 
know that the particle can penetrate the barrier and t’h'Ie 

IS a finite probability of finding the particle into regbn 
3, according to quantum mechanics: From WKB approximation 

we know that the wave-fonction is oscillatory outside the barrier 

and has exponential character in the non-classical region In the 


* 


* 
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wavefunction (141), the exponentially increasing solution in the 
regions 1 and 3 was discarded because it violates the boundary 
conditions for + at *4-±co. In the present case, however, the 
exponential character of the solution in region 2 will include both 
exponential solutions, as the region 2 is of finite width. Hence we 

can write for the regions 1 and 3, 

Cx- 


'J'i 


exp 


" \/{k(x)} 

*■“ exp 
and for region 2 , we write 

. * C 2 

^ 2 =—m^rr ex P 



dx 


b • • 


(143) 



X 

X 


/c (x) dx 


.(144) 


vmm . 



X 


k(x) | dx 


- t 


~h 


C' 


r x 


exp 


k{x) .] <fccl45) 


V{k{x)} . . , 

• As in the last section, here also, these solutions fail near i the 

urning points x* and x 2 .- We require therefore a second connec- 
ion formula. We use the second solution of the differential 
equation (129), which is the Airy function 

' n3 


Bi{z) 



exp. {— sz —^ 3 )+sin ( 5 *+^ 


* v i_ 

dth the asymptotic forms 

1 


ds\ 


%« 


.(146) 


Bi (z) 




exp. [f 2 S/8 ]. ( z .> 0 ) 


" vMFip “»[r ]■ < °) -( 14s > 

Like preceding section approximating the potential function 
linear function near the turning points (see fig. 4). the con- 


)S/3_|___ j ? (z 


-,(147) 
0) ...(148) 
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nectipn/ or P?Vl a lipping , an increasing exponential solution in 

■ - " -i on ^icrillatnrv snlu+in^ :«_* _ X •' • *' ’ 




1 

r 1 

J.1 

lV(/c(x)!} 


: i 


. vmm 


exp 



*1 

x 


k{x) 


[j 



is given as : 

* * , - 

(x < Xj) 


(x > X]). 


* * 4 



In order to facilitate the application of (149), we write the 
wavefunction for the transmitted particle [(eqn. (144)] in the 

j 


form : 


A 


■ t ^ B 

exp. i * k{x) dx~ j (x > x,) 


^VW)) 

In terms of trigonometric functions we can write it as 


...(150) 


A 






cos 



dx-\- 



(si.n.[[* m 


dx -J- 


V 

4 


....(151) 


Comparing eqn, (151) with eqs. (141) and (149), we get the 

connecting wavefunction of exponential type for region 2 as 


L 


exp 



Xo 
X 



dx 


'x, 


+~2 ex P 


k{x) | dx 


...(152) 


Now splitting the integral as : 

tr n CXo (X 


X 2 

X 


2 

* ■* 

*1 


Xi. 


and introducing the notation 

' „ p - i 

■ r 1 

J=exp. 


A ' 2 1 k(x) | dx), 


...(153) 


can write eqn. (152) as . 

A U 

Y 2 - 


\/{\Kx )\} 


j 


exp 


’X 

Xi 



'1 



iJ 

+-J exp 



k(x) | dx 


...(154) 


('liiQI and (141), the connect’ 

Comparing eqn. (154) with eqns. ( . ow f oU nd to be 

oscillatory wavefunction in region ns n 

7Z ' 

fXl k(x) dx-\r 4 

J V P 


'J'l 


A 


2 


v mi 


j 





+ 


iJ 


( 1 : 


...(155) 
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Writing it in terms of exponentials 
4’i=r-77T77— \iX--X- J ) exp.£ i ^J* 1 k(x) 


'V {*(*)} 

1 



J 4 


1 


“f-i 

J 4 


J 


( f ? «+ t )]} 


The first term in the braces is a wave moving to the left, and 
hence represents the reflected wave, while the second t term repre¬ 
sents the incoming wave, which moves to the right. 

The transmission coefficient is the ratio of transmitted to 
incident wave amplitudes. 

Transmission coefficient, * 


T 


A 


i y/{k(x)}. 


f+4 

J ' 4 


/ ] exp. [ [* X k{x).dx+^j\ 


A 


V {><(*)} 


r exp 



X 

X z 


k(x) dx+ 



J 


1 + 


J 1 
4 


...(157) 


In the WKB approximation, we can neglect the powers of/ 
higher than-the first, because these tegns involve square and 

y [4t 

higher powers of ti. Therefore, 


T fx /=exp 


*2 

*1 


k{x) | dx 


exp 


~ f* 2 V{2 m [V(x)-E]} dx 

fl J X j tf 


.1 

r 


...(158) 


'4< 


8*11. RADIATION THEORY—APTAPFLICATION OF 

HARMONIC PERTURBATION 


In this part we shall discuss, the effect of electromagnetic 
radiations on the atomic electrons by treating the interaction 
between the radiation and the electron' in an atom as a small 
perturbation. We begin with a discussion of the terms like in¬ 
duced and spontaneous emissions. 

Let us consider an atomic system having two energy levels E x 
and E% (i? 2 > £i). The system emits a photon of frequency v 
given by E 2 —E 1 =hv when it falls from state 2 to state 1, and it 
will absorb a photon of the same frequency when it is excited 
from the state 1 to 2. The transitions from state 1 to 2 and from 
state 2 to 1 are caused ‘by the interaction with the external 
radiation. 
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* 

It N x atoms are in the ground state and N z atoms are in the 

higher state, then the total number of atoms 

* * 


N r -{- N 2 *= Con st a n t 


...(159) 


Now suppose that /o(v) is the energy density of the radiation 
interacting with the atomic system, then the energy per unit 
volume in the frequency range v to v+A is defined by p(y) dv . In 

terms of this definition of energy density, Einstein assumed that 

the probability of transition for the atoms in state E z to a lower 

energy state E lf by emitting a photon of frequency v, is given by 

B K v )' Here B is known as Einstein's coefficient for the emission 

of photons. Similarly, the probability of absorption is given by 

#p(v), Hence, N t B p(y ) atoms will rise per second from state 1 

to. state 2j.and N z B P(v) atoms will fall per second from state 2 to 

1. Therefore, the net rate of decrease of atoms from state 1 is 
given by 


dN t 

dt 


N X B P(y)+N 2 B p(v). 


...(160) 


The negative sign signifies that the atoms in the state 1 are 
decreasing. ' * / 

Using eqn. (159) into eqn, (160). we can eliminate N 2 from 
eqn. (160). We get 


dN x 


dt 


N X B P(y)+(N-NJ B p(v) 


or 


dN 

“(2 #i-N) B p(y ). 


Integrating this equation, we get 

* log, (2 N x -N) 


P(v) t+C. 


To find the constant of integration C, we use the initial con¬ 
dition that at-time /=-0, all the atoms are in the ground state 
/.£* N x s=N at /==0. Therefore ? 

^log* (2N~N)~C => logs N 

and hence, we have 


& l^Sa (2 B />(v) ^ log e l\f 


of 


i log 0 


or 



B p(v) t 


p ■ 


^-213 p(v) i 


or 


This 


■Ni=iW{l+e-*B p<v, t\ 


...( 161 ) 


gives the number of atoms in the ground state at any 


b 
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.• , t, Hear that as the time increases, the exponential 

factor'in ( 161 ) decreases and hence the number of atoms in the 

ground state will decrease.. After very long time (t-co), we have 

N^hN. . -062) 

Thus half of the total number of atoms are in the ground 
state and half of them are in the upper state. But the number of 
atoms in the upper state should be lesser because the atoms 
prefer to be in their more stable ground state. In order to explain 
this, Einstein introduced the concept of Spontaneous emission. He 
gave the idea that the emission of photons may take place even in 
the absence of all external radiations. This type of emission is 
known as the spontaneous emission. The absorption and the 
emission of radiation in the presence of an external field is known 
as the Induced absorption and the Induced emission : respectively. 

Probability of spontaneous emission is denoted by A, called 
the Einstein’s coefficient of spontaneous emission.' Hence the rate 

~ - n _j.___ i otofp 1C OlVi 


tno J^insiein s cutrjjintent ^ —— —— 7 

of decrease of atoms from the ground state is given by 

* 

,j * 


dN t 
dt 


N X B p( v )“f“^2 {A-\~B P(v)}. 


...(163) 


For the steady state ease, N% and N z are fixed. Therefore we 


dN 

have - 3 —= 0 , and hence 


dt 


N X B p(y)-\-N% {A~\-B p(v)}—0 


or 


Nr. 


B P(v) 


1 


N x B P(v) A 


1 


B # P (v) 


+ 1 


...(164) 


From Planck’s law of radiation, energy per unit volume in the 


frequency range v to v+dv is given by 


p(v) rfv 


dv 


87xV S /2 ' 

c 3 * QkvikX _ jl 


...(165) 


Also, from thermodynamics, for the steady state case we have 

-E,! kT (Er.—E^/kT ■ -• 

- B ±71 - = / l:T 


Aj -EJkT 


..(166) j 


From eqns. (164) and (166), we can write 




e -MIUT 


1 


A 


1 




B ‘ P (v) 


+1 


A. * * V ‘ . 
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A 


or 


B: 


,=/>(v) [eWW-1], 


Using the value of p( v ) from eqn. (165) into it we get 

8nv 3 /( 1 ' j) 


...(167) 


A 

B 


,MlHT 


c 3 ' ..v(168) 

INTERACTION of radiation WITH ATOM : 

° The Hamiltonian for an atom in the absence of radiation 


field can.be written as 


P 


ti 


n,-- s +r » 


...(169) 


T-. „ tom is placed in an electromagnetic field characterized 
by the vector potential A and scalar, potential. * the interaction 


can- 


be introduced by. the,standard, prescription p 

Hence the Hamiltonian for the atom' in the 


pjes^fe of + tht‘radiation field can be written as- 




A +V(r)+ei 


2m 

,2 


c 

2 


(p 2 +jt A2 


p.A 


e 

c 


A*p j+ F.(r)+ e ^ 


f + V (r) 
2m 


e 

2 me 


(p»A+A*p)+2 


me 


A 2 +<^* 


...(170) 


Now (p* A)as 4 —px^xty 


0 


/ft ^ 


tb—/ft / 


8$ 


p«A 


/ft ** a* 

(/?a, 4 s 

_/ftV» A+A*P*‘ 



Using it into eqn. (170), we g 

i/== 2^ + F( ) wc f rmation 0 f first kind to make 

Gauge transformation oi 

We can use the oaug 


E7• A—0 and q!>—0. 

D a 

i/= 


Then we have 


_ a /ft£ A V 4- -^—5 A 3 • 

L,+r «+S5 A + ^ ,., /2rf in fl 

„„ theory, recced order term, <** / 2 ~ • 

For the first order theory, 

an be neglected and hence we have. 

* ft/ _■ 


zfte 


H me 


k'V. 


...(171) 
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For.a weak field, H* can be. regarded as a small perturbation to 

■ . * C 1 . ! ■ 1 j « ■ ■ -■ 

the Hamiltonian H 0 . 


* * * 


I • . i h 


^_ ■ » 

Now the plane wave expression for. A with.propagation 

vector k and. angular frequency <*>?= | k | c is given by 

+ ■ ■ 

A=2Ao cos (k*r^— 

—A 0 ' exp [/ (k»r“Oj/)]+A 0 ,:fs exp [—/ {k*r—o>t )] 9 ...(172) 
where A 0 '=A 0 e ia is a constant real'vector and a is an-arbitrary 
(real) phase constant. 


In order.to satisfy the condition A —0 'for A given by eqn. 
(172), we should have Ao°k=0. 

Using eqn. (172) in H\ we can express the perturbation part 


as 


/ s * 

H'=No' e~ iu,t +Ho ff e iwi , where 

H 0 '=—e ik ‘ r A o'-V, and H 0 
u me 


/ft e 


me 


k ” r 


+ * 


...(173) 

Using this value of H f into equation (56), the first order am¬ 
plitude for a transition from the initial state n to final state k is 

given by 


ay. (0 


y7 , TT . i \ ^ (&)kn &0 i i 

(k Ho | ?2> e v -1 

— _ _ _ _ _ _ __ _ _ _ . _ _ _ _ — _ «_ — ■ — — 


ft 


(co&n — ^) 


</c | H 0 " | ri) e i{<JJl:n+ai) 1 


ft 


(0Jk n + <*>) 


...(174) 


where 



Functions ty n {o) are the eigenfunctions of the unperturbed Hamil¬ 
tonian Ho, and V j / is the component of V along A 0 ' 

Aq 

* 

The first term on the right hand side of eqn. (1.74) gives rise 
to upward transitions (E^>E„^) with a probability proportional 
to ) < k | Ho' I n > J 2 , provided haj= J E*<o)_£ , n (o)). The second 

term probability generates downward transitions (. E *“»> < £ n f»)) 
with proportional to | <A; J 7/o" | n ), 2 if ha»=£’ n <0) —In 
making an upward transition, the system absorbs a quantum 

fito of radiation, energy from the electromagnetic, field, and that 

■ ^ ■ p ■ _ 

in a downward transition it emits a quantum of energy Tuo. 

r ^ 
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* . 4 

A constant transition probability per unit time is obtained if 
the incident radiation is monochromatic and transition can occur 
to any of a group of closely spaced states. However, the compu¬ 
tation of a transition probability between two discrete states is 
often of interest. For it we assume that the radiation covers a 
spread of frequency A w with no relation, between the different 
frequency components, so that the radiations can be characterized 
by a density of waves per unit frequency range. 

Hence the probability of absorption of a photon of energy 

h co at time t is given by 

4 I <7c | //o' ,| ny | 2 sin 2 \ ( W* — co) t 


MO 



h 2 (o.)y. n —Oj) 


O) 



4e 2 h 2 

m 2 c 2 


A 


o 


2 


4 


(o)* 
/: • 


i lk-r V . ; d 3 r 

Ao n 


CO 


X- 


sm \ (o> /;n 


co) t 


; h a (a>k„—co) 


...(176) 


Now the electric and the magnetic fields associated with the 
vector potential (172) is given by 

ISA 

— — 2/cA 0 sin (k°r—<of+-a) [v ^ = 0 and w—kc] 


E 


and B 


c 8t 


VX—2kx A 0 sin (ls>r—<of+a). . ...(177) 

Therefore, the contribution of the wave (172) to the instanta¬ 
neous energy density is given by the Poynting vector - 


P 


47T 


ExB 


4n 


.-4/cMo 2 sin 2 (ker-cof+a) 


where we have used the fact that A 0 is perpendicular to k. Its 
value averaged over one period Injo) is coM 0 2 /2tic. Hence the 
intensity in Bohr frequency range Ais given by 

• 2 wt 


/(co) 


2tiC 

* 


A '2 

/if) 


{V A' 


A 0 1 }. 


2 ire r 

— I (") A<". 

a) 


...(178) 


K(0 | 


Using this into eqn. (176), we have 

Eve 2 Tf v If ,( 0 \* ik®r /nv 

3 ft") A« || % e V ., ^ 0) 

CO \ ■: ' 


2 



m £ cco 


X- 


« i ■ 

sin | (co^-co) t 

h 2 (co^ n *— co) 


\ ■ V w 

If the frequency range A«is made infinitesimally small, then 
summation may be replaced by integration, because the contributioi 
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due to different frequency components is additive one. Thus th e 
transition probability per unit time for an upward transition is 

I a* (0 l 2 / (m„) If <C c ' V a/« dh 

t m* Car jin M . . . 


f +o6 sin i (w fcn — 

X J^ (wkn -copT' ^ 

Since the time factor has a sharp maximum at 
factors having <*> are taken outside, 

. , I • xl_ 


CO 


<okn, the other 


)rs naving v - 

Evaluating the integral in the above, we get 

■ (M0P = 4nv J (u)kn) ir ^o)* e /kr V 

n2 2 cai 2 fcn 'J 7 ' .* ■ 




t 


•V- B “ U 

. . . - ; ***(179) 

Similarly, the transition probability for the emission of 
photon of energy bw is given by 
I a,/ (t) /»_■** 


4r. 2 e z 


llrCuTnl: 


,,/KolJ <$* •• ^ < /3 '' 


^0 


(180) 


This can be made to describe the transition from, an initial upper 
state k to a final lower state n, if n is replaced by k and k' by n. 

Therefore. 


Therefore, 

\ g» (J) l 2 

t 


4n 2 e 3 


m 2 c w 2 kn 


I 


(<0!cn) j ^ 


zk«r 


V . /I'*? dh 

S3 0 


...(181) 


Because V ,, is along the vector A 0 ' which is perpendicular to 

. do ■ . 


k, we have 


/k«r 




<o) 


d 3 r 


■ ,zker 

e Vt 


A 


0 



* ikcr „ 


do 


(o) d 3 v 


...(182) 


■m- 

From this we see that the square of the magnitude of the inte¬ 
gral in eqn. (183) is the same as of the integral appearing in eqn. 
(179). Thus we conclude that the upward transition probability 
per unit time is the same as the downward transition probability 
per unit time and it is given by 


<»>* e ikr s7 


,C #r 


4n 2 e\ If , 

~2- 2 — * (Wfcn) W% 

m 2 c<o\ n \ 

8T3. ELECTRIC DIPOLE TRANSITIONS : 


Aq 


...(183) 


a 


We have seen that the transition probability per unit time fo 
transition between the two states n (lower) and k (upper) i 

n« r i. p * ‘ , d " * ■ J *■ a 


* + , 


i* P . r. L,r - .. •, ■* •" ’ . . *, . '« » 1 

. ■ Vi : > J .1 : .=■ , * 

■ ' ». . . ■ ■ 


, .-V V > 


p r . 


J -* 1 J I- + * 




+ # 


B % * % 


i ■ * 
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- fa 

11 J. t ' 11 
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given by eqaation OSS^IntMt* ^ ^ 

Lest, the wavelength of the radiation Ms ma „„ *• . practical m- 

, e linear dimension of the atom. For examnleT 8 - 8 ^? 1 tha ” 
the r_ c ;^ n f.-^ , n i ample > for vis »ble light, 


uw — , j . . c « ■ ~ ior vi 

^10' B cms and r=size of the atom^io-s cms Thus 


A oc 


k 


> > r =» kr < < 1 . 


...(184) 


Hence a good appoximation is obtained by replacing, 

T 

e =l+rkT+^(/k.r)H.... 

V * u 

integral of eqn.(183) by the leading term, i.e'., unity. This 

wn as the Long-wavelength or Dipole (innrnrimnlinn 
this approximation. 


in the -o— - * ' ' '••.*6 twiu, umt, 

is known as the Long-wavelength or Dipole approximation. Under 

we can write the transition probability as 


47t a e 2 


m 2 co> k „ 


I 


(«*,.) | d*r 


...(185) 


Now 


H„ r-r H, 


o 


ift 

m 


P 


. <k\{H a r-r H 0 ) | «> 


h 2 

m 

h 2 

m 


V 


< k I V I «> 


or 


E 


(o) 


k 


K e) )< k i r 


or 


h «ftn <k I r | «> 


n> 

h 2 


h 2 

m 


(k | „V | «> 


<k | V ! «> 


m 


m 


(k | V l n> 


h 2 


;h ( 0 h „ < k I r I n> 


...(186) 


Using it into eqn. (185) we get the transition probability as 


i _ - 


4n 2 e a 

h 2 c 


/ (a)kn) 



k I r . , 1 «> 

4o 


...(187) 


If 5 is 


-«i 

where r ., is the component of r in the direction of A 0 . 
the. angle between r and the direction of polarization of th ’ 

dent radiation, then r . ;=r cos 6, and we can write (187) 

-^0 


A 




4 _^/(^)T<fc|r|«>| a cos 2 0 


...(188) 


fi **v i * 

It is observed that this quantity does 

of polarization. Therefore itis easyto of propa . 

rate due to unpolarized radiation 8 Then we get the 

gation.,We merely have to,average> (188) nsiti ons as 

transition probability for the electric dip 

* J . ’ h * * 11 

* - ‘ - F . . ¥ m 
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• 4tt s c 2 
3h¥ 


I («*») | <* 1 r 1 n>[ ; 


...(189) 


We call it as the dipole -transition, because the matrix ele- . 

ment of the electric dipole moment e r of the particle involved in 

*it. ■ ,• 

* 

814. SELECTION RULES AND FORBIDDEN TRANSITION : 

It has been shown that the probability that a transition will 

occur as a sesult of electromagnetic radiation incident on an atom 
is proportional to the square of the matrix element of the interac¬ 
tion term in Hamiltonian which couples the two energy 'states in 
question. The conditions under which the matrix element is 
nonzero constitute the seleetion rules. If the potential which 
constitutes the unperturbed Hamiltonian is spherically symmetric 
the energy eigenfunction are written as the product of radial and 
spherical harmonic functions, i.e., 


c w p r ( c ° s —( 190 ). 

The three components of the dlpoie matrix clement < k | r | n} 

f- In Tin T-* a n n 


...(190) 


can thus be written as 


X 




o 


f T I 2 " W r s in 6 cos f <|/°} d*r 
Jo Jo n l m T n / m 


...(191a) 


Y- 


.( 0 ) 


f f f V » n ■> r sin 0 sin ^ d 3 r 

Jo J o Jo V l'm' r n l m 


...(1916) 


Z 


r f**. (0)* ., 

J. J. Vr»' r ""* 


0 


( 0 ) 

n l m 


d z r 


...(191c) 


The ^-component can be written as 


* ■ 

co f it tyt? 771 j * 

X=\ R , . ( r ) R Sr) r*dr I P ]f (cos 6) sin 0 P, (cos0) sin Bd& 
J o ft t n l Jo* * 


2 TT 

X e 



o 

im ’ $ 


, i, 

COS 9 C dji 


(192) 


with cos ^=(e<$+e“*$)/2, the <j> integral is found to be 


1 C2 V i(m—m r + l)(j> i 1) $] 

2 o +C 


di 


v if m’—m +1 
0 otherwise 


...(193) 


Making use of the relation 


sin 0 P 


m 

l' 


P m 

1 r+1 


p ™ 
P V~ 1 


...( 194 ) 


2/+1 
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' ‘ ' . 

and the result of equation (193), the orthogonality P t m with res- 

■ 

pect to / for equal m then leads to the result 

...(195) 



P^?~^sin 6 P^sin 8dJ=0 unless l'=l±l 


T= 0 except with and /'=/±l 


w u * 

The solution of r-integral puts no restriction upon n. Similarly, 
the condition on Y and Z components of matrix element to zero, 
further leads to the following results 

Z—0 except when m'—m and /'=/± 1 1 **’0-96) 

* * w 

The above results constitute the eiectric dipole selction rules 
for .atomic transitions. The selction rules allow only those tran¬ 
sitions for which 

r * * ^ \ 

A/=±1 and ±L. . ,..(197) 

If these rules are not satisfied, then it does not mean that the 
transition is not occuring at all, because they may be occuring in 
higher dipole approximations. 

If both the state | /c> and | n ) are spherically symmetric 

(e.g. 1S->2S). the integral fe 0) *e lk,r V i}- (0) d 3 r is identically 

« m J ^ o 

zero. To see it, let us choose the coordinates in such a wav the 

•x-axis is along the direction, of polariation. Then A <b (0) is an 

A " 

• . . ( 0 ) £ u 
odd function of x, whereasis an even function ofx. Expo¬ 
nential ex. (zk*r).=exp. [ i(ky y-\-kz z)] is also even in x, since k 
perpendicular to A 0 ' lies in the (y, z)-plane. The transition 
between these states .is said to be strictly forbidden, because the 

rst order probability for these transitions is [zero. However, 
higher order of perturbations may produce these transitions.' 

*P ' + 

" 8 I5 - - EINSTEIN’S A ^ AND B CO-EFFICIENTS : 

We have seen that the transition probability per unit time for 
the absorption and emission of radiations is given bv 

.. 

...(198) 


t 


4r ' V / (») I <fc |e I,t r A , | „>■ 

d 0 


m 2 cw B 


The Einstein’s £ coefficient is also related with the probability 
of induced emission and absorption. Therefore, we can relate 

(198) with the B coefficient. If p (to) is the identity of the radiation 
per unit angular, frequency range, then 
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p (u>) 


I(o >) 


Hence we have 

I a k (t) I* 


For the B coefficient, we deal with the density P (v) of radia- 




ik-r A 

p (oi) | (k I e A 


Ao 



< f t 




■i 


\ 


* JBi 

i Km 
t 


il. 


tions per unit frequency range. F or it 

. P (to) du>=P («) 2« A=P W 


P (w)=P.(v)/2 




fl fc (o i 


0-/*2 


* • 




p(v)|<fc|^’ k ‘ r V,,l«>l 


//rw 


A 1 


• t 


.( 200 ) 


From the definition, it should be equal to B p (v). Therefore, 


2«e 2 i ,, I *k*r~7 

B=- —s-1 <* I e V 


;?j 2 ct> 2 


A' 


n> 


••( 201 ) 


For. a dipole transition, this can be simplified to the expres¬ 


sion, 


B=^rr 1 <fc I r | «> f 


* » I 


3h a 



Usin<r it we can find out the A coefficient without going into 


full quantum mechanical calculations. For it we have 


or 


N X B p (v)~N% [A-\-B p ( v )] 

B p (y)=Yr[A+B p (v)] 


Ny 


or 


Ni 


N, 


B p {v)=A+B p (v) 


A 


Ni 

Ni 


1 )BpM 


From Boltzmann distribution formula we have : 


N, 


* * 


Ny 

A= 





1) B p(v) 


Substituting the value of B from eqn 



and the value 


of p (v) from eqn. (165) we get 


A 


| (Jc [ r | n> | 2 


8tjv 3 A 


1 


3ti 


c 3 (cfcw»r—i) 


167r a v 3 £ 2 


3c a 


h 

It 2 * 



r \ n y 


m HT 


or 


4A*\S 

A^Ar I <k I r 1 «> a 


• * * 


Stic 3 



r # 




4 b 


4 .fc 
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.v* /- 
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r -A V ■ >: ’ r 1 
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FIELDS 


This gives the probability per unit time for spontaneous 


emission of a photon. 


“Problems 




Problem 1. Consider a hydrogen atom in the Schroedinger 
theory- To what extent can the degeneracy of its first excited state 
be removed by a constant electric field g ? 

Sol. The splitting of the energy levels of an atom due to a 
uniform external electric field is called the Stark effect. It is 
due to this effect that the degenerate «=2 state of hydrogen atom 
will be splitted into more than one state ; and in order to estimate 
the extent to which the degneracy is removed, we use the time 
independent perturbation theory for degenerate case, discussed in 
section. 8*2 of this chapte. 

The first excited state (n= 2) of hydrogen, atom is four-fold 


The quantum numbers /, m have the values (0, 0), 

— 1). Hence the secular equation for the 


degenerate. 

(1, 0) (1, 1) and (1, 

problem can be writen as in eqn. (i) on page 339 : where the 
perturbation H' is the interaction of the electron with the electric 

field and it is given by 

H'~e&z=e&r cos 0 ,..(ii) 

We have taken the direction of & as the z-axis. The state 
/, ni) stands for the wavefunction of the hydrogen atom, 

(r ) Sim ...(Hi) 

Now it is clear that H* is odd with respect to ths space 
inversion r, 9, tt — 0, ti-b 71 '). Radial wavefunction R(r) is 
unchanged, the part of ^ given 


0) 


1 


frt 


v/2k) 


. e im ♦ 


changes the sign if tn is odd and remains unchanged if ni is even 
and the S m part given by 


®im ( 6 ) 



21+1 (/-«0. ! W(,cos 6); 

n) ! ) * 1 


2 (J+m) 

m) is odd and remains unchanged if (/ 


m) is 


changes sign if (/- _ 

even. Thus changes sign (oddparity) or remains unchanged 

(even parity) on space inversion, depending upon whethern t e 
quantum number / is odd or even.* _._ 


*Under the change <#>-> 

gim<P +*?)=( — l) m e im ^ 

Thus 0 has the parity of m. Further, as 0^ k— 0, c ® s ® c< ?® ^ ^ 

=-~cos 8, and sin 8 sin 6. Therefore, the factor (l-cos J 8) m -» 
n Pi m (cos 8) is unaffected, while the polynomial factor acquires a sign 

1) H m J 
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Since the perturbation H* is odd w.r.t. space inversion, the 

only non zero matrix elements of H* are those which correspond 

to the states with opposite parities. Hence the secular equation 
(0 reduces to , 


< 0 , 0 | H ' I ], 0 > 

<1> 0 | H’ | 0, 0> -E t 

0 o 

w + 

o o 

Now, 

<i, o i ir i o, o>-<o, o i H f 11, 


0 

0 

~E\ 

0 


0 

0 

0 

Ex 


0 


...(iv) 





^210 ^'^200 ...(v) 


Substituting the values of $ 2a0 , H ' and ti/ 2o0 , we get: 


'2io H' ^ 2 oo d z r 


eS 


X 


1 


V(4 


77)V \4-/|[J 0 \2aJ 


( 2 a 0 ) 3fZ a 0 V( 3 ; 


r I 2a o 



X 



cos 2 6 sin 6 dd 


*1 r 


Now, I cos 2 6 sin 6 dB 

Jo 



cos 3 6 


2 

o 3 


e ~ r l 2a ° 

dd> 

•••(vi) 


J 



2k, and 


co 


1 \ 3 / 2 


2a 


o 


( 2 ~) 

\ a 0 I 


e 


r/2a 0 


(±.Y 1 

\ 2a 0 ) tf 0 V( 3 ) 


M y /2 1 

\ 2 oq/ #ov 


r/2a 0 


o' «o\/(3) 

r/ *« rWr 


r 4 rfr 


JL'f _i_f 2.4 i _ 1 5 ! 1 

2a «l a °V (3) L(l/a 0 ) 5 a 0 ‘ (i/a 0 ) c J 


1 


1 


'C *3 


0 


e -ar r n fa 


71 I 1 


'*=-L 

a n+i | 


2^o/ 4 ctvJl 3) ‘ (~~?2a 0 5 ) = — 3 V(3) a 0 

Substituting these values in (vi), we have 

2 


210 


J(£) • T • 2w • (-V(3) fl c ) 


1 1 


Using it into (iv) we write the secular equation as : ^ 


Ei 

3 eSa 0 

0 

0 


3 e&a 0 

0 


0 


0 

0 

£1 

0 


0 

0 

0 

El 
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4 ■ 1 
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The four roots of (viii) are, 

£i=0, 0,+ 3e&a 0 and — 3e&a 0 
Thus half of the fourfold degeneracy is removed in the 
order* Two of the four degenerate states are unaffected by nT 
electric field in the first order and the other two form linear com^ 

.binations with extra.energies ± 3e£# 0 . The first two values f 
E x correspond to any two linearly independent combinations of 

and -i, which has the same parity (odd.), and the third 

and fourth values of Ej correspond to the linear combinations of 

^200 and * In order to find these, let us represent them hv * 
and v 2 as k y h 


and 


Let H r 


^200+^21 4^210 

= #21 4*200 + ^22 4^00 
=3e£a 0 and H f v % 


v 


v 


3 eSa 0 v. 2 


Eqns. (xi) can be written in matrix form as : 


3e&a 


o 



3 e&a 


o 



and 


3e&a Q 


3 e$a 
0 


0 



3 e&a 


o 


a. 

To satisfy these equations, 

^ 2 i === #ii and ci 22 ~ = ~ 


a 

a 


21 


22 


a 


21 


v i —^^ 11 (^ 200 +^ 210 ) and v 2 —#22 (feo 


A 


?210 


) 


**.(xii) 


Normalizing v 1 and v 2 we have 


v■ 


1 


V(2) 


(</ , £Oo + 4 ; 2io) an d v : 


1 


V(2) 




200 


4 * 210 ) 


..(xiii) 


This means that a hydrogen atom in its first excited state 
behaves as though it has a permanent electric dipole moment of 
magnitude 3eao that can be oriented in three different ways : one 
state parallel to the external field, one state antiparallel to the 
field and two states with zero.components along the field. 



First order splitting of energy levels. 


Problem 2. . Derive an expression for the shift in ground state 

B * ■ * + 

energy level of the hydrogen atom due to a weak external electric 
field to order S 2 , where & is the magnitude of the electric field . 

Explain why the first order shift in the energy levels vanishes 

only in the ground state and not in the excited states . 

, - • ■ - , . 


p + 
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The perturbation IV due to a weak uniform electric 


field 


5 °‘ - j ie d along the z-axis is given by : 
§ apP H'=e §z 


...(0 


tiofl 


ner oy of the system in the/nth state under the perturba^ 
c o n d order is given by the general formula, 

H r to 1 1 j j ' ■ * ' ,n 




H' | »J>4-V 


<m | /T | n>| 


n 


E ,o) —E 


* 0 ) 


* • 


.(ii) 


m 


n 


1 ^resent case is the ground state energy of hydro- 

j n the p* . 


Ill r A 

d in is the ground state, d»joo> of the hydrogen atom. 
,en atom an for the groun d state of hydrogen atom 


E 


j. 


2 a 


<0 | H' | 0)+ 



<0 | H' i »> ! 


|2 


0 



(£0 - En) 


..(hi) 


here Eo 


e~ 


2a, 


is the ground state energy of hydrogen atom and 


designate the°ground state by | 0>. 


. /n 1 F' i 0> vanishes, because the nondegenerate ground 

Now, < . •* .. u ., j^ence we have 


. ,, has even parity, 

Lte V100 Lia 


E 


In order to evaluate the second term in egn. (iv) we 


+ e"§ = 


<0 j z 1 ») Jl 
2-j (Eo -E„) 



* * 




' "suppose that we can find an operator f which satisfies the 


uation 


...(V) 


0 >=(FH 0 -H e F) | 0 >, 

ere Ha is the unperturbed Hamiltonian of hydrogen atom, 
en we have, 

R 


/,z | z 1 0)=<« 1 EHo | 0>-<« 1 *oF | 0> 


..(vi) 


and. 


V <0 



Z ! 


<0 | Z I It) 

XE^EE) 

"^ 0 , oax /O 

zF | 0> — <0 | z | 0> <0 


n>‘ <« | F 1 0> 


<0 


F j 0> 


• * 



Now // 0 is given by, 
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Ho 


5- V 2 - 

Zu. r 


—h 2 f 1 8 


3 


l/- 2 dr 


dr 


1 3 / . . 8 

~^/ -2 sin 0 60 1 Sm d8 


+ 


1 


8 2 


For finding F we substitute this H 0 into (v) to get 


r z sin 2 6 d $ 2 


2 H-\r* dr 


} 


,2 


B 


dr 


j_ 1 d / . a d 

o( smB 86 


U_i 

) r a si 


0 


sin 2 6 B<j> 


F 


6^ 

+ - F 

1 r 


2 a 


F=z 


The. solution of this differential equation can be found by the 
sepai ation of variables method, we get 


F 


fl 2 


? 


+ <? 0 


Since z is an odd operator, its expectation value, <0 

w.r.t. the ground state of even parity vanishes. Thus it 
from (vii) that 


...(viii) 

^ | 0>, 
follows 



n^O 


[ <0 1 z ] n > 12 
(E 0 —E n ) 


<0 i 


r 


4V O 

n 


2 


a 


0) - 2 1 0> ...(ix) 



we have 


the ground state of hydrogen is spherically symmetric. 


<0 | .v 2 | 0> = <0 

Hence, 


o 


0>=<0 



HO I I 0> 



0 

Now 


<0 1 z | ;?> | 2 

~Wo -£„) 


W 0 


3h 2 »<0 ' I 0) + «o <0 


i 


.2 


0)]... (x) 


<0 


l 


•tl 


0> 


1 

~a B s 

4 t 7 



—J— 2 

* * sm 0 dd d<f) dr 


co 


0 


2 Ho n 

. r 


2 


dr 


4 - (n+2) ! 


(2/o 0 ) n +3 

o 0 n (n+2) ! 



CO 


0 


e “ r dr 


a 


n ! 

«+i 


2 n+l 

ysing it into (X) we finally obtai 

I <0 | z | n) « _ ugn 

( E o~En) 3h 2 ~ “ 

n-?£0 



n, 

2 2 4 ' a ° • 


2 3 


9_ fia 0 

4 ti® 


* A. 


£* 


e 


2 a 


e 2 %*. 


0 


9_ fia 0 

4 Ti* 
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The first order shift corresponds to the matrix element 
<0 ! H' | 0> which vanishes because | 0> has a definite parity 
(even). While the excited states of hydrogen are degenerate and 
the first order matrix elements between the combination of states 
with different parities does not vanish and such combination of 
states is available for every excited state of hydrogen atom. As 
an example, the first excited state is considered in the previous 
problem. 


Problem 3. . An atom is placed in a uniform weak magnetic field 
of strength ft. Treating the interaction between the atom and the 
field as a small perturbation , calculate the change in the energy 
levels of the atom due to this interaction . 

i 

Sol. The change in the energy levels of an atom when it is 
F; placed in a uniform external magnetic field is called the Zeeman 
effect. The unperturbed Hamiltonian for an electron in the atom 
1 . can be written as 


, i 


i , 


H 0 


P 


2m 


r 


...a) 


t 

Ti 


where Z is the number of protons in the nucleus. We know that 
the effect of the magnetic field on the orbital motion is taken into 

account with the replacement p->p-, where A is the vector 


potential of the Held, and it is given by 


ft = V XA 


or A=1 (ttxr). 


Hence the new Hamiltonian for the electron is given by 

1 / cA\ 2 Ze 2 


H 


2 m 

P L 

2m 
P 2 


P 


r 




me 


(p e A+Aep)+^p—« A 2 

2 me* 4 


Ze 2 


r 


Ze 2 


e 


2m 


r 


me 


A*p. 


Now, A.p=t (Hxr).p=I tt-(rxp) 


2 


...(ii 

H.L, where L : 


the orbital angular momentum of the electron. Thus 


M i- 


H=H 0 


2 me 2 


me- 


;A 2 . 


I!. I 
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For the first order calculations, the last term in the abovi 
For the I neglected. Hence we have 

which is quadratic in n, can oe w h 


H= Ha 


- fJ.L- 


p * 


r ■ ■ Jp 

The second term on the right hand side of (iff) is the. inter-. 

.-action of ft with the orbital motion and it has the form of the 

interaction energy of ft with a magnetic moment given by 

e _ 

H ~2ntc * . -..(iv) 

TDhis is the magnetic moment associated with the orbital motion. 

Similarly, the energy of interaction of the spin magnetic mo*. 

-^ 

iment fis with H is given by—where 

p 


vs 


me 


• * * ( v ) 

Note that the gyromagnetic . ratio (e/mc) associated with spin, 
miotion has double the value of the ratio in the case of orbital 
;mation. This was first deduced empirically (from atomic spectra),, 
ibut-comes out as an automatic consequence of the,Dirac’s relati¬ 
ves! ic theory. 

Therefore, including the interaction of H with spies magnetic, 
imoroent, we get the Hamiltonian 


H=H 0 


eH 


2m c 


(L+2S). 


• * ■ (vi) 


31he spin magnetic moment ^ can also interact with the 
.magiictiic field created by its orbital motion. The energy asso 
.eiated with this spw-m'bit interaction is proportional to L»S 
iWteEthe electron is in a potential V(r), assumed to be spheri- 
-ca-J. symmetric, Jhe proportionality factor can be shown to be 

li 


(2/» 2 c 2 r)-i (dVjdr). 


V-" W € r firil Jm 

-Ttostte so called spk orbit energy gives a contribution, 

1 1 dV 


1 dV 

2/;i 2 c- ‘ /• dr 5 


...< 


:to:the. Haimltonism.. k has the effect of « n iitr n - . n 

atomic spectra, fc ,t n0 „ ^ ‘° lhe SltUC " r 

ianteraction. .Therefore n . IVlst,c . case we can nc S lect 

^perturbation ®art of the Hn,!;!! Sp!n ‘ 0rbit interaction, 


c effect ir given .by 


4 
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H' 


eH 

2 me 
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eH 

2me *( J + S )- 

The eigenstates of the unperturbed Hamiltonian H 0 aJthe 
imultaneoiis eigenstates of the operators L\ S* and P ; because 
I of these operators commute with H a . Hence the unperturbed 
states can be denoted by | Isjm}, and the change in the energy in 
the fir st order is given by 

j\ u —a _. J a ‘f ! 


A E-<Jsjm | Ii' | lsj m y 4 


jvfow vve have, 


...(ix; 


and from 


(Isjm | S j Isjmy— ' Isjm 

J—S=L, 


J-S 


j(j+ l)h a 


J 


isjm ) 


yvc have 


(Isjm 


J*S=£ {J i +S i ~L 2 ). 


# * 


S | Is jin') — (m | J | 77 ?). (s+l) — l (l-hi) 

y (y+1) 


Hence we get from eqns. (ix) and (viii) 


A^ : 


zme 


On i ft* J j 77 ?) \ 1 d 


1 )+J (*+ !)-/(/+!) 


2/(7 + J) 


or 


&E: 


fth nug 


2 '" c . ..(x) 

provided that the axis of the quantization is taken in the direction 

of tt. The factor 


£=1 + 


j (J+l) + S (^-rl) 1 ^/ (/+ 1 ) 

2JU+ 1 ) 


...(xi) 

is the Lands splitting factor, which was constructed from empirical 

analysis of Zeeman spectra before the advent of quantum 
mechanics. 


The magnetic quantum number has ( 2 j+l) values as j, 
1, —j. Thus the unperturbed level is splitted into ( 2 y+l) 

levels with constant spacing H. Some typical values of g are: 

S=2 for 2 S U29 g= | for 2 P ll29 for 2 P 3 / 2 etc. 

Problem 4. How do the D x and D 2 lines of sodium split in the 
Presence of an external magnetic field of strength H. 

So!. The D t and Z > 2 lines correspond to the transitions 
te rnT ^ /2 an< ^ ^ 3 / 2 “^^i /2 l respectively. Thus, there are three. 

split V ' ^ 3/2 ’ ^ 112 an< ^ ^ l/2 ' ^ rom ec l n, ( x ) ^ c ^ ear 

In 8 of these terms in the presence of the external magnetic 
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field H depends on the factor gm } . So we calculate this factor 
lor all the three terms. For P 3/2 state, 1=1, s=i and j= f. ' 

/. <7—1.1 1 (*+.!)+ §—1 -d + l) 4 

2 -l (S + l) “ 3 ‘ 

^ Now m, can have four values ; §, ■}, and -f. Hence gm, 
las e va ues . 2, §, — § and 2. Similarly, the splitting factor 

can be calculated for the other two terms, and all of these are 

listed below : 


Terms 

^ 3/2 

“^ 3/2 

$ 1,2 


/ 

I 

1 

0 


s 

x 





The possible transitions for the splitted D 1 and D t levels are 
i ustrated below. The selection rules are A»ij=0, ±1 and 
Ay—i l. 



It is clear that D x line splits into four, while D t into six com¬ 
ponents ; symmetrically situated about the normal positions. 

.Problem 5. The spin-orbit interaction introduces a term in the 
Hamiltonian of the form 


H'=\ (;•) L*S, 

if here £ (r)=(l/2m 2 c 2 ) [(]/,-) (dVjdr)]for the 
through the static electric field of potential 
energies of the perturbed states are 


motion of the electron 

P(f). Show that the 


E=E,+ 



j — /+ J 
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where = h* J“ (r) f (r) r 5 rfr, 

£0 15 //;e e/zergy 0 / the unperturbed level. 

. ^ 3S un P c rturbcd Hamiltonian, then the total 

amihonian including spin-orbit interaction can be written as 

H ; H —c, (/*) L*S is the perturbation part. 

The states of an electron in the unpertubred atom can be 

written in the form 

t = R »' ('■) y, (fl, tf) X {mx 


the radial part. Y, ‘ is the angular and x the spin part 


■ 0 ) 


or 


w’here R is 

of the wavefunction. 

A i°m the hist order perturbation theory, change in the un¬ 
perturbed energy F Q due to the perturbation H' is given by 

<<£ I H' I ■!»>=<+I £(r) L.s I ^>. 

Now J—JL-J-S gives 

^ r =i 2 +5 2 +2L.S 

L*S=(r—JL*-S‘)l2. 

<+ I !-S | +> = J [j+(J+ ])- / (/+])_, (s+ jjj t)2 _ " 
/_ i Sln T “/ r ; f - r e° r the ClCCtr0n 3nd henCe ^' Can be eith « Hi o: 

<■'!’ ! L ' s 1 [ i l+ P (/+ - ? )- / tf+U-i (4+1)3 ir- 

, * for ... 

and “ ...(n 

<<H L.s I £> = -* (/+!) ti 2 for_/=/-! 

Using (ii) and (iiij into (i) we set the fw „ . ’"V 11 

arising from f (r) L^S as * ^ r er P crtUl 'hatio3 


I H‘ | ,py 


r . m, * 

('0 ^i ( 0 , < 4 ) X'* (m,) f (,•) y "’ 1 


X(m s )rf'vl x ; y = /+J 

j 1 2(^“hl)tl 2 ; y = /—J 




Am 

Using the norinalitv of y"’ 1 mH v \ ■ 

or x, and \ (m s ) we can write, 

<<H // | <L>= f ^=,,,(,•) ^ (,.) ,.2 dr 

J o 


x 


j=l+ x 


KHl)h 2 ; j 


Therefore, the energy cf the perturbed* state is 

£=£ - 0 +<,Ji | //' j ^ 


* ■* 4 


given by : 





I 
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£ 0 + 



(/+ 1 ) K 


nj 


w 

j 

* 

] 


7+t 


Where, £, u =h 


00 


Problem 6. cfUu «,e U ** * » « 

problem, for the potential function V(r) 

L + -t f* 


7? 2 (r) £ (r) r 2 dr 

nl 


* • 


■( v ) 


It*'- - 

Sol. For the given potential function we have, 

1 1 9F zg _ _L 

= fffw'TTr ~ 2mV ‘ r 3 


* t 


•(0 


A/At O / w 

The radial wavefunction Au(r) for an electron moving m the 

potential —Ze z /r is the radial p . _ 

hydrogen like atom with z-protons in the nucleus, an g 

by ; 


2?«,(r) 



2 z \ 3 (n—l 



with 




K?(p) —(H) 

..-(Hr) 


and iflHp) is the laguerre polynomial. 

Tt 


Using (i), (ii) and (iii) we have, 

2z \ 3 (n —/—I) ! 
nflo 2n[(n+l) ! ] 3 2 ui 2 c z 


2 


O 

ze~ 


-_X 


CO 


0 


exp. (—p) P* 21 " 1 * 


[ L T>) 


dp 


... (i v) 


To evalute the integral in (iv), we 


use the recurrence formula 


(/c+1) T* +1 — ( 2 &+a+l — p)L*. 


K I 


(k-j-a) L,_ x 0 


...(v) 


and the orthonormality relation for the Laguerre po 


exp. (-p) p * L\ (p)L“,(P) 

r (a+l)' :+3t • Cu for k=k' 
0 for kzjtk' 



6 ® 


0 


• •(vi) 


From (v) we have, 

p L“=(2/c+k+1) lf s . — {k +1 )L“ +1 —(/c+a) L*_ x 
Multiplying (vii) by 


...(vii) 


e -p fa-1 T 


Ii 


and integrating we obtain, using (vi), as 


i 
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CO 

e~ p P a 



d P — (2k +a 4-1) 


00 

or | e~ p p a “ 
Jo 


. [ K. ] 


CO 


0 


e“P par 


dp 


1 


■[«] 


dp 


Again, multiplying (vii) by 

e~ f P 2 ' 1 LI 


C^k-fa^T) 1 ) k+a Cu ...(viii; 


and integrating we obtain, using (vi) and (viii), as 

f oo r *13 


e p p* 2 


/« 



(2FU+l)T' r (« + 1 ) k+ °G: 
Taking a=2/+l and k—n+l we get from (ix) as 


.,.(ix) 


CO 


0 


£ 21+1 
n+t 


</p 


1 


(2/7+4/+ 2) 2 


T( 2 /+ 2 ) «+*»+» c n+/ 


...(x) 


Using it into (iv) and making some algebraic simplifications 

-m * 


we obtain 


K 


e h 


z 4 


nl 


2/?? 2 c s a 0 3 7i a /(/-f"J-)(/-f 1)* 


...(xi) 


Problem 7. If a particle is scattered by a weak potential V (r) ; 
calculate the differential scattering cross section by treating the 
interaction between the free-particle state and the potential V (rj as a 
small perturbation. 

Sol. Let us denote the initial and the final states of the free 
particle by the plane waves, 

4>t=L“ 3/2 exp. (7ko ° r) and L ~ 3/2 exp. (/ k • r) ...(i) 
where k 0 and k are the initial and the final propagation vectors ; 
respectively,• and the wavefunctions are normalized over a cubical 

box of side L . 

Since the potential V(r) is independent of time, the transition 
probability per unit time from the initial state to the final state 

is given by the formula 


w 


2tt 

tT 


P ( k ) | H' fi 


5 


...(ii) 


where 9 {k) is the density of the final states, and the perturbation 


matrix element H' n is given by 


H‘ 


Ai <Pr 
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2 
L* J 


exp. [i(k 0 -k) . r] V(r)d 


3.. 


H' 


Si 


L°l 


I 


k) . r] V(r) d 3 r 


2 


» * * 



The value of p(k) can be calculated as follows : 

JFor the case of a cubical box of length L, the normalized 

wavefunctions and eigen-values are given by 




U X ?lyJ2 Z 


and 


£=: 


1 

my 


. ?7 X nx , n y %y . iiz~z 

~ n sin —:— sm sin 


L 


L 


L 


or 


2m U 
h 2 k 2 h Vv 2 


n 


n 

+4 


where k 2 =77 2 +k 2 +w* 


2m 2mU 


n 


k 


2 

3 _ 71 71 x 


D 


, V=^, k 


o T , o 
'Tl'Jlz 


U 


u 


* • 


K 


Jl. 


nn 


a: 


L 


k 


i v1t y j i . wW* 

±~f and k t =±— 


* * * 



by 


The permitted values of k in the box are, therefore, given 


k 


2tji 


X 


X 


L 


7 2tlTly . 2 iv ll% 

Ky~ ~—;-/C 


L 


5 n-s 


L 5 


where, n x , n y , n _. are positive or negative integers or zero. Hence the 
volume occupied by one state in the /e-space will be 


# 2 tt 

~L 


and the 


number of states in the volume element d 3 k=k 2 dk sin 0 d8 dd> wil 
oe given by r . . ' 

L \3 • - : 

2 ~ j sin 6 cld dj> 


or 


w / L \3 

h 2 \ 2 ?r 


k clEkdQ 


* * 


Ek = Mk = f- 2 ^ 


0 

* * 


Number of final states per unit energy range is given b 


P(/c) 


8-3 fi2 ■ K ' aU 


...(l 


Substituting (iii) and ( V ) into (ii), we get the probability p< 

nit time for a transition to a final state in solid angle dQ as : 


w 


2tT mU , 1 

■k. 


fi h 2 


I 


f 

■ 

J 


exp. [/k 0 —k). r ]V(r) dh 


tD 

2 dQ 


8 tc 
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tfS>~ k lf ' ex P- Wko-k) . r] V(r) dhf 


I 2 dQ 


...(vi) 

np j * • ' I vt# 

r lls 1S e< 3 Ua ^ to the number of particles scattered into the 
•ao 1 . angle element dQ per unit time, when there is one incident 

particle in the volume £A If there are N particles incident with 

ve ocity v within a unit volume, then the incident flux (number of 

particles crossing a unit area of cross-section per unit time time) 
K & <jual to Nv, 

B 

S5nce the velocity of the incident particles is —— 5^9; the inci- 

1YI 111 

•dent flux is therefore, given by 




v 


U 


V-0 


/- 3 mL? 


I 


* LP * s number of incident particles per unit volume). 




, lS t{le nu mber of particles scattered in the solid angle 

• seconc ^> then the differential scattering cross-section (do 
is denned by v 



N. 


Si l ).dO 


...(vii) 


Now N s is equal to was described above, therefore 


2~m 

h^Z® 


k 


i (ko—k) • r 


V (r) d s r 


2 dQ - ( da 
87 c 3 ml? \ dQ 


dQ. 


' * * 



rJL"**? scattering, in which the energy of the initial 
particle remains unchanged after scattering, k 0 =k. Therefore 


f—) 

\dQ) 


1 2m 


4/t Ti 2 


e 


i (k 0 —k)*r 


V (r) d*i\ 


...(ix) 


It will be seen in the theory of Scattering that the Born 

~T n ( 7? ti0 *r 170 ° f Chapter ~ 9) Sive " the same 

result as obtained here from'the pertubration theory. 

ProbIem8 Use the time dependent perturbhtion theory for 

hat monte perturbation to calculate the ionization probability of a 
hydrogen atom from its ground state 


t 


<!> 


l 


100 


. V (vaf) 


r/tfo 


ill 


(0 


where a, is the. first Bohr’s radius. Would the threshold energy 
reqired 10 ionize the atom from the stae ^ 200 be more or less 2 

ground ^ or * he i° niz ation of the hydrogen atom intially in its 
ground state, we place it in a harmonically time-varying electric 
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field 


E (rt=2Eo Sin o > t . . „'V, "j 

The interaction of this field with the election m e 


...(>>) 


state of hydrogen atom is given by # 

H'=e E {t)-T—eE (t) r cos 0*=2eE o r cos 6 sm « , 

where r is the position vector of the electron and $ is the g 

between the electric field E (/) and t. 

The initial state is the <ji 10 o state of hydrogen 

1 —rfa 
^ yt („ a 0 3 ) e 

The final state is the free-electron 
occured. Hence the final state can be represented by the plane 


...(iv) 


after ionization has 


wave 


zk.r 


...(v) 


where k is the propagation vector of the ejected electron. 

Now the probability of ionization can be caclulated by using 

the formula for the harmonic perturbation, 

P (/c)| (tfo>n I s , •••( Vi ) 


{ 


t 


• S 


h 


s- 


where p (k) is the density of the final states and it is given by 


i 

't| 


eqn, (v) of the last problem, 


J.: 


P (k) 


ml 3 




8ir 3 h 2 


k dQ 


... (vii) 


c 


The matrix element (H 0 ’)j:n is given by 




H' k n=2 (Ho'hn sin o>t. 


• * 



it 




■s 



u 

r 


i 




T 

t 


1 




* 
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Using equation (iii), we find that 
( IIq 0k» = cos ®’^ kn 


eE 0 (W L*)-v* 


tk.r 


e — —■ na 0 


r cos B e 


d*r 


ot 


(ffo'h 


cE 0 (vam-W e ikr cos cose" e~ rK 


.(ix) 


Xr 2 dr d (cos &*) d<j > f . 

We have chosen the diiection of vector k as z-axis, and 8' is 
^jie angle between k and r. In order to evaluate the integral in 
(ix)j we should express 6 in terms of 8* and 8 . For it we 1 - 

E*v=(E x r x + E y r y +E z r z )=Er cos d". 





Now 

& 


r 


E sin 9 cos X, E y =E sin 8 sin X and E Z =E cos d ; 
■r sin B' cos <j>’, r y —r sin 6' sin 4' and /-.=;• cos 6'. 


• * 


cos 0"=sin 61 sin O' cos X cos ^'-fsin 6 sin 6’ sin X sin A' 


sin 0 sin O' cos (x — <£')+cos 0 cos O'. 


+ cos 8 cos S' 

...(x) 


The first term in the right-hand side of (x)gives no contribu¬ 
tion to the integral (ix), because 


277 


0 


cos (X-f) d$= 0. 


Hence we can write (ix) as 


(H 0 ’)iin—eE 0 ( 7 , a a* L 3 )-'1 2 cos 6 


f" f‘ f” 

Jo J —1 J 0 


zkr cos 6* 


. e 


rja 


0 


X r 3 dr cos 6* d (cos 8') d<f> 


IttcEqCOS 6 f°° 




o J 


fi 


ikr cos O' 


. e 


-rja 


o 


xr 3 dr cos 8 ' d (cos 8 ') 


Carrying out the 0' integral by parts 3 we obtain 


= 2r - f £ ° C ° S J x 


1 


CO 


V(^ 0 S £ 3 ) 


/C 2 


exp 


o 



1 


a 


o 



+ //c )> r dr 


1 



CO 


z/c 


exp 



r 


1 


1 

tfj 0 eXP - 




^0 

1 


ik 



r 2 dr 


a 


ik 


o 



r dr 



GO 


ik 


exp 


9 



1 


a 


+ ik 


o 



r dr 
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The integrals in the above can be evaluated by using, 

ji ! 

exp. {—ra.}j‘ n dr= 


We obtain, 

(tj a _ 2neE 0 cos 6 w 

( 0 " VWL*) x 



cc 


71+1 


1 


2 


1 


/c 2 


1 


a 


+//c ^ 


ik 


1 


ik 


o 




a 


o 




2 


ik 


—+&1 


IttcE* cos 0 


16/ca 0 5 


<% ' / J 

■v/(^o 3 ^ 3 ) X /(l+a z /c 2 f- 

Substitution of this matrix element, together with the expres- 

B “ * 

sion (vii) for p (/c), into (vi) gives the probability per unit time 
that the electron of the hydrogen atom is ejected into the solid 


angle dQ 


u 


256mk 2 e^faf cos 2 8 
jfh 3 (1+ k 2 a o 2 ) 0 


.dQ. 


...(xii) 


The threshold energy to ionize the atom is the energy requi¬ 
red just to remove the electron from the atom, which is equal to 

the binding energy of the electron in the atom. Since the bind¬ 
ing energy of the electron in the state is lesser than that in 
the state 4* 100 , the threshold energy required to ionize the atom 
from the state i/^oo is less. 

Problem 9. Consider the interaction between two hydrogen 
atoms in their ground state (known as Van der Waal's interaction). 
Obtain an estimate for this energy by applying the second order 

perturbation theory. 

Sol. Let us assume that the nuclei A and B of the hydrogen 
atoms are fixed in space at a distance R apart and that the z-axis 

is chosen parallel to the line AB through A and B. 1 and 2 are 
the two electron which are at a distance of t\ and r 2 from A and 

I 

B\ respectively (see Fig. on page 356). r 12 represents the distance 
between the two electrons, is the distance of electron 1 from 
the nucleus B and similarly r 2A is the distance of electron 2 from 
the nucleus A. Hence the Hamiltonian for the system can be 


written as 


//= 


ti 


2 


2m 


(V, 2 +V 2 2 ) 


O 

e- . e 

i 


e 2 


r 


/*.: 


R t ±2 Fi>A F 


Ho + H', 
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r r '* <**>V*.Z*) 

9 *' “ ■" ^ “ *• ■* ** ^ ^ ^ * *• * *U fH 


where 








l 


#0 


s w+v,*) 


and #' 


o 


r 


>*2 


...(ii) 


i? + r 


12 


...(iii) 


? 2/1 7 * 2 # 

Solution for the unperturbed Hamiltonian H 0 is the solution, 


^oOij r 2 ) — ^lOofo) <koo(r 2 )> 


... (i v) 


for two non-interacting hydrogen atoms in their ground states. 


rw , ^ ^-jii Liiwil ^iUUUU IslcUCS. 

* C ^ erms 3S a perturbation ; which is equivalent to 


assuming that R 




do, 


Since i is much smaller than R, we can write 


1 


1 


'•in 


Pv 


(>‘i z -\-R z ~2r i R cos 0i) -1 / 2 ' 


1 


R 


!-?§-+£ Hv 


Similarly, 


R i? 2 


^i=^i cos d 1 ) ...(v) 


1 


r 


and 


2 " 

1 



R R* 


...(vi) 


1 


n z R 


I ' 2- (z 2 — Zj ) , (x 2 


■— | — 


R 


+ 


X i) 2 +0 ; 2“~ Ji) M-(Z 2 — Zj) 2 T"1/2 


R 2 


Using (v), (vi) and (vii), we get 


.. .(vii) 


ir 


R + R 



^ ( X 2^“ X i) 8 +Q ; 2— 




i? 3 


2z 2 , r s H-i/2 




*} 


R 


l+~ + 

R R* 


R 



R 3 


(•^ 1^2 "b ytfz 2z jCg), 


...(viii) 


Since#' is an odd function of r* and r 2 and <{,„ ( r r „) j s an 


even function of r, ana r 2 , the expectation value of H’ for <b (t r ^ 
vanishes. Hence the first order contribution ' to the interaction 


r •> 

■ L | 



» i. 
■ ■ . 
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ct 


n 


energy is zero. The second order perturbation 
bution, 


gives the contri- 


E, 



<0 1 H' | n>| 


Eq — En 


...(ix) 


n 


Now E f [ <o | rr | 

n 


2 

n 


<0 | H’ | n>f z —«0 I H' I 0» 2 


<° \ H’ 2 j 0>-«0 | IV I 0» s . 


Since <0 | if' | 0>=,0, we have 

J ' | <0 | H ' | n >| 2 =<0 | H ' 2 | 0). ...( x ) 

We can obtain an upper limit of E% by replacing each E„ in 
(ix) by £„*, the energy of the lowest excited state of the two 

hydrogen atoms. Then the denominator can be taken outside of 
the summation and using (x), we can write 

<0 | H ’ 2 | 0 > 


E„ < 


f *_ p 

-L-'Tl JL*. 


0 


... (xi) 


From (viii), we have 
^ (^i 2 ^ 2 Ti'Ta 2 d - 4z 1 * j z 2 z ~h2x 1 X2j''iy 2 —...) 


...(xii) 

The matrix element of the cross-product terms like x 1 x 2 yjy\ i 

between the states 6o (r 1} r 2 ) is zero, since these terms are odd 

functions of one of the cartesian components of rj or r g . For the 
first term in (xii) we have, 


*i 2 * 2 2 I 4hoo (r 2 ) il'ioo (r 2 ) | 2 d*r x d- ] r 2 


^ioo (r x ) I 2 d%x 


1 



3 

2 

9 

_1 / 4rr 
9 \7T^0 3 Jo 
1 


d J 


>' 2 2 ! 0ioo (r a ) i 3 rf s r B . 


I ^100 (r) 


12 d 3 ,A 


00 —2 rjao . , \ 2 

e 1 r 4 dr J 


4 ! 


9W (2/a 0 ) 

1 


) V j” e~ a * x» dx =- H ' 


x 



9 


(3a o 2 ) 2 —a 0 


...(xiii) 


Similarly, we can find the expectation values of the second 
and the third terms in (xii). Thus have 

. ' • 

<0 [ H ,z . \ 0)=j^(a 0 4 +^ 0 <1 + 4ffo <1 )=6 e*a^jR^ ...(xiv) 
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The state n* is the state in which both of the atoms are exci¬ 
ted to the state n—2, Therefore £ 0 =-2 (e s /2< 7 0 ), E n *=-2 (e 3 /8 a 0 ) 
and, En* Eq 3e /4«o. Hence from (xiv) and (xi) we have 

E 

...(xv) 

Problem 10. A one-dimensional harmonic oscillator is subjected 

io a constant force F. Classically y its motion is unaffected\ except for 
a displacement of the equilibi ium position . Solve the correspond - 

fag qiiantum-ntechamcal problem by the perturbation method , and 

compare the result with the exact solution. 

Sol. The constant force gives a contribution to the potential 
energy a s 


F 



Fx 


Hence the Hamiltonian can be written as 


H—x-+l mu) 2 x 2 —Fx=H Q +H' 

2m 

where J % is the unperturbed Hamiltonian, 


H, 


P 


o 


0 


' 2m 


f | mofix 


2 


+ 

* 

we treat H' as a perturbation to the Hamiltonian H 0 , 

H'=—Fx 


...(i) 


...(ii) 


Hence the change in the energy levels due to this perturba¬ 
tion, in the first order, is given by 

E x ■=■ Oi | H' | «>= f <S* (x)(-Fx) (x) dx 


F j <j>«* (x) X Ipn (x) dx ■ 


—(iii) 

Here ij>„ (x) is the unperturbed harmonic oscillator wavefunction 
for the nth energy state, 


<k> (*)= 


a 


1/2 


V{2" n ! V(*)} 


— v?x 2 !2 TT , v a mk A 0 
~e Hn{ccx) ; a 4 = — and w 


ti 2 


k 

m 


where H n (ax) is the rath degree Hermite polynomial. 

It can be shown that (see prob, 4, chapter-6) 

fJ_ J^iy 0 rm=n+l 

for m—n—l 


..(iv) 


(x) X r\> m ( X ) dx= <{ .1 


T V(t) 


...(V) 


l o 


otherwise 
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* ■ '* ■ 

Thus E 1 ~ 0, i.e . there is no change in the energy levels in the. 
first order due to a constant force F acting on the oscillator. 

Therefore, we go to the second order perturbation calculations. 
The second order change in the unberturbed energy E n =(n J r\) 
hcj is given by 

E - V* ' I < /? I H ' i w > I 2 pa’V ' I in I x | m> | 2 

2 Zv EJ *>--£■„<») E n ™-E m v» ...(vi) 

?n m 

Using (v) we have 

Eo = F 2 I <» I * I » + I 2 +F 2 I <» I x 1 n-1) | 2 

/rfo)_ (o) /r(o)_/7fo) 

J ~" }1 Ljn n-1 

1 n.4-1 1 /1 

. r , ^~2~ , F 2 T F* _ —F 2 

— ho; fio) 2hoja 2 2mco 2 ...(vii) 

Therefore, we see that the energy of state <|/„ (x) is decreased 
by a constant value — F 2 j2moj 2 when the oscillator is subjected to 
a constant force F . 

Problem 11. Calculate the first order shift in the zero point 
energy for a one dimensional anharmonic oscillator described by the 

Hamiltonian 

o 

H= i rna j 2 X 2 -f 

2777 

where the ground state wavef unction for the harmonic oscillator is 
given by 


(x)=Ne 


mwx z l 2h, 


N being the normalization constant . 

Sol. We can write the Hamiltonian as, 

H=Hq+H' ; H 0 —+ i w<jU2 * 2 and #' = 


ax 4 . 


Hence the first order shift in the zero point energy is given by 


A E 0 


A 0 *(X) H’ if o (x) dx = aN 2 1 e 


DO 


Tl f'Hco 

a/ 1 / 2 1 — ) e 


f ~ t 2 - 2 clt—aN* 1 * 


5J2 3 




777 a) 


4 


VW » •••(0 


where we have used the general formula 


+0? 


x 2n e 


x : 


dx 


1.3.5...(277~1)VW 

2 n 


»(ii) 


GO 
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Now to evaluate the normalization constant N, we have 

0o* (*) 00 (*) 


or 



-CO 
4-co 


or 


{ j tnoj 

~T 

N ‘ l( — ) r"e -,S ‘ll 




1 


or 


iV 



h 


ma) 


* V(”)“ 1 


+ cc 


— CO 


dx — \J 



N 2 


\ 


j f mw 

f \ h 77 


...(iii) 


Using it into (i) we have 




0 


a 


V( E> 


— ~ V(«) 

7?2u> / 4 


3a l 7i \ 2 
4 V 7?2W 


—(iv) 


Hence the zero point energy is increased by the amount 

3a / ft 
4 \ Weu 

Problem 12. The interaction V(x) is added to the Hamiltonian 
(p~-\-m 2 ct) 2 x 2 )/2m. Calculate by the perturbation theory the first 
and second order energy level shifts for the following two cases : 

(a) V(x)=i m<o 2 x 2 

(b) V(x:)~bx z 

Sul. The Hamiltonian H 0 — (p 2 -fm 2 aj 2 x 2 )j2m represents a 
simple harmonic oscillator, the Schroedinger equation for which 

can be solved exactly. The eigenvalues and eigenfunctions of H 0 
* u 


are 


*fin(x) 


E/i —hw t 

a^ 2 _ 

V{2" n ! VM} ^ 


n=0, 1, 2,... 
a. 2 x 2 /2 


•••(i) 


H n (ax); a ( 


„ r> f> 

nrcu~ 


where H n is the /2 th Hermite polynomial. 


h 2 


-00 


Now treating V(x) as a perturbation to 1I 0 we can calculate 

f J f-J I ' / t \ T l ^ "1 ■*’ ^ L ^ 4 


ft # a - v ^^0 TT ^ vat 

te energ> s nft in the level £„ due to this interaction. For the 

and 5^ For^i^r t0 find the > atrix Aments for ^ 
d * . For it we have the matrix element of between two bar. 

momc oscillator states n and m as (see prob. 4, Chapter-6) 

[\/(«+l) 8n + i, m + V(n) S n _i, „,] ...(ij 


<« J x | m) 


Ti 

2 in 


To find the matrix elements for we have 
’ x 2 


<» 


m)=S <n I x I A 

/ 


x | m) 
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h 

2mw 


(/z —f— 1) £n-H» < + \/(^0 /} {\/.(*+0 ^*~i> 


m 


ti 


+ VO) &t-u m} 


2nito f {( ;? + 1 ){h + 2)} &ifo, in+\/{^ ( /2 0} ^”-£9 » 


Similarly, 

I ** 3 I my=E (n [ X 2 1 /) <7 j x j w> 


+ (2«+l) 1 ...(iv) 


( 2 ^ 7/01 ^ ^ tv/{(^ + l) (/Z + 2)} 5« +2 , t+ V{^O' 2 1)} 5 


n-2j / 


Ti 


3/2 


2/;?cu 


+ (2/2+ 1) S»/] [\/{^+i} S* +lJ m+\/(/) «j] 

['v/{(/z+ 1)(/2+2)(« + 3)} $ n+3 , m +(3// + 3)v/{« + l} 
X^a* «*+3/»V(«) «»-!, in +V{n(n~l) («-2)} S n __ 3 , m ] _( v ) 

For the case (a), first order energy shift to the energy £ n i s 
given by ; w ' n b 

I H x r [ //) = -]/7/OJ 2 <(/2 j x 2 | Tl) 


* ma,2 '2mw ( 2,z + 1 ) [Using (iv)] 

?lr<) 

~T (2h+1) 


(«+i) 


ti 


CO 


2 


For the second order shift we have 

5 


...(vi) 





' <n | A' 2 | »/> Q n | a 2 ) «> 




111 

( h 


m 


2 


\ 2nicu 

~l~ 

\2mo) 

8/7? 2 a, 3 


0±lX /j +2) n(n-iy 

~ 2 ^ + 2'rioT 

2 1 

' 2flco K«+ 1 )(« + 2)~-„ (a 

(4/2+2) 


1)J 


For the case (b), first order energy shift i* , 
from (v) that (n j a 3 1 72 >=0. Fnr L.. V 10 becausc w 


E, 



A rr xl uccausc 1 

v3, „ the ! ec0nd 0rder shift we 

(H+Vj Oi +2 ) (/ 

— 3Tia> 

?J? +h+?2 5 + »>-l)(»-2) 
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i5 / V\ 3 1 
4 \fMto / 


Tuo ( ,,S +n+ 


11 

30 


...(viii) 


problem 13. If <P is a single-valued continuous function, and 
' a*<p d 3 r= 1, then show that 


and E n is the lowest 


$*#<D d 3 r ^ E 0 , 

,here, operator H has only a discrete spectrum 
'energy ■ v aIue °f H ' 

z 3 

‘ Assuming 0=— 3 ex P* t ~ 2 0’i+^)/flo]» 

obtain an expression for the energy of the ground state of a helium 
like atom 0\ and r % being the distances of the electrons from the 

nude us) * 

Sol. The helium atom consists of a nucleus of charge+Ze 
(where Z=2) and two electrons each of charge — e as shown in the 
fiaure below. The Hamiltonian for the system can be written as 

55 


H 


Ze 2 Ze 2 , e 2 


n 


r± ' /*i 2 


.. (i) 



-e 


In order to find the ground state energy we use the Variational 
fethod For it we consider the quantity z as a variational para- 
leter z' instead of a constant equal to the atomic number. Accor- 
ing to the the variational method we compute the expectation 
due <#> of the Hamiltonian w.r.t. the trial wave function 4, an 
len minimize <#> w.r.t. the variational parameter z\ T e 
linimum value of > gives an estimate of the ground state 


energy. 

Now we write ^ as 
*= l\~^r\ exp. [ 



z'rja 0 ] x 


W 7\Q 


0 



exp.[—^ z'r 2 la 0 ] 

*a Q / 


...(ii) 
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Functions <f> x and in the above are hydrogen like wave- 
functions for the nuclear charge z* e. Hence we have 


ti 2 

2m 




z'e 2 


<f>i—E h <j>i 


...(iii) 


and 




..,(iv) 


where E n ~ — z' 2 e 2 /2ao is the ground state energy for the hydro¬ 
gen atom. Using (iii) and (iv) we get 


<*>={ <!>* <j>* T 


h 2 


2m \ 


fv; 


+v 


ze 2 zc 2 . e 2 


r 


t 


4*1^2 d 3 P i d 3 l ^ 


2z n e 
2 a* 


12 J 


+ (z'~z) e 


4>t $1 Mid^icPri 


Now 


f K 4>t 


+ e 2 J <j>* <j>* ~ dh\ dh 


1 


/* 


+ 


L\ 

t‘2 ) 


>12 

4i4 2 d 3 t\ d 2 r 2 =2 


...(v) 



/ 


- ?1 d\ 


, z ,a r 1 r 

2 - ^o 3 J J7 exp - [ 


2 z’ rj/a 0 ] / j d>\ sin 6 X dd L d<j> l 


2 


7*3 POO 

.417.— 

-V Jo 


2. 4tt . 


3 


exp [—Iz’iilao] d>\ 


1 


r>a o 3 ' (2/'7<7 0 ) 2 


•• I 


CO 


exp. [ — ax] x n dx 


n i 


i "i 


a n+i 


2r' 


a 


o 


•••00 


Next we consider the interaction integral, 


'3 


TTd O’ 



<r 


22 


exp. [—2z' (r 1 +r 2 )la 0 ] d 3 i\ d-r<> 


Consider first the integration over r 2 , keeping r x fixed, 
relevant part of the integral is 


The 


1 


r% 2 


exp, [—2z'ro/a 0 ] d*r 


coo 


0 


r 2 2 dr, 


sin 0 2 dd 2 d<f >, 


exp, [“-2zV 2 /a 0 ]. - 


1 


To evaluate (vii), we use the expansions 


32 


...(vii) 


—- 3 " 
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rl,~K 2,.„ (i7)' r ‘ <cos *»>■ '• > 


iy" 
* 2 



2 


Pi (cos 0 12 ) 


7 i < r A 


(viii) 


and choose the polar axis to be along the direction of so that 

equal to the polar angle 0 2 is the angle 0 l2 between r, and r 2 . 
lnen (vii) becomes 

J* r* dr z f sin d 0 2 dfa 


exp. [—2 z'rja 0 ] ~ V P, (cos 0 2 ) 

/=0 


OO 


r oo 

+ 


CO r 

r . /'2 2 dr 2 I sin 0 2 d0 2 d$ 


exp. [~2z 


■r M [i 


OO 



/*o 


Pi (cos e 2 ) 


/= 0 


...(ix) 


Since, / p, (cos »„) sin rfs, o'# I ~4„s„ > on | v th , . . 

S “ rv,v “ “ i»*=8ral. Thus ( h) red ' * erm ' v,,h 



^2 r 2 2 exp. [ — 2 z'/\j/g 0 ] — 477 


o 


r 


roo 

+ Jr 1 f2 dr * ex P- [- 2 z’r 2 /a 0 ] 4* 


£o 

4z’ 2 


1 


, o a 


2z’r x exp - t—2^'r a /<2 0 ]+ 


u 0 3 


Using this value of (vii) and 


4 z" J 


r 


(x) 


we finally get 


carrying out the r x integration, 


e 2 


( z ' 3 Y 

W~j | — exp. [-2 



12 
5 c 2 z r 


z ’ ^'i+/«)/u 0 ] d 3 r t d% 


8 a 0 


<#> 


2z' z , 


2 a 


- l _ 2z ’ (z' 


z) e 8 . 5 z' e 2 


* * • (xi) 


0 


For (H)> to be minimum, z 


HH> 



dz' 



or 



• * 



2z'-]-4z' 



































APPROXIMATE METHODS FOR BOUND STATE PROBLEMS 




365 


or 


,5.5 _27 
Z 16 2 16 16 


i 4 


(xiii) 


Which leads to 


<#> 


m i n 


2'85 e 2 /ff 0 


The hydrogen-like wavefunctions give the best energy value 
z'= 27/16 rather than 2. 

Problem 14. Obtain an approximate value for the .lowest energy 
of the hydrogen atom using variational method with the wavefunction, 


< 1 > 




,-ar 


as a trial function. 

Sol. For the ground state of hydrogen atom, we have the 

Hamiltonian 


H 


h 2 c 

— V 2 — 
2m v r 


...(i) 


The value of V 2 ^ is given by 


V 2 <P 



a 


i ¥ 


rj_ _s 

j -2 dr 


d 


di 



-nr 


\ hr ~ (e-«r)+r* L (e~ nr ) 


dr 


M 



2r (— a ) + 



a 


i'm 


-ar 


a 


• i 


<M 





h 2 

2/h 


V 


e 2 

r 


& <7 3 r 


4 


^T| 

77 L. 


CO 


exp. ( 


0 


2ar) I 


2 m 


2a 


a 



Xr ! dr— 4 


2 fl3 f" 

JT C 2 - 1 

71 JO 


exp. (—2ar) -t r 


1 a dr 


2ti 2 a 5 


m 


CO 


0 


8a 4 h 2 

exp. (—2ar) r 8 dr 


X 


foo 

exp. ( 

J o 


2ar) rdr—4e z 


a 3 |Jexp. ( 


2ar) rrfr 


2h 2 a B 


w ‘ (2a) 


2 ! , 8a 4 Ti 2 1 

-r 


1 


2 m 


(2a) 


4e 2 a' 



■ 
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* ! « 2 . 

„- e-a 

2m 


...(ii) 


nJovv we shall choose a in such a way that (H) is minimized. 

Vi a V£ 


jf \V6 „ 

for » 3 a 


...(iii) 

8a m ti 5 v 1 

imting this value of a into (ii) we get the ground state 
i.,jTnapii as : 


me 

fi 


energy ° f hydrogen as 




_Ti 2 ./?i 2 <? 4 


¥ 


me* 

2F 


...(iv) 


is exactly same the as we got by solving the Schroedmger 

tion for the hydrogen atom in chapter 6. • 

eqU j t - s j ef - t as an exercise for the readers to find the lowet energy 

of hydrogen with the trial function. 

— j exp. (— ar~). 


To evalute the integrals use the result, 


r-fco „ , 1.3.5 


> 


(2«-l)yAr (y) 


Problem 15 ^/y the variational method to estimate the 

ground state energy of the deutron . The ground state 
is spherically symmetrical, and the neutron and the proton 
med interact through the Yukawa potential 


V(r) 


Voe 


r/r 0 


r 


0 


- (') 


eV 0 and r 0 are constants. the Himiltonian for 

Sol. In the centre-of-mass coordinate , 

ground state of the neutron-proton system is given y 

-2 ...(ii) 


H= P ~- + V(r) 

2m 


1 


zm . . 

w is the reduced mass of the n-p system and V(i) 1 S 

or the variational calculation of the ground state energy of 
utron, we use the simple trial function ....^ 

, -ar/'o. 

* we t«i, . J, variational parameter. For convenrenee, 

°duce the variable x =—. and obtain 
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<#> 



P 


~ 4 dV + ty*V{r) ^ cPr 

dh 


...(iv) 


Now 


j <!>y 


. *-4.1% 

0 

/» 


/' 0„2 


/* 2 dr 


An r 0 3 


CO 


0 


— 2 ccc 77 / 

c X“dx—~ 


.3 


a 


3 


».(v) 


f 4 * *= T)2 


2/72 


2m 


l * ^ 7, h 2 a 2 . ^ 

ur v T- d z r~~ — — 4 77 


dr 2 


2m 2m 


2 <W'o.. 


/* 2 dr 


h B 

2/77 * 


“ 2 4 -P 

7?■ 4w • V 
'o Jo 


^ — 2ax 9 
<? x 2 dx 


2m 


<$r 


a 


... (vi) 


and 


<1>* F(r) d; dV 


r/r 


o 


V„ 

. Arr 

•CO e 

—7 - e 

- 2 r/r.o ri 

dr 


J 

0 

>/r o 

Vo 

* 4 7Z Fq 

f 05 

3 

- . <? 

—2<xx 

. x 2 

dx 



Jo 

A 



Vo 

/q 

(2cc ■ 

l 

•Fir 




* * * 



result 


For evaluating (v), (vi) and (vii) we have used the general 


CO 


ax n ! 

x w dr— 


n+l 


0 a 

Using these results into (iv) we find that : 

ft 2 >o 7i _K 0 4 k r 0 3 ' 


<H> 


2ma 


TT/'o 3 


h 2 


a 2 


(2a+l) 2 If a s 2/?! 


4K, a 


'o 2 («2 


ro ---( vii 0 


l) 2 


The best approximation is obtained by minimizing the ex 
pression (viii) with respect to a. For it we have 
0<//> h 2 2 k 


5a 


2m r 0 2 




[(2q- f- n 2 , 3a 2 — a 3 . 4(2a-}-l)] n 

° (2a+1) 4 =0 

« (2a+3 ) _ fl 2 
(2a +1) 3 4;w r 0 2 V 0 


...(ix) 

Hence, for the minimum value of a should satisfy equa¬ 
tion (ix) and for this value of a, 




h 2 a 2 (2a — 1) 


...(x) 


2mr 0 2 (2a -f 3) 

If the quantities V 0 and r 0 are given, the corresponding value 

° can found by solving equation (ix) for-a and substi¬ 

tuting it into eqn (x). 
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<#>,»*„ with the triaTfunctio^ 1 " ^ 1Caders t0 evaiuate the value 


it 


...(xi) 


. y=<? ar / r o _ e ~ M r 0 , 

" e " is an addi < i '™l variational paramo,er. 

Probiem 16 . If a trial wavefumim i/= - J_ c,™ a<x 

. a.,., V(°) e ° S 2a--°< x 


™-ZZZT ml ma "° d 'a 

UWm1 ' am ° mc ° sdn °>°'- »= V + 2m ; si,or, tha 

2 w/ 2 
~2 


- f ^ ^ 

ihe best value of a* is{ 

\ 2nico 

ef Wgy fr ^ 


1 


3 


77 


6;v' 3 

“ 3 


, and the corresponding 


Hint. 


In this problem we encounter two integrals, first one is 

r+a .... 


COS 2 ^5=1 

2a 2 


1 +cos 


and the second, is 


KX 

a 


dx 


a; 


1 a 


2 

2a ( ‘ X ’ can easily evaluated by parts. The 
reSU!t of this integral comes out to be (a*- 4 ?-- 4 *! 


Problem 17. 


77 


y JJ; f P Z ticle of mass m is bound by the potential 

he « where W j2mV{) a^l. Use thp Ti 


no 

m ' th the ^1 function e~°r"to Z aln^l Variational method 

eigenvalue. g 8 od ll "Ut on the lowest energy 


So]. 


H: 


P___ 
2m 


The Hamiltonian for the particle is, 


no 


h 8 d 


2 


2 in dr*~ Vo e ~ r ' a 


<//> 


(b 2 K 2 /2 m)J . 2 ~ 2 tt r d 3 r~V 0 f 

e -2«r 


-(i) 


2ar 


d s r 


...(ii) 


From the standard result, f e 


&X 


• T " clx=n we have. 



2a <- d 3 r~. 


'~4rr f e ia -r r 2 dr=4K ' . 
Jo (2a) 3 


cc 


3 


... (iii) 


and 



e~r;a , e -2or (P r —$„ 


QO 


0 


exp 


r 1 + 2 « 


r n - dr 
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=4 “rr+TT 

a 



* * 


(ivy 


% * 


<tf> 


2„3 


tlV- 

2m 


7j 


ottV o 


a 


y 


1 


3 


f2a 




a 


(/ 


3 


ti 2 a 2 8* Ko cc 

1 " \« 
7r i-p2a 

a 


2m 


...(v) 


To set the lowest 


value of <H>, a should satisfy the condition, 


8<g> 

0a 


ti 2 

0 = J-.2ot 
2/??. 


8K 


1 


a 


-f* 2a 


* 3a 2 — a 3 . 6 


a 


4* 2a 


o 


ti 2 24 V 0 


1 

a 


a 


4* 2a | 


c 


or 


m 


a 


1 


0 




4-2a | 


n 2 


or 


2m VqQ 2 a 


24 

,3 


a 


1 x4 
-(~2a 

a 


or 


3 = 24 

4 a 


a 


a 


1 xS 
4-2a 

a 


or 


I+2,\ 

/ 


32 


... (vi) 


This equation is satisfied for a—^ • Putting this value of« 


into (v) we obtain : 




g- * 


1 F 
8 0 


tl 


8ma 2 S 


1 4 

X 


ft 2 


3 2 mcfi 


ti 


24ma 2 


...(vii) 

Problem 18. Jf the first (n—1) eigenfunctions of a 
Hamiltonian are known, write a formal expression for a vam 1 
method trial function that could be used to get an upper linn ° 

nth energy level. i to the 

[Hint. Such a function is any function orthogona ^ 0 . 

given functions, which can be constructed by the Schnu a 

gonalization process]. 

1 . „ 1 . *nrJ I 


I 
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Problem 19. Estimate the ground state energy of the anharmo- 
nic oscillator (V=imw*z* + AU) by the variational method taking 
the trial wavefunction to be a linear combination of the n=0 and 
u=2 eigenfunctions of a harmonic oscillator of angular frequency a>. 

Sol. The normalized oscillator functions for n=0 and n —2 


are 


<K> 


b ) ex H 


171CO ) 

2^ and 


tilo 


\r:Jl 1 1 I 2f] " f 

/1 f 4mco 0 

\ 77Ti / V(S) V h 


exp. 


mw 

2h 


*"0) 


The Hamiltonian H for the anharmonic oscillator can be 


H 


P 


2m 


-f-2 )+Ax 4 -—7/ 0 -}- Aa* 4 7 


...(ii) 


written as 

where H 0 is the Hamiltonian for the simple harmonic oscillator 
such that H q 0 o =| ha aft, and /7 0 tif 2 = §ha ) ^ 2 ...(iii) 

Now talcing the trial wavefunction, 

& — Cq^o . ..(iv) 

we know from equation (106) of the variation metnod that the 
ground state energy of the anharmonic oscillator will be the 

smaller root of the eqn. 

Hoq — ^Aoq 77o>— xAoa 

Ii'2 0 X A 20 -^23 X A 22 


0, 


,..(v) 


where 


f 


i 


...(vi) 


tiav 


Since the harmonic oscillator functions ate orthonormal, ^e 


7 Q 


A 


09 


A 22 =l and A 02 —A 20 —0 


...(vii) 


Also, 


tlci,+A b j 


f /77w\ 1/2 


exp 


J- ho>-f- 

d*t 1 


3A 

4 


CO 
2 


T 


x 4 dx 


-)■ 

71101 / 


*-> te# 


77. 


5 * , 39A 

2 " W +T \l710>’ 

3A 


* l and 


.(viii) 

...(ix) 

...(x) 


// - - b) ' • 

02—•°i0-g i y(g) \ ma) j 

Using (vii) and evaluating the determinant (v), we ge 

^-(Hoo+Ha) X+ 

Smaller root of it is, rr i ...(xii) 
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q'tA.TH 

.. AW ,OX,»,«n METHODS EO, *«*» anh „„,o„/c 0*111- 

Xh, gives * P?g * h ° “ PreSSi0 " S 

tor where II a o, H-a jn ®- , , 

(vii’i), («) and (x); respectively. *„ expression fo> 

M*.» ^ WKB "f’tfjs frcm a mewl «" 

;Ae probability of emission of I ^ 

external electric field fe ^ a PP c t he electrons are 

Sol. In the absence of the x% h e work function ^ 1S 

bound by a potential, as shown in fi 0 . CO- 



the energy required to remove an electron from the highest 

occupied state _ . A . t +1 

When the external electric field & is applied to the metal, the 

potential at the surface takes the form indicated in fig. (b). Now 
the potential barrier has a finite width through which the electrons 
are able to escape. From equation (15S) of this chapter, the pro¬ 
bability of transmission through the barrier is given by 

2 r * 2 \/{2m (V (x) —E) \ dx 


7"- —exp. 


n 


...(0 


1 


Here we set .r^O, and then x 2 is given by 


K 


Also, 


(F-£)=K 0 


J'Z 


exp. 


2 


h 


e&Xo — Vq—W 

W 

■ 

...(ii) 

x, — 

“ et£ 


-e&x E — W 

e&x. 

— (iii) 

(i), we get 

f W /ro 

■\/[2in 

J 

{W~e&xy\ tfcA. 

...(iv) 
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T 2 


To evaluate this integral, vve set t 2 =2m (W—e&x). Then 
exp. I f° t 2 dt Uexo /_ 4 v/ (2m) W** \ 

\meh& ]^( 2 mW) j P- \ 3 h e g ) •••( v ) 

Problem 21. Use WKB method to derive cm expression for the 

W l ? eo f a nucleus for a.-decay using a simplified radial potential 
model. The a.-particle experiences a strong attractive potential 
well inside the nucleus and a coulomb!c barrier outside the well 
region . 

SoL Let the potential for the a particle (charge ze) which has 

been emitted from a nucleus of atomic number (Z+z) be V (r). 

At large distances from the nucleus there is a Coulomb potential 
jr, * Zze 2 

y y r ) -where e is the electronic charge and r is the distance 

between the nucleus and the a-particle. 

From equation (158), the probability of transmission through 
a potential barrier is given by 

T 2 =exp. v ' {2/ ” ( V ~ E V dx )- 

Zze 2 


In our case, the turning points are R and b and V 

» 


K 


Zze 2 

~b 


r 


; therefor 
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To evaluate the integral in (i), we put r=b cos 2 6. Then 



1 


r 


l V' 2 


b 


di 


2 VO) 


sin 2 6 dO 


v 


/ 


(b) (0 


X 

2 


sin 29) 


■y/{b) [cos" 1 



r 


* a 


i 






h\ r 


I \ 1/2 
b 


dr—\/(b) 


cos 



b 

R 
b 



1 


r 


b 



b 



1 


J.et 


\‘ 


I# 

l b 


mi 

... (ii) 





1. then 


cos- 1 X 


TV 

'2 


X 


cos 


TV 

2 


Z 


sin Z«^Z 


and cos-i X-X(l-X 2 ) 


1/2 


i t* 


2 


x-x (i-x z y / 2 


/ U 

2 


1 


AX 


...(iii) 




1 


1 


s \ r 


b 


v a 77 r 

dr= VO)-'- < 

- i 


/ T ‘ 


1 

A 


/ * 


^ - I I 


- V V b /j 


* « * 



or 


The kinetic energy £ is given by 

b 

■2Zze 2 


1 o 

4m zr 


6 


mv l 


Substituting this value of b into (iv), we get 


1 


R 


r 


1 Vi 2 
6 


</r=4- - 


/ 2Zce 2 


r 


2 J \ mv 2 ; 


1 


4 



77 



/4Ze 2 


2 \ m v 2 


1 


.Rmv- \ ] 

2Zze 2 j j 
4Ze^ 

(7 Z=2 for a-par 


4 


7t 




Using this value into (i), we get the transmission probability 


as 


T 2 —exp. 


2 /2nZe* 

! ^ ± -4eVQnZR) 


h \ 


v 


0 




If we assume that the a-particle inside the nucleus is moving 
backward and foiward along a radius with velocity v, then it 

will collide at r=R; ^ times per sec, or the time taken for each 





. 2 R 

n is — secs. 


The .probability of finding the a-particle 
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* 

ide the nucleus at r=b during each collision is given by 
°/pression (v). Hence the average life of the nucleus for a-decay 

will be 

r.-?- ri =^( 2 !)- v W(“ 




2m 

1 


1 * 

2 (2nZe 2 

h 


!2E' 

(m 


4es/(mZR) 


-*J[e ) cxp -l"Tl—- 4 ^ ( " 

The half life ZW is given by the relation 

T hal ,= mr a 


...(vi) 


That! 


6932? 


2/u 

£ 


exp. 


2 (2-Ze 2 


h 


4e\/(mZR) 1 


...(vii) 
• ...(viii) 

-i/mf/ - - \ £, / L " V 

11 , 11 rP7w? « tAc spontaneous emission probability per 

S" eZ «rt * a — «'» *-/« «** 


state ! 


Sol The transition probability per unit time for the sponta¬ 
neous emission is given by equation (203) as 

4 e^co 3 • -’ * 1 v •*> 




3 tic 1 


(k | r | «> | 2 . 


• • • O') 


Jlli- 

1 in +Vip fiisf excited stflte of hydrogen 


i.e. 


„>=i? ir (/■) n° («, and 

(r) Xj° (0, p); 

k>= \t(r)Y^A 

I /'b states and the transition probability for 
There are three | *> sta - , can calcu]ate any one of 

each of this is the same. Hence 

Let us take | W ^ f’ f) M<k \ z \ «>f. 

i I < fc I r I "> l 2 =' f ^ 1 are spherically symmetric. Now 
because the states | k) and | n; 

ive evalute 


them 


ve evaiute 

'it 1 Z111) =J Rzv ('•) '■ cos ® ^ Js W 7o “ r 

= f Jt 2 , (r). 7x'* yi ” £ 


2 ^ dQ 


cos 0 



4- 
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r) r 4 



4 
3 a„ 3 ) 


i? 21 , (r) r 3 « dr 
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3 a,*))' 

4 


1 


1 


(2r/ 0 ) 3 ' 3 VoV (3) 


00 


rj2a 0 


1 


1 


0 

4 ! 


r i e 


4 

r/a 0 dr 


2 s a 


0 


_ M Ml - * 


3tf 0 8 /•(2flu) 3 ' 2 'V/ 0 V(3)‘(fff 0 ) 5 3 s V (2)" 

016 /| 2 

/. j </c I r I //> | 2 =3 i </c I z I w> = 3. 3 ^. 

Now, for the first excited state, 

Tuu~10*2 cV. 


4 « 


w 


10-2 

ft 


x 10~ 12 ergs 


io- n 

—r—-eras. 

h 


Using, 


and 

into (i) along 


c=4-8x 10 _1 ° e.s.u., 

hsUO -27 erg-sec., 
c^lO 10 cm/sec., 
<7 O =10- 8 cms., 

with the value (iii), we obtain 

A^IO 10 sec -1 . 


• ••(») 


..(iii) 


...(H) 


From it, the life time of the first excited state of hydrogen 


atom will be 




j. 

A 

The actual life lime is 10" 8 secs. 


10 


10 


...(v) 
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THEORY OF SCATTERING 


The study of scattering processes has been a very important 
field of physics. A knowledge of the properties of atomic and 
molecular collisions is of basic importance in many fields, such as 
•properties of gases, the theory of chemical reactions and collision 
processes in astrophysics. In the atomic nuclei most of our presant 
knowledge about nuclear interactions has come from the study of 
nuclear collission processes. Furthermore, even more important is 
the fact that from a detailed study of the results of scattering, much 
can be learnt about the nature of the particles that are being 
scattered as well as of those that are doing the scattering. In this 
chapter we shall consider the quantum mechanical treatment of 
the scattering of a particle by a potential, and the equivalent ^ 
problem of the scattering of a particle with another particle. We 
shall be concerned mostly with approximate methods, which will 
be suitable for various circumstances. 

In some of the collisions, the energy of incident particle does 
not change. Such collisions are called elastic collisions and such 
scattering is called the elastic scattering. When the energy of a 
particle is altered after its interaction with, a potential or with 
another particle, the scattering is called inelastic scattering . 

9T THE SCATTERING CROSS-SECTION : 

Scattering cross-section is a quantity in terms of which we can 
describe the angular distribution of the particles scattered by a fixed 
centre of force or by some other particles. 

Suppose, a mono energetic beam of particles is directed towards 
a scattering centre consisted of n number of scatterers which deflects 
or scatters the incident particles in various directions. The scat¬ 
tered particles diverge. Eventually, at large distances from the 
target (where they are detected by suitable instruments), their 
motion is directed radially outwards. Let us count the number of 
scattered pai tides per unit time in a small solid angle element dQ 
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\ 




centred about a direction that has polar angles 6 and </> with res 
pect to bombarding direction as polar 
axis (see fig. 1) If N 8 is the number 




of particles scattered in the solid angl 
JI3=sin 0 do d<f> per second, then N s 

will be proportional to the incident 
flux N (the number of particles crossing 
unit area taken normal to the beam 
direction per unit time), the number 
of scatteres Uf; 


and the solid angle 


element dQ; /.<?., 


N„ oc Nn . dQ 



Fig 1. 


The proportionality factor, which depends in general on 6 
and <f >, is called the differential scattering cross-section , and is 


da 


denoted by( )• Therefore, 


N, 


d -E^Jl.N.n.dQ 


dQ 


...( 1 ) 


„ l dt 


In order to find the dimensions of we see that the 


I • 1 

dimension of N„ is —, that of N is 


T 


JJT 


and the number of scatt- 


erer and the solid angle Q are dimensionless. Hence the 


dimensions of fj is given by 


t da 

\dQ 


N s 


N.n.dQ 


Thus the dimensions of 


U-T _ 
' T 

da \ . 

dQ) ,S 


L 2 


that of the area, which 


justifies the term‘cross-section’. It is interpreted as the area of 

' incident beam through which the scattered particles in the solid 
angle dQ passes. Differential scattering cross-section depends 
only on the parameters of the incident particle and the nature o 

the target. Given this information, the aim of scattering -theory 

■ " 

is to determine ^ I as a function of 0 and 0. The total scatter¬ 
ing cross-section a to t, may be obtained from it . by integration 
over all directions. 


4 
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C[Qt 



do \ 


dQ 


dQ 



2JT (7T 


0 


d<3 

dQ 


s 'n 0 dd di> 


~.( 2 ) 


t„ most of the cases we consider \ d ° \ ■ 

1° n10 er ’ 1 jq\ as independent off 


Then eqn- (2) simplifies to 


a iol 


'Itt 


do 


dQ 


sin 0 do 


...(3) 


In the.above definition of the scattering cross-section we 

n0t taken into account the interaction among the incident 


hnvc , rc 4 . i 4 i < lun ^ incioent 

particles and. the eflect due to multiple scattering. This is justified 


P f ‘ the number of scatteres is verysmall and the incident flux is large 
*2 LABORATORY AND CENTRE OF MASS SYSTEMS : 
Scattering processes can be visualized in two types of coordi¬ 


nate system : 

Laboratory System. 


(0 


In this co-ordinate system bom- 


de d particle (or target) is initially at rest. 

(/7) Centre of Mass System. In this coordinte system, the 
centre of mass of two colliding particles is always at rest. 

It is easier to cilculate the results of collision experiments in 
the centre of mass system than that in the laboratory system; 
because there are three degrees of freedom in the centre of mass 

system as compared to six degree of freedom in the laboratoy 
svstem Usually we make the calculations in the centre of mass 
(C.M.) system and the observations are made in the laboratory 
(L) system. Therefore, it is necessary to establish a relationship 

between the two types of coordinate system 


Ralation Between L and C.M. System : 

Let a particle of mass m, and initial « * 

particle of mass m 2 at rest in the Z,-sysem ( g- 
before collision, the centre of mass moves to t e 

* - n _ 


right with a velocity Hence we have, from 


the conservation of momentum, the 


or 


v 


(/;?! + IVg) Ve m--' n h v l 

nt] 


c • * 


nij 2 


v- 


ink'll 



m s (mj + m 2 ) 




i 


* 






V 


Fig..2 






...(4) 
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where p 


m x m 2 

fit l 


is the reduced mass of the particles. 


* 

In the centre of mass system, the particle of mass m 1 appro¬ 
aches the centre of mass with a speed {v\ —v c . m .); since the centre 
of mass in the C.M . system remains always at rest. The other 

particle will move with a speed v c . m in the opposite direction 
(% 3). 


Uf/-TS c?n ) 




\cvt 

\ 

\ 

\ 

\ 


V 



Si) 


Fio. 3 


For elastic collisions, in which the speed does not change 
after the collision, the situation after the collision in the above 
two systems is show below in figs. 4 and 5; respectively. 





V? 



^ i r , KU 
* * 


Vert* 


A- 


Fig. 4. 


Fig. 5. 


Now the vector sum of the final velocity of the particle in the 
C,M. system and the velocity of the centre of mass of the two 
particles in the L system gives the final velocity of the particle in 

the L system, (see fig, 6) From fig. 6 we have 


tan d 


(vi—v 


c 


) sin P 


AB _ 

OA ( ? -h v c*mO C0S 
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2kmdcntdcrceL(on 

0 tkc part(c(e 


Fig* 6. 


sin 8i 


v 


C.T71 


Vi “ Vr,. 


+ COS 6 , 


...(5) 


c-m 


Further 


v 


cm n 


m,) 


m 


7 


v 


% ■* 


i — v l - mjt’j /(/«,-{- m 2 ) m. 


sin 8, 


7 (say) 


y-f-cos v, 


,..( 6 ) 


between the angle of scattering in 
C.M, system. We can discuss the 


tan 0l— 

This gives the relationship 
the L system and that in the 
following three cases : 

(I) m 2 > nii i.e the mass of the scatterer is much larger 
than the mass of the incident particle. Then y 4 1 and hence it 
can be neglected in comparison to cos B c in the denominator of 
the right hand side of eqn. (6). Thus 


tan 8l 


sin 6 C 
cos 8, 


tan 6, 


9 l = 6 c , 


i.e , the angle of scattering in both the system is the same. 

Electron scattered by a proton target is an example of this case. 

■ 

(II) mi—nr> 7 i.e., the mass of the scatterer and the scattered 
particle are equal. Then y—1, and 


tan 


sin 8, 


- . 8 e 
2 sm --- cos 


2 


0 t 

2 


J +cos Be 


1 + cos 2 


ft. 


sin 


2 Bo 


2 


2 sin 


Be 6 , 
2 C ° S “2 


cos 




- tan 


0o 

7 


Bl 


8 . 
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* f t_p t system is half of 
In the case, the angle ofscattering by a 
the angle of scattering in CM. system. 

proton target is an example of this case. sffla i]e r than 

dll') m» < mi, i.e- the mass of the scat - . • 

the mass of the scattered particle. In this case 
from zero to a maximum value sin 1 ^ ,v ''- w 



(f L first increases 
is less than 


as 


g, increases from zero to cos" 1 (1 />')• 


Tl 
2 

zero as q 0 increases further to tt. 
pictorially in the fig. 7. 

Now we shall find the rela¬ 
tionship between the ■ scattering 
cross sections in the L system and 
that in the CM. system. This can 
be done by using equation (6), 
According to the scattering cross- 
section, same number of particles 
are scattered into the differential 
solid angle dQ L about ($u <f>£) as 
are scattered into dQ c about (8 C , <p c ). 
Therefore, 


Then 8l decreases to 


These three cases are depicted 



Fie. 7. 


or 

or 


o (Ol, <!>l) dQ^c (8 Ci $ c ) dQ c 

2nc (8 l , 6 l ) sin Or, dd L ~2i7 a (6 C , 4>c) sin 8 C d8 0 
c (8 l, 4>l) sin e L d^L === or (& c , 6 C ) sin 9 C , d8 c 


• * 


■(7) 


Differentiating eqn. (6) we get 


sec 2 8 l d? L 


(cos 8n+y} c os ^c+sin 2 8 t 

(y +cos 8^ 

1 -fy cos 8, 


dP 


* # 


sin 8 i, d8 


(y+cos f/ c ) a 
sin 8 l 


- d8. 


From eqn. (6), 


1 +y cos 8 C 

. _ _ * _ _ 

sec 2 6l ' (y+cos (?„) a 


dft 


. „ COS f>L . , 

sin 6 L ~— -— sin 0 


sin 8. 


y+cos o 


Hence we have, 


sec 2 0£,(y+cos #,.) 


sin 6l dd L 


1 +y cos 8 


-r sin 8 


Now, 


1 + 


sec 3 Ol (y+cos 6 C ) 3 
sec 3 0£=(l+tan 2 d L fi 2 
sin 2 8» 



.••(8) 


(y+cos 6 c y 


(y+cos /'c^+sin 2 8 


(y+cos 0c) 
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3/2 
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Using it in (8) we obtain 


sin f?L d$L 


1 +y 


cos ft 


(I-f-2y cos ^ c +y^\ 3 / 2 ’ S1 *n 8 C cU c 
Using it in (7), we. get the relation between the 


crosr-ection m the L system and that in the C.M. system as 


scattering 


c(6 L , 

1 +y cos ft 


(6c> <f>c ). 


...(9) 


Ir' 


9'3. ASYMPTOTIC BEHAVIOUR OF THE WAVE-FUNCTION 

Let us consider the scattering of a beam of particles of fixed 
energy by a target at the origin. Since the'energy of the particles 
is taken as fixed, theie will be an infinite uncertainty in the 


meas¬ 


urement of time due to the Heisenberg’s principle. Thus the 
system will be independent of time and we can describe it by the 
time independent Schroedinger equation 


V £ +/e 2 


2m 

a? 


V(r) 


U 


0 


...( 10 ) 


for the relative motion of the incident particle and-'the scattered 
Here m is the reduced mass of the incident particle and the scat¬ 
tered and V(v) represents the interaction between the scattered 


Differential scattering cross-section in 


particle and the scatterer, 
the C.M. system can be found from the asymptotic form of the 
solution of eqn, (10). The boundary condition common to all 
scattering problems is that at large distances from the scattering 
region (or when the colliding particles are far apart) we want 0 
to contain a part that represents an incident particle 

moving in a particular direction, say along z-axis, and a part 
m that represents a wave diverging from the scatterer (or a 
radially outgoing particle). In other words, we seek a solution 
e qn. (10) which asymptotically represents an incoming plane 
mve (along the z-direction) and a spherical outgoing (. scattered ) 

wa ve. Thus 




A 


r 


exp. (ikz)+f(6) 


exp. ( { kr) 


r 


ft is the angle of scattering; /.£•>. th e 
Irec tion of scattered wave and the original 


— dj nadcni + Yscn ttcroch 

...( 11 ) 

angle between the 
direction, and A is 
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Y 

L* \ 
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the normalization constant. The angle ^ and k do not appear be¬ 
cause of the symmetry of V(r). In the region r-+°° 0), 

eqn. (10) for ip sca itcrsti becomes 


(V 3 'f k 2 ) tyscauorxl — Q‘ *"(^2) 

when Scattercd=f(0) exp. (ikr)/r is substituted into this equation, 
it is easily seen that the only term of the order \jr in V 2 4 


^ 4 4 v n ft 


is k 2 'h sC citicrod ; other terms are of higher order. Therefore, as 
required, (II) satisfies (10) asymptotically through terms of order 
1/r in the region of interest (t'(/*)=0) for any form of the function 
f(6). The function f(0) is called the scattering amplitude or angle- 
distributionfactor . 


The first term of (11) represents a particle moving in posi¬ 
tive z-direction or along the polar axis fl=0. The second term 
represents a particle that is moving radially outward, and the 
function f(9) gives the angular dependence of its amplitude. To 
find the physical meaning of the coefficient of normalization A 
and the angular function/(fr), we see that the particle density for 

the incident wave is given by : 

| Pincident ! 2 =i A exp. (ikz) | 2 =! A ! 2 

If v is the velocity of the incident particle, then the incident 
flux is equal to v \ A | 3 . 

The particle density for the scattered wave is given by : 


YiTf Titered 


Am 


exp. [ikr] 


r- 


A?-\M 


} 


.? 


If we consider the elastic scattering, then the velocity of the 
scattered particle will be the same as that of the incident particle, 
and hence the scattered flux is equal to v \ A j 2 . | f{&) iV /,2> 

Therefore the number of particles scattered per second into 
the solid angle dQ —sin t) d> d is given by 

NMA'*^\m *ds 


A 


v 


} 


O I 

* 4 d * 


f{d) I 2 . r 2 dQ 


A \ 2 v f(6) j 2 dQ 


Hence the differential scattering cross-section is given by : 


(da ) 

1 N, _ | 

I A 

i* v ! m \ 

| a dQ 

\dai 

(Incident Flux)f/£? 

A j 2 v. dQ 


H/m i 2 

The total scattering cross-section is given by ; 
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®tot 




\m I 2 da 


Thus, the choice of the coeffi- 
cicnt A is unimportant as far as 
the calculation of the scattering 
cross section is concerned. The 
wavefunction may be normalized 
to unit incident flux by choosing 
A=]/?j 1 l 2 i or it may be normalized 
by making / | ifi | 2 d 3 r— 1. We shall often simply set /f 


...(14) 


ttnetttent 



Scattering 
Centre 


Fig (8) 


1. 


■ - XT J x - * * 

For inelastic scattering, velocities of the incident and the 
scattered particles are different. Let v { be the velocity of the inci¬ 
dent particle and v s be that of the scattered particle. Then, 


Incident I A i 2 


Scattered flux 


v, 


"A 


r 


Z 


i m 


* ♦ 


(--) 


V JL 

Vi 


m p 


...(15) 


the 


If fa k s are the magnitudes of the propagation vectors for 
incident and the scattered particles; respectively, then 

h kijm—Vi and h k s /m=v s 

Hence we have 


/da 

\cfQ 


k 






I f (8) 


...(16) 

9-4. PARTIAL WAVE METHOD : 

It has been seen that we need the behaviour of the wavefunc¬ 
tion at large distances (asymptotic behaviour) in order to find 

the scattering cross-section. Thus we should find the solution of 
the Schrodinger equation 


V 2 + 


2m 

fF 


F(r) Mr) 


2 mE 
"h 5 ” 


Mr). 


...(17) 

throughout all space. For it we assume that the potential F(r) is 
spherically symmetric, it is a function of r only. Thus the 
wave equation (17) can be separated into the radial part and the 
angular part. We shall find the connection between the solutions 
separated into spherical polar coordinates and the assymptotic 
form (11). The procedure is called the method of partial waves. 

Solutions of (17) can be written in the form JR t (r) Yf 1 (6, d>), 
where the radial wave functions !?,(/•) satisfy the equation 


/ 
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<L +1 i+# 

dr" r dr 


/(/+! )] 


U(r)- ~ ' r i — 7 j ^i( r ) 


0 ; 


with 


U(r) 


2m 

T* 


\ y(r), and 1c 


2 mE 

- h r 


I t » 


(IS) 


<r 


n- . 

n ,, . , tion of the Schroedinger equation can be 

The general solution c; nnp ^ 

written as a linear combination nrnhlpm 

considering SDherically asymmetric potential, the pro m poss- 

dei ing spheri y and hence the solutions wiJ1 

esses symmetry about the poiar f tJ 

be independent of the angle ^ Hence, only the function, 


appears in the linear combination. 

oo 


i? z (r) T) 0 (<?> #) 00 P ' ( cos 


Thus we can -write 


I 
/=0 


...(19) 


In order to find the asymptotic form of the solution (19) we 
should solve the radial equal, on (18) for ft,« an find ,ts behav,- 


our for r-s-oo 


For it we write equation (18) by taking 


R,(r)=Xi(r)lr. 


We obtain, 


</ 2 


7,-r 


.2 


/c 2 - 17(r) 


/(/+!) 


i 


-2 


X,(r)=0 


... ( 20 ) 


In the asymptotic region, both U(r) and Z terms in (20) are 
verv small. On neglecting these in comparison with k , we ob_ 
the approximate asymptotic solutions Xi(r) cc exp. [± ikr}. To 
improve this approximation, let us suppose that 

__ / V 1 * I ^ 


Ur)=T x {r) e 


...( 21 ) 


where 7) (r) is expected to be very slowly varying in the asympto¬ 
tic region. On introducing this into (20) we get ; 






T, (r)=0 


...( 22 ) 


Since 7) (r) varies very slowly at asymptotic distances, we can 
neglect its second derivative compared to its first derivative with 

respect to r. Hence, neglecting solution of eqn. (22) is 

» ■ h 


given by : 


T,(r) 




exp 


1 






...(23) 


For any potential decreasing faster than l/r at infinity (*• 
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t/ \ 0 as /• -> oo) the integral in en m\ • 

rU(>) , n . , . ec * - ' 23 ) IS convergent which 

tively ."tic P region. In.thefollowing ,J } ) V1 be constant in the 

aS ymptot>c leg ow lng) We Wl „ confine 0Ur 

to such potentials y. Then the asymptotic form of *,(,-) is in 
general, some linear combination of the two solution «L‘ n 

e q. ( 21 )wiui i / »itn°ut loss of generality, we can 

vV rite any such combination in the form 


Xi(r) 


r-* co 


a, sin (/cr+S,') 


...(24) 


where fli and 8/ are constants. 

j H • t + 


The boundary condition at the origin (/•=<)) requires that 
m should be finite - . Thus X ' ( W='- Ur) should vanish at the 

origin* Since all quantities appearing in the differential eq. (20) 
for x i(r) are real, and X t ( r ) vanishes at the origin, it is easy to 

convince ourself that Xj must be real everywhere, apart from an 
overall factor which is arbitrary and may be complex. Thus 8/ 
in eq. (24) must be real, though a x may be complex. 

Let us now compare the above asymptotic behaviour with 
that of the partial waves for a free particle (£/(/•)=0). For U(r =0 
we can write eqn. (18) as 

^ + /(/+!) 
dr'- r dr 1 


/ 


,* 2 


Ur) =0 


...(25) 


The general solution of this equation is a linear combination 
of the spherical Bessel functions j\ (At) and the spherical neumann 
functions n, (hr). The only admissible solution is j\ (/cr) ; because 
n i (kr) becomes infinite at r=0. Thus Ri(r)=^cj,(kr), where c is 

■h 

a constant. Since the asymptotic forms of the spherical Bessel 
functions are known to be given by 


ji(kr) 


r 


n i(kr) 


1 { i I 77 

-> - sin \kr —- 0 

kr \ ^ 


1 f 7 

cos I kr 


...(26) 


-> 


r —>00 kr 


2 


!t follows that X, (r)=r R t (r) _-> c sin {kr -h[2\ Hence in 


'r—> 00 . 

^his case, has the asymptotic form (24) with 8 1 =—Thus 
^be effect of the potential on the partial waves in the asymptotic 
re Sion is simply to change the phase from — Jwi to some other 

ValUe8 A This change, 
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... (27) 


is called the phase shift in the /th partial wave. Since Si' is real, 
is also real. 

From (24) and (27), the asymptotic form of Ri(r) is given by 

Ri(f') ^ ^ sin (hr —^/tc+Sj) 

r-+oo hr 

where Ai=ka } . Hence the asymptotic form of d;(r) is given by 


0 0) 


—> V 

r^<x> Zw 

/ 


i 


...(28) 


We have to choose A t in such a way that this form agrees 
with the form (11) ; given by 


4 (r)--> 

T v J r->oo r 


>ikr 


. ..(29) 


For it we need the following expansion : 


zh~ 


oo 

V 


e“-- = exp. (Her cos ff) = \ (2/+1) i l ji (kr) P t (cos 8) 

/=0 


/*—>• CO 


(2/+1) i l (kr)~ x sin (kr—\Ui) P\ (cos B) 


1 =o 

Substituting (30) into (29) we get : 


...(30) 


00 


i(r)-> 

* v ; co 



(2/+1) P , (cos 9)+ l e 


i S' r 


/c; 


r 


1=0 


...(31) 


Both the equations (31) and (28) are the same. Thus, when 
we write sine functions in complex exponential form, the coeffi¬ 
cients of e ikr and that of e" ikT should be equal in both the 
equations. 

Comparing the co-efficients of e ikT we get : 


2 iu Pi(C0S e)exp -[ z ‘( s 


/ 


7T 


l 


2 


1=0 



(2/+1) PPt (cos 6 ) 


e il ” 2 . / (8) 


2ikr 


-+‘ 


... (32) 


1=0 


I 
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and on equating the coefficients of e~ it:r , we have 



At 

exp. 

2 ilcr r 


7=0 


na, 


/n 

*2 


Pi (cos 0) 


00 



•"27/?T /> ' (cos 0) exp> 


7 7 


i W 


2 


7=0 


From it we have, 


^4 t =(2/-h 1) i 1 exp. 



Using this value in (32) : 


oo 



(2/+1) it 



l 


2ikr 


exp. [z (8i — fa/ 2)] Pi (cos 0) 


7=0 


00 



(21+1 j i l exp ~ P, (cos 6>) +^- 

2//cr r 


7=0 

From it, we have 


/W 


...(33) 


^ ** ex P* (~^ W 2 ) ( ex P* (273/) —1} Pj (cos 0) 

~ 7=0 


or /(0) 


2ik 



(27+1) (exp. (273;) — 1} P x (cos 0) 


7=0 


• * 


We can write (34) in a slightly modified form 


...(34) 

{ft _ e iZ-rr/ 2 j. 


as : 


oo 


/w 


1 


* Z, (2/+1} exp - s <} 

/=o L 


fexp.{7 8;}—exp.{—7 S*} 


27 


Pi (cos 9 ) 


or /(0) 


J 

k 



(2/+1) exp. {/ S/} sin 8, P, (cos 6) 


1=0 


...(35) 


as : 


Using (13), we obtain the differential scattering 


cross-section 
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oo 




da 

dQ 


1/(0) p-i!T(2/+lJ Pi (cos 0) exp. O' S,} sin Si 

/=o 


...(36) 


Using the orthonormality relation for the Legendre’s poly¬ 
nomial, 

Pi (cos 0 ) Pp (cos 6) sin 0 dQ= (21+ 1) S// ” 
we get the total scattering cross-section as : 


ot 


2tt I (sin 6 dQ 


4 


77 


0 


[dQj 


k 2 


(2/+1) sin 2 8 


i 


...(37) 


.v 
/=0 


Optical Theorem. The optical theorem relates the total 

scattering cross-section to the scattering amplitude in the Forward 

direction i.e, the scattering amplitude for 0=0. Taking 0—0 in 
eqn. (35) we get 


m 


1 


k 



(2/-f-J) exp. {/ sin 


/=0 


(V Pi (cos B)=Pz (1) = 1 for all /} 


1 

k 



(2 1+\) (cos sin S{) sin S* 


/-0 


CO 


* \ 


• ^m.y\0)- J- \ (2/+1) sill 2 

/= 0 

Comparing it with eqn. (37) we can write : 


...(38) 


®tot 


4 7T 

k - Im.f(6== 0). 


...(39j 


This relation is called the optical theorem. This shows thai 
the imaginary part of the forward scattering amplitude measure; 
the loss of intensity which the incident beam suffers because of thi 
scattering. Thus the total scattering, cross-section represents th< 
removal of flux from the incident beam, so that its intensity i: 

smaller behind the scattering region (0=0) than that in front o 
it rhis ,s analogous to the optical shadow behind an obstacli 

and hence the above relation is called the optical theorem 

Phase Shifts : Relation to the Potential. From the asympto 
tic behaviour of the radial wave function x* ( r ) ■ 


I 
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x/ (0: 


sin | kr 
co hr ' 


hr 
2 


+ 8j 


VV C see that the■ > s the difference between the ’ pha¬ 
ses of asymptotic actual radial function X, (r) and 

field free asymptotic solution *<«(,-). Fieldfree fr) 

+v>f> pmiation. 


the 


sati 


jsfies the equation. 


70 < 

d X 


¥ ('•) 




dr 


/c 2 


/(/+i) 




* 2 


and it is g> ven : 


*? 00=0 


...(41) 


X ( . 0) (r)=r j, (fcr)- 

r- 


oo k 


sin (kr~hj2) 


Obviously, S t depends on the 
rotation for S ; in terras of F(r), we 
that 


... (42) 


potential K (r). To obtain a 
write from eqn. (20) an. (41) 


co 


0 


xr 


d 2 X 


i 


dr 2 




d 2 x/°> 


dr 2 




co 


(o) 


0 


'-i' V (r) X, dr 


or 


(o )dxt 
Xi di¬ 


et X 


< 0 > 


X 




i 


dr 


OQ 


0 


'co 


0 


X, (t0 U (r) 7-i dr 


Using eqns. (40) and (42), we^ obtain the following 


relation between S, and the potential V (?•) : 

Tv hr 


...(43) 


exact 


sin S 


i 


CO 


0 



—) Mm (/cr) U (r> X, (r) * 



y r .S*? 1S e ^ u ^ tion XI Or) is the solution of eqn. (20). Functior 

such a wav 1 t f ^ ° ngil1 (r=0)> and it is normalized ir 

such a way that for asymptotically large r, 




S 


i 


much as w p ession (44) for the phase shift is purely formal ina; 

ful as s* e , d ° not know 7 -i (0 for all r. Nevertheless, it is usi 

iar ln B point for approximate evaluation. Suppose, fc 


stance, that 7 H ( r ) differs very little from x (o) . Then, 

V 


sin S 


i 


Thi 


r jm i 


Mm (kr) U{r) if (r) dr 


...(45) 


s ls known as the Born approximation for phase shifts . 
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From eqns. (20) and (41), it is seen that for an attractive field xi 
is shifted inward relative to X <0) , and for a repulsive field X/ is 


shifted outward relative to X ( ,°K i.e. 

I J 


<5 


i 


0 for attractive field 


8i < 0 for repulsive field 


Phase Shifts : Relation to the 
show the plot of the function 

R t (r). The first and the largest 
maximum of R { 00 lies roughly 


Energy. In 




(9) we 


jtxti’r+ &() 

e i 


at r 


m ix 


Ijk. If the range a of 


the scattering 


greater than r 






bis. 9 


potential is 

max *3 then Ri (r) 

will be quite large where the 
potential is also appreciable. 

Hence, there will be a strong 
interaction of the wave with the 
potential and a large phase shift 
will be introduced. On the other hand, if > a. then R / (/*) 
will be small where V (r) is appreciable. Thus, there will be 
very weak interaction of the wave with the potential and it will 
hardly be affected by the potential. Hence will be very small 
and the contribution to the scattering from this value of l will be 
negligible. So we conclude that the contribution to the scattering 
process comes only from the values of/ which satisfy the condition. 


a > r 


m:i;c 


k 


or 


/ < ka ; 


..(46) 


where a is the range of interaction of the potential. Hence we 
need not consider all the infinite number of phase shifts 8 t 
(/=0, 1, 2, ...), We have to consider the values of / from Oto a 
maximum of the order of ka. Thus the expression (37) for the 
total scattering cross-section can be written as : 


tot 



(2/+1) sin 8 Sj 


w • 


(47) 


We shall shortly see that the calculations for the phase shifts 
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$/ is a very cumbersome process. Hence smaller the magnitude 
of ka, easier is the partial wave method to apply. Thus the 
method of partial waves is most useful at low bombarding energies 

(small k) and small range (a) potentials . We have also seen that 
for the validity of this method, potential should be spherically 
symmetric and should fall off faster than l/r. For large values 
of k and a, this method is very, inconvenient. When ka << 1, 
only 5-wave (/=0) are scattered. For /c<^= 1, 5 (/=0) and p (/=l)r 
waves are scattered, and for other higher values of ka, the d(l=2), 
f (/=3), etc. waves also contribute in the scattering. 

Calculation of ^’s. We make the calculation of the phase 
shifts S; for a potential of finite width c a\ 



V (r) for 0 < r ^ a 
0 for r > a 


Since U (/*) 


2/72 V(r) r 

-=0 for r > a, in the exterior 



region 


(r > a) the wave function must be a linear combination of/, ( kr ) 
and iii (kr). Thus we write 


Ai—aiji (kr)+bi i%i (kr) 


A 1 [cos 8 t ji (kr )—sin n t (£/*)] 


-(49? 


where we have put a,=A t cos 8, and b t = -A t sin 8,. In this form 
we get the exact asymptotic form of Ri (r) as : 


Ri (r)~ 
r 


co 


At 


cos 


S* ~&r-hl 2) +sin cos (kr-lr.12) 

kr 


At ( In 

sm [ kr~ ~ +s z 


ki 


2 


We do not know if, in the interior region (r < a), but we 

know from the boundary conditions that it has to match with the 
exterior wave function at r=a. In particular, if 


1_ dR, 

Ri di 




Pi 


in the interior region then ^ ^Ri 

2 ’ tnen must also tend to as r 

in ftlP PYfprinf 


in the exterior region. 
From (49) we have 


Pi 


a dR, 

R,cF 




i - a f CQS s i h’ (kr )—si n n { (kr) 1 

i (/c/v—sm 8 ] 77, (/c/-) 
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' Pl [ 


e m+ e -tu , e m -e 

—Ji ( ka ) - 


2 


2 i 


ka 


e' s, +e 
2 


-161 


;V(H 




2 / 


fix (ka) 


or [Pi 



Ph 


kaj t f — ika n /] — v51 V ca J } ika n, 


or 


,2 jGl 


g, (-/,+»?,) + ka (ji'-i "' ') 

P, ( ji + M/) — ka ( ji + in >) 


■ (ji ~ m,) 

■F - * 1 " i* ™ ■ ■ ■■ ii ■ » ■ ■ 

(J; - in,) 


/,' — 7//i 

B,-kaA —r— 

" Ji- M, J 


Pi 


i ji "b 1,1 1 1 

ka . , -r-— 

Ji j r l} h J 


Now 


Similarly, 


ti+sr" ii=*r 

j,' ji + n,'n,+i ( ji’n,—n,' j,) 


ji'riii nt i( ji n, n t j',) 

T+in, 


,_ j, 2 +np 

i 

Using these expressions into (50) we get : 

* / * » i i * / 


m 


ji - i*h 




i 


j;j, + n,'n,±i_ (jin,-n,' j } ) 

*■ ’ ' > >j t 


7?+w#* 


ji+Zn,* p , _yVj V +n,'n,-i ( ji'ih-n/j,) 

h (ji' + ni*) 


Making the substitutions, 

kaAi’jAk'=A,; ~ ka 

J ( 2 *■ "J 2 




J| n,-mj 

j 2 _u 2 


1 



+/?r) 


and 


Ji—mi 
ji in i 


e 2i ? 1 , we can write (51) as : 


e 


2iSl 


Q 2 t £ l 


Pi—' A i~f~ i *5 / 

Pi — A r~ i 


Defining, 

■ 

tan 7i 


S 


i 


Pi — Ai 


UH 


or 


er*& e 


^i^Pr-Ai + iSj 
Pi — A i — iSi 

2 ir l 


+ ipp,] 


..(50) 


...(51) 


5; 


...(52) 


we have 


=> S/==^i + 7/ ...(53) 

Thus we see that the phase shift o t for the 7th partial wave is 
consisted of two parts. The first part given in terms of the 
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• ,-,c 7*1 and ih of the field free rad ini 

(“If pendent of the potential. The second p"",,'””ole " 1 7' “ ! S 

i”".he potential through the log,i, hnic y dep '" ds 

»P e ,. (S3) is a genera, expression To, th e phase sh " 

0 f the hnown quantities. In pract.ce we have t„ cafculate the 
pjtase shifts m the low energy 1 ,« for „,, ich the pMk| 

P )et hod is most sui a e. ^ cncc we now consider the behaviour 
. fth.e ph ase sh,ft calculations for low incident energies. At low 
incidents energie, k will be very-very small and hence kt 

e .,only/=0 partial wave will contribute. Now, the beaviour 

' an d nr near the origin is given by : 


in 




ci < < 1: 


J‘ (*) x +0 717+1)1! una 

Therefore, foi small values of k we can write t 


o" (2/+1) ll and W . 


_v (2/-It!!* 


l+l 


tan | 


i 


ii (ka) 
m (ka ) 


(kaf (ka)i+i 

(2/+l)!l“(2njn 


which is very small and hence we can replace tan by 
w’e have 

__1___ 1_ 1 f/cn) !(i+1 ) 

' “ ka{ j, 2 +n , s ) smallT ka nf^'ka 7(27-1W 


Also. 


(ka)' 


at+i 


[(27- 1)!!?’ 


where we have neglected j t 


(ka) 


i 


compared to 


n. 


k-+ 0. (27-1)!! 

(27-1) H 

k-+0 ~~Jka )t* 1 ^° r sma ^ va l ues °f ka- Lastly. 


Zt 


7 


small k 


ka 


n 2 n t , ih 




— ka 


n 


i 


k~> 0 


* • 


tan r 


7 (7+1) (27--1) !!(7ca) I+1 ..... 

(ka) l+z {21— 1 )!! “ {l,i) 

1 


(ka) un 

[( 2 /-- 1)! 1 .] 3 ' 7 + 77 + 1 ')’ 


* 

is vevry small for ka < < 1 , and hence we can replace tan Tiby 


7 


Using the above approximations, the value of the phase 
lift at low incident energy is given by : . 


127+ l)h = i.. 3, 5.(21+1) 

(2'7-i) .!.! = !. 3, 5.(2/ - i). 
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&l =*/ + £, 


(ka) u+1 


(Am) 21+1 


t(2/-l)!!] a (ft+Z+1) 

{ka) n+1 


{21+ 1)!! (2/— ])!! 
(lea)* 1+1 


(2/+1)!! { 21 — 1)!! 
(2/4-1)!! 


(2/-1)!! (ft+/+l) 


1 


12/+1)!! (2/-1)!! LPH-'+l 


2l+\ 


1 


.(Am) 21 


+1 


/-p, 


(2/+l)!!(2/-l)!! ' A + /+1 


...(54) 


Thus, for small values of 1c we have 

8, cc /c 2I+1 -..(55) 

This gives the energy dependence of the /th partial wave 

phase shit, when the incident energy is very small. 

95. SCATTERING LENGTH AND EFFECTIVE-RANGE 
APPROXIMATION FOR SCATTERING OF SLOW 
PARTICLES : 

It has been said that for low energy scattering, only s-wave 
0=0) contribute in the scattering process. The scattering cross- 
section for slow particles can be written from eqn. (47) as : 

4rr 

o-m { =-.-“ sin- S, 


lc- 


0 


...(56) 


It is found that for low energy particles this can be described, 
instead of by by two quantities which depend only on the 
range and the depth of the potential K(r), and not on its actual 

shape. 

For 5 -wave, the Schroedinger equation (20) becomes 

2m 


d*X 


+ \k*-V{v )] x 00=0. 


U{r) 


V{r) ...(57) 


dr 2 ' L ' “ " h" 

Let (r) and X 3 (r) be the solutions for two energies /c, s , and 
k„ 2 . They satisfy the conditions 

Ah (0)=0, X« (0)=-0; 
and we choose the normalization constanst in such a way that 
their asymptotic behaviour is given by 

Xi (>•)-—-* rrr-ir sin ( 1 + r+SJ 


...(58) 


Xi inz 


r—>=o sin S, 


1 


> 


...(59) 


r 


• s sin (/c 2 r+8 2 ) 

CO Sin Oo J 


Now, multiplying the equation for X ± by xa and that for X^ 
by Xi and then subtracting from the first one, we get 

cl f .. cly i _ r/yo 


dr 


X 


3 


c h(i 

dr 


*1 


dr 


(k z 2 -k x 2 ) XiXa* 
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Integrating it from 0 to oo we obtain i 

dxi dx 2 1 

-*'d7 


x 


dr 


jo 


(k.?—k 



XiXi dr 


...(60) 


Let us consider two free particle (V(r)=- 0) solutions 

1 


& ( / ') = -j~ L g i sin (k 1 r -|- 5^ 


Y 


$2 O') 


1 


...(61) 


sin 8,~ sin (/< ° r+S •) 
which satisfy the equation. 

d 2 6 

dj2 + k <f> ( 0 = 0 , 

here obTain ^ *** r£SpectiveI y- Then s ™ilar to eqn. ( 60 ), 


...(62) 


we 


J“ k k dr ...(63) 
(59) and^Jwege 8 ! fr ° m (63)s and usin § ec l n - (58), 


cot 8 2 —k 1 cot 5i~(/t 2 2 

Defining the scattering length C 0 by : 

1 Lim 


f co 

/c i 2 ) ikk — X\X Z ) dr ■■ 
Jo 




Co k - 0 ik Cot 8 (*)L ..(6 

we can write ermc ' 

as q (64), on letting k^Q and denoting k 2 by 


k cot S (k) 


t 


Co 


h/c a 


'co 


iM~X a X) dr 


...(( 


eqn. diBers from " ,s 11 that ‘he integrand in 

“ ble ; »■ region, ,£t“ £ c '^ **» " W is app r . 
much on the energy k* if | rr (,-\ \ • 1 ^ Wl11 not depend % 

ia\ ' We Sh ‘ :1 - 

' " ons - Tl ’“ s from eqn. (66) w , ^ J - th * “ro en 


where. 


k cot 3 (/c) 


r+T ** 

2 


* * 


f'Q 


00 

2 ! (^o 2 


IS called as the effective r 



^o 2 ) t// 


8i,es ,he ^«,W- ro „g e XS^|°' emial 10 ; and 


• •■( 68 ) 

eqn. (67) 
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* J 


ft 

1 


i 


L‘ 


V 

t 


t 


IJm 




It is clear that both r 0 and C 0 are determined by U (r), and 
they are insensitive to the exact form of U (■r) but depend only 0n 
some “integrated” or “average” property of U{r). From eqns, (59) 
and (61), it is seen that (d 0 2 -V) and hence r 0 vanishes outside 

the “range” of U (/•)• If <a ’ is the ran 8 e of the P otential > then 
the integral in (68) extends only to the radius a. The function 
is a straight line from 1 at r~0, crossing the abscissa at r~C B ; 
X 0 is equal to it for r > a but bends down to zero at r- 0. Hence 

we expect the r 0 to have a value to.•_ 

.■f r j I ^ 4 * l ^ ) f r * ■, ny Wti C'ili /fl tllC CliC CllVC 

the ranae ofthepokJ.- — ■- •*’ 0 

^ * ’t 

range of the potential. 

The effective range approximation is particularly useful when 

the potential is strong, because we expect the integral in (68) to 

be rather insensitive to k until the energy approaches a value 
comparable with the potential strength. Hence ( ) 

expected to be a good approximation for the slow particles for 

which the energies are small compared with the potential strength. 

For this reason the effective-range formula has been especially 

useful in neutron proton scattering. 

9-6. LEVINSON’S THEOREM : 

This theorem gives a general qualitative information on the 

shape of the phase shift in the low energy domain. For simpli- 

city, we resort to the square well potential 

f — Vo f° r r < a 

V( 1 ) — | q for r > a ...(69) 

Now the Schroedinger equation can be solved easily. Inside 
the potential will we have : 

, 2m V 0 


d 2 2 d_ 

dr 2 r dr 


ti 


+ k 


I (1 4-1) 


V 

/•“ 


Ri(r) = 0 ...(70) 


Putting cr—[k 


,2 i 


] it can be written as 
Tr 


d l 

dr 2 


2 d_ 

r dr 


—j— (X 


2 


/(/+D 


r 2 


R,(r) =-■ 0 


-.(71) 


S 


M 

This equation is analogous to the free particle equation (25), 


and hence 


jRjO*)=^i ji (ar) for r < a 
Outside the potential, R x {r) is given by (49). 

a dRiir) 


...(72) 


Pi 


Ri(r) * dr 


oc Oji(ad) 


...(73) 


v " i 

In the low energy limit (£a<«l)only s-wave (/=0) contri¬ 
bute. Hence we have 
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s9S 



l ^ 

a ci 

j^-a) 

ad 


sin x 


X 


a ci cot <x a — 1 


a a cot a a —l ...(74) 


and j\{x) 


1 


cos X 


sin x 


ha ve seen that for low energy, y, 
^ V rt = -1 ’ 


' Also, 


V 0 

5 ' sa [(27=W S,VeS 

So=/«' 

(Am) 1 (AmV +1 


(/+1). Therefore, 

...(75) 


and 




(2/+1)!! (2/-1)!! 


=> f 


0 




...(76) 

...(77) 


from 


c qns. (75), (76) and (77) we have 

■So = ka _ k 

tan ^ 0 = 


£ 0 —Vo aa cot ad 


tan a.a 


a 


or 


*0 


tan 


K 


a 


tan ac 


• •(78) 


So— 'T'o’^^o-^tan 


-i 


k 


a 


tan a# 


ka 


■ (79) 


From (79) we see that 5fl_>0 as 


1 , - - t r* 

iu vv ^ 


...(80) 


Suppose now that the potential, which we assume for the 
moment to be attractive, is multiplied by y and we increase the 
coupling strength. The phase shift will then increase. .In.the 

,-crier., ka f<l, it is approximated by 

t / tan aa , 

S„^Am-1 

u \ 

When a a lies just below the value n/2, the function in the 
parenthesis is large and positive until a a goes through jc/ 2. Then 
the approximation (80) breaks down; the phase shift quickly turns 

over and then decreases. When^"P^ ase 

^Vais 

h 2 J 

slightly above 77 / 2 , then the phase shift goes through r/2 and,as 
the energy decreases, keeps on increasing to n. Equation ( ) 

i ~ 

must then be replaced by 

/ tan « a 

So^tt — ka (1 ~~ c j~ 


A 


...(81) 
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Fig. 10 shows the phase- 

shift behaviour In the low-energy 

§ 

region. The solid curve repre¬ 
sents the low-energy s-wave 

phase-shift for a potential not 

■ 

strong enough to bind. The 

dashed curve is for a potential 

that causes one loosely bound 

, jflmVA 77 , . . 

state. - /!■precisely 

the minimum value necessary for 
a bound sta'te to exist. 
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Fig. 10. 


This is easily seen from the equation 
a cot ca cl =— i k 1 ...(82) 


for the bound state energy E— — h 2 | k \ ? /2m . We conclude there¬ 
fore that the s-wave phase-shift at zero energy has the zero value 
is there is no bound state and the value ~ if there is a bound 
state. For the transitional values of the potential strength, the 
value of the s-wave phase shift at E~0 is tz/2; exp. (2i$o)— H 
and the cross-section is infinite. For the transitional potential 
strengths, for /= 0 , there is usually no bound state of zero binding 


energy. 

The discussion can be generalized, and one finds that eveiy 
introduction of an additional bound state raises the phase shift at 
zero energy by an additional This observation says that 

Sq(0) “772 77 ...(83) 

where m is the number of s-wave bound states; except for the 
“transitional” strengths, in which case 

c)'o(0) ~ On -f~ 2 )^ ...(84) 

These equations are known as Levinson's Theorem- 

Notice that, if the potential does not bind., the phase shift 

does not reach tc/ 2 and the partial cross section does not go up 

*■ *■ 

to its unitary limit. If the potential barely binds, the phase shift 
goes through tc/ 2 in low energy region and the cioss-section is 

maximum. 

9*7. DETERMINATION OF V(r) FROM THE PHASE SHIFTS : 

The theory of the preceding sections enables us to evaluate the 
cross section c(0, E) as a function of the angle of scattering 6 and 
the energy E from any given potential K(r). In many situations 
(e.g. nucleon-nucleon and nucleon-nucleus collisions), the interac- 
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tion potential V(r), between the two colliding particles, is not 
known from first principles. Thus we try to deduce an expression 
for the interaction law V(r) in terms of the phase shift 81 (E ), which 
can easily be determined from the experimental data on the 
scattering cross-section <r ( 0 ) 7 . Considerable literature has been 
published during the last twenty years on both the mathematical 
as well as the physical aspects of this problem, ft is not possible 
to deal extensively with these studies in this small volume. We 
shall only present the basic ideas of the theory for the case where 
V(r) has certain simplifying properties. 

From expression (45) for the Born Approximation for the 
phase shifts, we can write after substituting the value of ^ Co) (/'), as 


sin 8 f 


Att 
2 


*oo 


o 


12 

Mili(kr) U(r) rdr 


...(85) 


Here we have introduced a dimensionless parameter A as a 
measure of the strength of the scattering potential. Approximat¬ 
ing sin 8 i by B h we have from (35) that 


AttXl r^o 

2 I-Z, Pl ( C0S 0 - j Dz+1'2 ( kr ) f U(r) rdr 


I 


...( 86 ) 


By means of the addition theorem for Bessel's functions 


sin qr 
qr 


where 


2 F/-S Urn/a ( kr )f Pi (cos 0 ), 

T* 


q= 2 k sin and q = k—k'; 


2 


we can write ( 86 ) as 


/(<?)= A f X U(r) ™£. r r *dr 

Jo qr 


A- 


4tt 


exp. [;‘q. r] U(r) dr 


...(87) 


This is known as the first Born-Approximation for the scattering 
amplitude. ° 

Choosing the direction of k-f-k' as the z-axis of a cylindrical 
coordinate system for r (z, p, $), and using 


0957). 


Przikov, L„ Ryndin, R. and Smorodinsky, J., Nuclear Physics 3,436 
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dt=dzd? P d<f>, (] 


^ • 9 
2k sm —. 2 - 


and I 


2-rr 


0 


exp 


2 ’ 


i [ 27c? sin 


r 2 -r; 


0 

2 


cos ^ 




2* Jo 


2feP sin 


0^ 

2 


\ve have/(tO 


4t; . 


r.i.co 




’CD 

pdp 2.~ Jq U 


-CO 


0 



+P 2 


...( 88 ) 


On using the approximate ielation 


Pi (^09 v) 


i f 


III I , ± * M * I t 1 | 

Lv ‘ -7 i * 


Si H fl * 1 


/ 


and setting 


and 

we can write 


k?£~{I+ £)—/ f° r ^ anc ^ ^ * ar £ c? 

. 0 

2 sin 




0 for 0 small; 


i 


m 


A 

J p 
trl* 

/v 


00 


00 


Idl 



U 0‘) T JL __ P, (COS 0) a Qn s 

(/ + ^) 2 -( 90 ) 


,.2 


. P 2 

v V * 


On comparing this equation with the expression obtained 


from eqn. (35) as, 


m 


i 

k 



(21+1) 8 £ Pi (cos 0), 


.,.(91) 


/ 

we have the Born approximation for the phase shifts, as 


S 


Z 



® U{r)rdr _ f / . i. 

(/+i-) 2 V 0 V + 2 



/O > 

I % 

1. - — > 


r 


j c a 


f 


jo v \ ,v / 

where we have taken 1 as a continuous variable. To solve this 
equation for V(r ), we make the following substitutions . 


1 


* 


(,u j ■ - 0 w 

I V(E)=l->*U(r), 


2k (/+J 


A V A 


5/f 



and ■ 1^(Q=1 /* 2 27 (r), 

into it. We get the equation, known as the Abel’s equation : 

far tip /c\ Jr 


JoV(*-S). 

The solution of this equation comes out to be : 
A U (r) 


...(93) 


4k_d 

re dr 


8 ,dl 




(f+i) 



- r ’ 


... (94) 


From which K(r) can be calculated if 8 




1 « 7\l(l 


r.,„«+;rtn rtf ' 1 
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mmcm ™«„y and mtm 


to 


be noted from (92) that (*,,) is a fum 


titer 


ion of (l+\)lk. 


A U (/•) 


1 ^ 
7t dr 


is independent of k. 


r 

<7o * 


rVvX^TT) 


...(95) 


** * 7Z . phase shifts, but the P° tentia ’ 

J the special ease where the> potential is such that thc ^ 
approximation is valid. Jost and Kohn* have calculated the 

potential V(r) nn.qnely from a spectrum of 8, ( E ) {Lc . the phase 


poten 
shifts foi 


tial VO) . ; \*,) K t.c. ine phase 

. A V . , . entum A for the 

simple case tyhcti nr) is a icpulsn-c potential [K(r) is a monotoni- 

a lly decreasing function tvi h (°o) _> p ( say } Whcelerf deter¬ 
mined V(r) front all the phase shifts J, (i.e., for all I) for one single 

energy E- 

Phase Equivalent Potentials. If f or some /, for which the 

s pectrum S* (E) 15 §* ven ’ ^ iere ^ exists m discrete eigenvalues A, of 
the energv, then it is not possible to determine V(r) uniquely, but 
an w-fold variety of potentials, P(r), can be found that are all 

consistent with the 8* (E) and the Vs. 

This may be understood on the following considerations* 
Consider the states of a given angular momentum. Let fa ( r) be 
the normalized bound state functions and ^ (k, r) the continum 

I ' 

state functions normalized to sin [/c^-r^A')] at large distances. If 
the potential U(r) is varied by an infinitesimal amount A U(r), the 
eigenvalues A i of the bound states and the phase shifts 8 (k) will 
undergo the following changes : 


f A U(r) | (r) j 2 dr ; i = l, 

J o 


i< * 


m. 


AS ft) 


l 

k 


CO 


0 


A V(r) I (A, r) i 2 dr. 


Therefore all eigenvalues >{ and the phase shifts 8 (A) will 
remain unchanged if A^('0 i s chosen to be orthogonal to the 

squares of all the bound states and continum eigenfunctions. It 
can be readily verified that the functions t}> t . (r). have this pro¬ 
perty. Thus an m fold variety of potentials U (r) can be construc¬ 
ted by forming A U(r) out of linear combinations of rn functions 


"lost, R. and Kohn, W., Phys, Rev. 87, 977 (1952); Kgl, Panska Vidensk. 
^at.'-fys. Vedd. "27, No. 9(1953). 

fWheeler, J & , Phys, Rev, 99, 630 (1955). 
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4;,-. which will all have the same bound state eigenvalues A 
dr 

and the same phase shifts 8 (k). Such potentials , u7//cA g/Ve the 

same phase shifts are known as the Phase-equivalent Potentials. 

It may be of interest to present an explicit example which 

forms a family of phase equivalent potentials f Let $ (/c, /*) be 
the wave function with angular momentum zero (/=0), 

■£+**)+■="(')+ ‘..(96) 

The two independent solutions/(i/r, r) of the above equation 
can be chosen, which asymptotically behave as ; 

r , . i v Tikr 

f(±k ’ r) VZZ , -( 97 ) 

Now the solution <h of (96) which satisfies the initial condition 
t)j(k t r = 0)—Ocan be expressed by a linear combination of 
f(±k, r) as 

»" 2 ikln-k) [/(*)/(-*• r > -/(-*)/(*• r ))> -( 93 ) 

whe~e 

/(/c)=/(/c J 0);/(-/c)~/(™/c, 0). ^ . •••(99) 

The asymptotic behaviour of ^ from (98) is given as : 

l i / w 


£ 


* 


/* oo 


2 ikr 


~ikr 




ikr 


..( 100 ) 


From (97) we get 

f(-k, /) -/* (Ar, r) and/(-*)-/* (/c) 

So we can write (100) as : 

It'.. f(k) 


,( 101 ) 


ijj ——> 

r~> oo 


2ikr 


_ 


f*(k) 


■ikr 


...( 102 ) 


Putting 4/-=(2/-f-1)/ 7 into (28) we can write the asympto¬ 
tic behaviour as : * 


* 


5*00 


zf. (2/+1) i !+l -I exp. 


I 


kr 


h 

2 



exp, [21 (/c)] exp. 


i kr 


h 

2 



P, (cos 6) 


For zero value of the angular momentum (/—0) we have 

1 . .. 2/8 0 (/c) 

j 

...(103) 




oo 


2 ikr 




. e ikr ) 


fBargmann, V., Phys Rev, 75, 30. (1949); Rev. K\od. Piiys. 21, 48S (1949) 
(Examples of “equivalent potentials”). 
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Comparing (102) with (103) we see that: 

I ft y i ^ 


t 
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2i8 0 (k) f(k) 


For the potential. 


T\k) 


-..(104) 


C/(r)=!gil pq +( p --°) 2 cosh[(P+a)r-2g]-( P+g) . C0S h rP-«Vl 

I rr ctn'U /r,.* — -----j— __ * 


t° Sln ^ (S'—0 )—p sinker— 0 )] 


equation (96) can be solved analytically. The solution is given 


/ (A, /') 


g~-ihr 


[2k i (P— a)] [2k—i (p + cr)] 


X 


where 


4/< 2 +p 3 +o 2 


4ik\ 


v 


w 


2w' 


w 


w(r) = (ae” _ 9e ° r) 4 ,( P pr _ ae _, r); e > o, P > 0 > 0. 

and the phase shift is readily calculated as 

8 0 (*)=tatr* ^f- } +tan^ 

2 k 2k 


o ri \ j . v ^ ,v • *..(205) 

<Wc) does not depend on 6, therefore U(r) forms a family of phase- 

equivalent potentials for various values of 9. 


9'8. SCATTERING BY COMPLEX POTENTIALS : 

In many scattering problems (e.g. scattering of an electron by 
an atom and that of a nucleon by a nucleus), an exact treatment 
of the interaction between the incident particle and all the parti¬ 
cles in the target is very complicated and difficult one. It is, there¬ 
fore, desirable to devise reasonable approximations which are 
valid for such cases. One such approximation, known as the “opti¬ 
ca/ model'’ has been proposed and extensively used for the collision 

between a nucleon and a nucleus. The basic ideas of this “optical 
model” are as follows : 

Consider a high enery particle A incident on a composite 
particle P, The particle A will be scattered either elastically or 
inelastically. Instead of treating the interaction of A with the 
individual particles in P 9 we seek an “effective” potential F(r) 
between A and the whole system P , such that the scattering by 
V(r) can describe the observed scattering. If there is only elastic 
scattering, the theory is then exactly the same as treated in sec¬ 
tion 9*4. 

If there is inelastic scattering, i e t> the particle A is scatte¬ 
red after exciting P to some state, we seek an effective complex 
potential, 


























u 


THEORY OF SCATTERING 




405 


V(r)=V R -iVr, 


• ■(106) 


whose imaginary part ‘V/’ will represent the inelastic behaviour. 

In constructing such a potential, the choice of the strength and 

the shape of both the real and imaginary parts is at 
Conservation of Probability. 


^ 4 1 * 

U*. CmiSOOS~’I 


h 2 


the Schrocdinger eqn. is 




V 2 +F (/•) <]> (r, 0 


m gift* 0 

01 


...(107) 


Thaking its complex conjugate we get: 


h a 

2m 


V 2 +F*W **(r, 0 


/h **!£>£ 

dt 


...(108) 


Multipying (107) by (r, /) from left side and (108) from 
right by <]> (r, t) and subtracting we obtain : 

['}'* (r> 0 V 2 *!' (r, 0-W(r, 0 <!> (r, t)]+ip* (r, t) 


2m 


X V(r) t (r, 0- K* (r) <P (r, f) A (r. /) =/ti ( **?++*£ * 

cv <7/ 




and 


Now, 

(V R -i V,) i?~{V R +iV,) 

—2iV t if,*ty=2iV r P (r, t) 

3 (6*<j0_gp (r, ?) . 

^ 8/ di 

Hence we can write (109) as : 


.,.(109) 




zh 2 
2 im 


v P (r, /)=fh.^I r -d) 


or 


dt 


+ V. S (r, t) 


2 V, 

T ' < r ’ 0 


...( 110 ) 


where the current S (/*, /) is given by 


Ti 


S(r> t)= 2i^r [r7 +-(7**)<w 

This is the equation of continuity for a complex potential. 

Since the right side in equation (110) is nonvanishing, the proba- 

biliy is not conserved here. As t»(r, t) is positive, the r.h.s. of 

(110) acts as a source of probability if y T j s . negative and as a sin* 
if Vt is positive. 

Absorption Scattering Cross-Section. For scattering problems, 
(r, 0 should be a stationary state, and ' hence P (r, /) will be 
independent of time and its derivative w.r.t. time will, therefore, 
vanish. Hence we can write from (110) that 
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V- S ( r > 0 


2V, 

h 


P (r, /), 


...(Ill) 


Integrating if over ^ le ent ' re space, we get: 

2 


v. S. (r, o (f/ 3 r 


h 


F/ p rf 3 /*=0 


jS n • ^ A. 


2 

tTJ 


F; P r/ 3 r=0 


...( 112 ) 


oi* * , 

e volumes, first term on the left hand side of the above 

a . ^ gives the total inward flux of particles entering the 
e quati° m ver y large distances. The vanishing.of it implies 

y 0 liiino t j c j es scattered outward are supplied by the incident 

th at ve Here it is the flux of particles removed from the 
plan^ elastically scattered wave by the complex potential, 

inciden d ^ j s norm alized to a plane wave e ikz of unit ampli- 
P roV1 t j n g n ity. It may, therefore, be set equal to v c ai „ where v 

tU d C a relative velocity and a ah8 is the total absorption cross- 

is the r ^ we have the relation : 

section. A 

2 


VGabs 


or 


&abs 


fl 

* 

\\v 


Vi | j 2 d*r 


S n . dk 


Vx I § l 2 d*r 


1 


V A 


S„ . dk ...(113) 


Complex phase Shifts. When the potential is sherically 
■symmetric and falls off faster than 1/r, the method of partial 
* can be applied, whether the potential is real or complex. 

For complex potentials, the phase shifts 6 , are also complex, 




...(114) 


where a, and are real. 


For elastic scattering, the total scattering cross section is 


given by the expression (37), 


oo 


0 et) 


tot — 


4k 

jfc* 


V (2/+1) si 


sin 2 8 


i 


7=0 


or putting Q—exp. (21 §/) we can also write, 


co 


(oct) 


tot 


-wl < 2 ' 


1) I 1 — C, 


A 


...(115) 


7=0 
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Now we express the total absorption scattering cross-section in 
terms of the phase-shifts S f . Choosing the surface A as the surface 
of a sphere of radius r, we can write from eqn. (113), 


cr 


1 Lim 


C&3 *— 


r 2 


v r->oo 


*(r) 7? 


Lim 

v r-> co 


/ 



2jt rr 


U 


S( r) sin 0 dO cty 


dA 


r 2 


-dQ 


1 Lim 


v r-> oo 
Now the flux iS’(r) is given by 


r 2 I S'(r) si 
Jo 


sin 0 dB 


...(116) 


■ / 
v 


h 




ti.2u Lim 

2 imvr ->co 


MV . 9tJ;(r) St|/*(r) 

4"'(r) -4^—./Hr) 


cr 


c?r 


/ 


.. r L**± _ e i! 

o v Sr Sr 


^ j sin I? dO ...(117) 

Since r->oo in (117), we can take the radial function ^(r) at 
asymptotic distances only. We have the asymptotic form of ip(r) 


GO 


i K r ) 


V Xi(r) 

r 




P, (cos (?) 


1= 0 




. At 'it In 

Z k Sln ( kr ~~2 +s 


I 


with x; (r) ' 

Since S, is complex, therefore, X,(r) 
hence 


...(113) 


J 


will also be complex, and 


00 


4*0) 



X,* (r) 


r 


P, (cos (?) 


1=0 


• ..(119). 


From eqns (118) and (119) we have, 


oo 


dtji 

J) 


-If 


dX 

dr 


i 


f-0 


1 

3 


1 


P, (cos (?) 


/=0 

oo 




and 


36* 

4 

Hr 


y/i 

Zl/ \ r ’ 9r 
1=0 


~f~ 0 


1 


...( 120 ) 


r 2/i p t(cose) j 


4 * 


0 


*. j. 9i/f* ... r 

i>* —g— 4 ) sm 8 dd 


J 


or 



*'*x(iwL +0 


/* 


9r 




/ 


1 
■ 2 




Pi(cos 0) P/(cos 0) sin 0</0 
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^ y {y 77- +0 ? /( cos *) p i ( C0S °) sin 0 d0 

L l' 


Now 


f 


It 


0 


Pi (cos 0) Pi' (cos 6) sin 9 dd 


2 




dr dr 


1 / 1 ] sin OdO 



2 


( 2 /+ 1 ) 

7,* 


in 


( 2 /+ 1 ) ’ r 


X 


L 8 Ai 

r dr 


+ 0 




l 



2 


l 


{ 21 + 1 ) 


/* | r dr 


+ 0 


1 



2 


/ 


_ l (y Ml* V , A ( \ 

( 2 /+l)V* \ Xl 0 r dr * ,+ Vr 


Hence we have 


7 r Ti Lim 


**ab* 



2 


X* 


8tyi dX t * 


1 


dr 


dr 



1 


2 imv (2/+1) * 

/ 

The last term on the right hand side is of the order 1 /r and 
vanishes as are r—>co* 

_“2tt nV 1 / v *»i 

®V,b 3 —“ 1 _ /n / 1 . \ l t r*.. 


f « 





/ 


(2/+l)\ * & 


dr 


if 


00 


2n zh 



1 


tifc ^(2/+l) 
/ 


Xz 




87.i 37, 




0A 


0r 




1 


/* 


From eqil. (118) 5 
* y * ix, 97,* _ 

<■ dr dr ’ r 


{V mv—p='hk} 


— ), 
00 




2 r 


fc 


Sill 


kr - ~+s; 




COS 



hr 
2 


+ c>z 


/c 


sin 


cosf/t/' 

8? -8/ 


T +s * 


smf /c/ ( 




2 + 5 ’ 


A, 


r— sin (-2 ip,) 

t V 


C2/-I-1) 2 e- 2 P* 

( - k - Sln ^ !'•' <4,=(2/+1)/ 1 e !W ) 


or 7 


* 37, 37s* v '• (2/+1) 


« 


* 


■ ■ — 


0 /* 
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. exp. [—2 ft] x 


exp. [2ft]-exp. f~2ft]_J2/+l)* 


2 / 


Y’ik a-exp -(-4 P03 
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Using it we can write 


co 


2 rJ 


Gabs 


k 


■m'Z ( 2 ‘ +, x , - ap - ( 


4?,)] 


1=0 


00 


(21+1) [I —exp. (—4/h)J 
k l 

/=o . 


oo 

■4 V (2/+1X1- f C,l 2 ) 

/C 2 ^w 
/=0 


...( 121 ) 


Total scattering cross-section, which is the sum of the elastic 


and the absorption cross-sections, is now given by 


Giot — (^eutot 4~ G <iba 


•K 

1? 



( 21 + 1 ) { | 1—C,| 2 -fl 


Cl 2 ) 


/--= o 


CO 


h 


(2i+i) (i—c-c *+1 ci 2 +i 


i Cl 2 ) 


1=0 


00 




/c 2 


z (2/ 


i) 


l 


c+c* 1 


J 


1=0 


00 


or 


o m = ~^?(2l+m-Rc. o 


...( 122 ) 


/=0 


Asymptotic Relations. Asympotic behaviour of the scattering 


t 

* 


wave-function for a real potential is given by equation (11). Now 
we write it for a complex potential in a little more convenient 


form by taking A~l, the direction of the incident plane wave 


along the direction of k, and writing /(k r , k) in place of/(0), 


where scattering is taking place from k to k r We have, 


^1 ( r )/*H^oo exp. 


/• 


exp. \jkr] ...(123) 
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k' ^ r 


oo exp ‘ [- »k' . r]+ /( b r>- k') 


exp. [ikr] 

Prom these asymptotic 1 elation wg sh t 11 rt * •••(124) 

tant relations; viz., (i) the reciprocity theorem and imP ° r ' 

jjzed optical theorem.. • ana l 11 ) the genera- 

Taking the magnitudes of -k' and n ti 
s „isfy th. Schroedinger Ration wilh „, e 

energy U1 tne 


h 


2m 

-h 2 

2m 


V 8 + V(r) 
V 2 + V(r) 


\ ^ “ E K (r) 


+ ~k' W 


k 

^_k' W 


...(125a) 

...(125b) 


Multiplying (125 a) by (r) and (125 b) by (r) and sub 

tracting, we get, 

k - W V 2 0 k (r) - + ( r ) V 2 0 (r) 


= 0 


or 


* 


- k 


( r )V 2 (r) 


^k ( r ) V 2 <p_ k ,(r) = 0 


get, 


Integrating it over a large spherical volume of radius 


r, we 


V . W V (r) d/_ k (r) y 6 __ k , ( r ) 


0 


Using Gteens theorem, we can write it as a surface integral 
Taking the radius of the sphere oo, we can write it as; 



sin 9 r (I9 r d<j> T =0 

...( 126 ) 





Fig. 11 
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where 0 r and are the polar angles of k r w.r.t. some ar 
choosen polar axis. As we are taking oo in (126), we can use 
the asymtotic forms (123) and (124) into it. We obtain : 

Lim f*| 

: ^ l k ( c o s 0+cos b r ) ex. {ikr (cos 0-cos 


/*_xOO 




/7c 


~ (I +cos 0)/(k r , k) exp. {/7c/- (1 -cos 0')} 


~~0 - cos 0)/(k r , - k') exp. {/At( 1 + cos 0}+o(i- j|x 

sin e T d\ d<j > r ^0 ...(127) 

In the above integral, terms of the order 1 /r 2 vanishes in the 
limit i—* oo, fust term can be seen to vanish on integration be¬ 
cause for every pair of angles 0, O’, there is a cancelling pair 

(»t—0). We are thus left with, 

Lim r2ir rir c 

/•_>co l ^ r I „ l( 1 +cos 0')/(k r , k) exp. [ikr(l— cos 0')}— 

o * o L ^ ^ 

(1 cos $)f( k f , —k') exp. {/Arr ( 14 -cos 0)} ( > sin 0 r r/0 r r// r = 0 

- 

In the first terms on the left hand side of this eqn. we choose 
the direction of k, as the arbitrary polar axis and thus replace the 
variables of integration *, • r by d', f. Then, with M =cos b’ we 
consider the integral, 

‘2j7 rtf 

I x =ikr 

* 0 


ikr 


f 2 tt f+1 


0 


(l+cos0')/(k r , k) exp. {/7<r(l —cos0')} sin 6 t d T d<j> 

(l+/i)/(k r , k) exp. {ikr (1-fi)} dy. dp 


Y 


With 


0 


277 f +1 

(M, d >) exp. {ikr (1 —^)} cl^dtp' 

f)=^(l+F))/(k r} k) J 

Calculating the ^-integral in it by parts, 

n 


...(128 


(i'll 


h=r 


0 


d<j>’ 


^ • Tr ^C-TrL » 

It is apparant that further partial integration leads to succe 
sive y higher powers of r in the denominator and hence the tern 

w in -«»»-* 


Lim 


A 


r I? d¥ {F ^ ] >*') 


Fi (-1, ft) e 2ikr \ 


...(129) 


Y—> co 
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^ 7 ith the above fnrm _ 

vanishes. Therefore, ° Fl we see that F x (-], p) 


Li m f 

/j = I 
/ -> oo / c 


o 


Similarly for the second term n f*i 

Lim t- 1111 °fthe equation, wc have 

1-11,1 r Lim rfirr f » 


Fi (1, (4') dj>' 


...(130) 


7 — Lim •, 

J /~>oo ,/c '' 


^ Ctt t 

0 Jo 


(! - cos ff)/(k r , —k') 


I 


*-r • I 


where F<> (j 


k 

V 

ik (1 


0 


F z (- 1 , < 4 ) d& 


Xc,kr (1+cote) sin 0 r d0 r d<K 


$)—ik (i — n) fn- 

axis al ong ]c Hence we can write: 


•••(131) 

k ) and here we chose the polar 

M-ltrt . ' 1 


2 77 


J 0 


^1 {cos {O' 


0)> d6'— J°" p t {cos ( , 


li 


), </>} d $—0 


(i) i^eeinrocitv Tlinnrmiv /r a , *‘*(132) 

roncpo,,* t0 kr j )cine alo ; - « ‘f c “ “ »idc or (132), 
k Jor ,tr 111 ,hc scattering amplitude/Jk r . kl WC PUt 

integral w.r.t. it introduces o ! ndcpcndcnt ° r 4' and hence the 
Similarly on thc , f , " y a multiplication factor of2- 

* - k r in/(!ir ’ --*> :t ” d 10 rcpiacinskr 
‘- r ‘- Hence we have from (122) that -l ' 9 s ‘ vcs a factor of 

W 


or 


rr 


P 


2n F 1 (cos (6'=0), <j,’) 

,k (I + J)/(k '’ k)=/k 0 + I)/(-k, -k') 



i t 


), (4) 


/(k' : k)=/(_ kj 


11.0 alpliludoforitunv STS’ v ' 'f 1 ' 1 ' 

? c.Hcn,. g from ,„c *r«* 

initia t direction — k // u v ^ 1C reversed 

valid,for red, as W cll as con,p,^21"°" ^ ^ b ' 

If the potential F(r) is symmetric i.e V(r)- V( \ 

the vectors in the scatterina problem mav ^ ) ~F (— r), t hen all 
altering the physical contents L h 11™ , . mVerfcd witho * 


- n.ig piootem may be j 

the physical contents and hence we have, 

ft I *• I * V y' < 


/(-k, -k')=/( k tw 

From (133) and (134) wc obtain a lightly speciihV.ed ‘'■• I34 ' 
city theorem : h * s P ec Janzed recjpro- 

/ (k / , k)«/ fk, k') 


A 


k- 4 


i 


...( 135 ) 
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(ii) Generalized Optical Theorem. Taking the complex con¬ 
jugate of the Schroedinger equation 4^, vve S et 


h 


2m 


xj 20 - y* 

V I r (r) 


•/>*, «=£<!£ fr) 


...(136) 


Multiplying the Schroedinger equation for <1^(0 by 4^, (r) 


and (136) by <\> (r) and subtracting, we have : 


h 


2 


2m 


V 2 $ k -*k *k']~ 2i Vl *k' 


0 


{ 


F= Vr - i F,} 


Integrating this equation over the entire space, 

^ * f 


+k' VS *k 




F/ «!»*, + |c 


Using Greens theorem in the first integral on the left hand 

side, we obtain 

K, d>* <!>, 0...(137j 

1 ■ k ‘ k 

To evaluate the "first integral in the 3bo,c, m Uk* Jte™ 
face as the surface or a sphere of radius r and like 
Hence we have the first term as: 


. \ 4 mi 

^^ k - 4 7 4 ')» + * 2 


co 


Lim 

r —> oo 


'■ 2 f( 4 i' 


8^ 

*k 

dr 




dd* * 

V 

lc dr 


sin Of d& T dd r 


...(138) 


Using the Asymptotic form (123), it can be written as . 


Lim . '** r * 
r 

—> 00 



d(h r sin O r di 


0 Jo 


X 


ik (cos 0+cos O') exp. {ikr (cos 0-cos 0')} 


(l+cos 8')- d-^/(k r . k) exp. {ikr (1 
ik 


cos 0')}+ 


!i (1+COS 0)4- (kr. k') exp. {-ikr (1 


COS 0)} + 


¥£'f* (kr, k')/(kr, k) 

r 


Ami 


h 


y> K'h cpr 


0 ...(139) 


As in eqn. (127), the first term in the first integral on the le ^ 
hand side gives zero and the terms containing 1 /r- can also 
neglected. The two remaining exponential terms are■ ««J 
d h. The first term will have cos 0 =1 oi k r — k axa i 


mu i2 

erm has cos 0=1 or k 


k. Thus we get : 
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{(]a t ■*)* p277 

t nils I 


-h 


“I" 


r 2 tt nr 

2 ik 

Jo 

4 mi 


o 


/* (&r, k')f (k r , k) sj n Q r c JQ r 


f] 


Vi r k , ♦ k 


...(140) 


n oW consider the following two cases 
' C y( r ) is real. Here Vj=0 and hence (140) gives : 

f/ * (kr , k’)/( k ~ k) sin * r d0r [ f (M’, k) -/* (k. k')] 


(I) 


...(141) 


rem 


Tfthe potential is symmetric, then from the Reciprocity theo- 
ve have the eqn. (141) as : 


2-tt 


etr 


y 0 - v 

This relation is known as the generalized optical theorem. 


f* (k' } kr)/(kr, k) sin 0 r clO r d4 T = ~J m f(k\ It).. .(142) 


0 


k' = k. In this case the volume integral in (140) has a 
simple physical interpretation. Since, 


cPr — lhv g 


abS’i 


we 


can write (140) as : 


P r | /(lt r , k) | 2 sin dr d\ d</ T +o a ,„. 

f r. j 0 




% /«•/(k, k) 


First term on the left hand side . is total elastie cross-sect- 

a. ■ 

ion so that the left hand side is equal to a i0{ . We thus obtain 
the optical theorem ; 

Gtoi* #_ Iffi 1 /(k 3 k) (143) 


k 


real. 


This theorem is applicable even-if V is neither symmetric nor 


Open and Closed Channel. The concept of channel is very 
useful in the treatment of complex collisions. A channel is any 
possible mode of scattering of the incident and the scattering parti¬ 
cles to the final state . One of these modes is the incident particle 
( jna the scatterer themselves : it is called the entrance channel. 
n a n elastic scattering, the two particles remain in the 
en hance channel. If scattering causes a change in the internal 

this^ °^ t ^ le P art ^ es > we ca ^ it as the inelastic scattering. In 


c ha out ‘S°ing channel is different from the entrance 

is another example of a channel. Sometimes the 
er| t particle exchange a certain number of its constituent 


4 














415 


■i 


* 1 


THEORY OF SCATTERING 

* 

elementary particles with the scatterer in the course of the colli¬ 
sion, This is called as a rearrangement collision. A chemical 
reaction is a rearrangement collision between molecules and a 
nuclear reaction is a rearrangement collision between atomic 
nuclei. There may be various channels in a rearrangement colli¬ 
sion which are distinguished by different internal energies and 
different nature of the two fragments in the final state. We shall 

henceforth denote a channel by a particular Greek letter. With 

-■ 

each channel we may associate a certain number of parameters 
and magnitudes. For simplicity, we shall always assume that the 
channels are made up of two particles. 

Let us consider a channel a made up of two particles, A and 
B . The wave function i/; a , describing the internal quantum state 
of the particles of the channel is the product of the wave functions 
and i\> B for the particles A and B , respectively. If Ha and Hb 
are the Hamiltonians of these particles, then we have 

Ha^a—Ba^a — 

ty a = tp/.$B E^—EaA-Eb 

E a is the total internal energy of the particles of channel <x. 
If V a be the interaction between particles A and B, then the 

Hamiltonian of the system is given by 

H~H a + V a 

with 


...(144) 


...(145) 


H^H a +H b + 


P 

1 a 


2M a 


...(146) 


where, P a is the relative momentum of the particles in the initial 
state, and M a is their reduced mass, 

m = MaMjl. 

a Ma+Mb 

Thus the total energy of the channel a is given by ; 

E =E*+Wk a *l2M a ...(147) 

If the outgoing channel @ is made up of the particles C and D 
and Tikfj is the relative momentum, then from the conservation of 
energy, 


E=Ep+h 2 k 2 p/2Mp 


...(148) 


where Ep is the internal energy of the outgoing channel. For a 
given total energy E, it may be possible to excite some internal 
energy levels and still have some (positive) kinetic energy 
“(E—Ep)” of the fragments left over; other levels may not be so 
accessible. The channels corresponding to the former are said to 


p 

i 

> 

\ 
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be open , and those corresponding to the latter are said to be 
closed. The energy at which a channel opens up is its threshold. 

GREEN’S FUNCTIONS IN SCATTERING THEORY : 


Eet us consider the scattering of a particle by a potential F(r) 
of finite range. The Schroedinger equation to be solved for the 


system is 


(V 2 +/c 2 ) 4/ (r) = U(r) i/j (r) 

where, k~^2mE/h 2 and U (r)=2m F(r)/fi 2 .. (149) 

This equation can very easily be solved by Green’s function 
technique, if we assume the right hand side of it temporarily as a 
given in homogeneity, though it contains the unknown function 
v(r). ]Ve define the Green's function G (r, r') as the effect at the 
observer's point f r’ in a cause-effect relationship , by a unit point 
source at the source point “r’\ Thus the effect at r caused by a 
source distribution F ( r') [strength of the source per unit volume] 

is t e integral of G (r, r') F (r ) over the whole range of r' occu¬ 
pied by the source, 

Total Effect at r=jy,G (r, r') F(r') d 3 r' ...(150) 

In equation (149), right hand side can be identified as the 

source function F (r). Hence the Green’s function for the 

o ” tl0n of 0 4 9) will be the solution of an equation obtained by 

rep acmg the r.h.s. by the unit point source 6 (r-r') at point r', 

$ 


Th (yfk 3 )G(r, r')-S(r-r') ...( 151 ) 

a pai icular solution of (149) can be written by takin« 

analogy from (150), as: 


<^(r)= G(r, r ’) U (r') j, (r') dV 


...(152) 


In order to get the complete solution of (149) we should add 

“ * W or the homogeneous e q Uo, 

(V+*^(r)-0 (1 


Thus the complete solution of (149) can be written 

/■ 


as : 


j r }u (r ) * (r') . , 154) 

Now, to obtain G (r, r') we have to solve eauitinn a c 

it we write the Fourier Transforms of (? and 5 as ‘ ° r 



G (r ’ r ') = J^ ( k 0 exp. {/k'.(r-r 


and 


S (r - r') 


1 


(2n) s J exp ' Ok'-(r—t’)j d 3 lc' 


...(155) 
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From it we see that 


1 


1 


1 


(_#*+**) g (k')=^T)T or£- (k )-^ 2re )s fc 2 -*' 2 ’ 


Using this value of g (k') we can write, 


G (r, r') 


1 fcxp. {/k'.(r-r')} 
— 1 k--k '~ 


( 2 «) 


c/%' 


1 fexp. {i/c ' | r—r' | cos V) ( jj c > s - m 6 k ddk dfa 

—I-"772 btZ 


(2 *■) 


2 


k 2 - k’ 

sin (/e' 


r' i) 


— 4n 2 1 r— r 


o 


/c 2 ~/c' 2 
fc -foo exp. {f/e' | r 


k’dk' 


r'!> 


477^ j 


CO 


k 2 


k' : 


dk 


...(156) 


Intearand of the integral in (156) has got two simple po es 
the real axis at k'—±k. To evaluate (156) we can cho^s^the 

in fig. (12). The path of the integration leads along t - 1 
from - oo to + oo. If we close the contour in the “PP* 

plane, it encloses the singularity in the right ha -pane^i 

dance with the Jordan’s lemma. If we close the contour i 



Fig. 12. 

lower half-plane, it encloses the singularity in the left half plane 
Thus we get two types of Green’s function corresponding o 
two ways of enclosing the contour. If we consider the coutour 
of fig. 12 (a), we get the following Green’s function, 
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&*Ht, rO-jp-rrz 


t.2t;/ 


l 


1 


x (residue of integrand at k c'=/c) 


4n a ) I'™, Cx Ed^ll . r -r' |).fc ' (£'_£) 

(^^FxFFF)— 

: 4 „,|- r V r 2*-2£JUi-ai 

1 exp. {//c | r~r'|} 


477 ' 


r—r 


(157*^) 

Similarly taking the contour of fig. n (b) we get: 

1 )- 4 7r 21 r—r' | z" ^2^/x (residue of integrand at 


1 exp. {—//, 


4r ’ 


<- | r— r 
t~F~ 


1 

/ 


*) 


...(157-3) 


Corresponding to (157 -g? and b) we get the solutions of (149) 


as: 


(r) 


1 


«) w -G 



L u(r') ■],(*> ( r ') rfv 


\ 


...(158) 

To calculate the scattering cross-section, we need the asymp¬ 
totic behaviour of the solutions (158), For finding it, we hav< 


s 


r—r 


(r a +r' 2 -~2r.r') 1/a 



;* 1 


r '2\ 1/2 


2r.r / 

— + ,2 j 




r.r 


'O 
/• ** 


1- ? . 2 -+2,.2+- 


{Expanding Binomially} 


.Now from the fact that U (f) in the .integrand in (158) is 
non-zero only for a finite region) we can negleci the terms of 

and higher in the expansion for asymptotic regions 


order 


(r-> co). 



* i 


r'| 


r 


■>/' i 1 

CO 


* r'\ r , 

_ =?*-.r 

;• 2 / r 


r-n.t 


.. ( 159 ) 


^here } n is a unit vector along the direction of vector r, 


Similarly, 


1 


1 2 r . r ' ^ 2 \- 1/3 

1 —7T +r* 
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1 


1 


r—r 


r~> oo 


...(160) 


Using (159) and (160) into (154), we get the asymptotic 
behaviour as : 


(r) 


V—> co 


A fr) _ 1 x 

' v y 4 tiJ r 


U (v f ) ^ (±) ( r ') d 3r ' 

Since $ (r) is the solution of the free particle wave equation 
(153), ^t±) ( r ) can be recognized as a plane wave plus an outgoing 
wave and (r) represents as a plane wave plus an incoming 
wave. In scattering experiments, detector is placed outside 
the region of the incident beam and we observe only the scattered 
part. We thus restrict ourselves to the solution corresponding to 

the outgoing wave only, 

^(±) (r)=^ (r)—- [exp. {—ikti. r'} U{ r') i/> c+) (r') d 3 r ' 

'' J ...(162) 

This equation is exactly of the form of equation (11), with 
A=l; and comparing it with eqn. (11), we obiain the scattering 

amplitude as : 

1 


/(«> 


4tt j 


exp. {-ikn. r'} U (r') (r') dY 


...(163) 


Once/(0) is known, the differential scattering cross-section 
and the total scattering cross-section can be calculated easily from 

eqns. (13) and (14) ; respectively. 

910. BORN APPROXIMATION : 

The wave function for the scattering of a particle by a poten¬ 
tial F(r) is given by : 

^(+)=exp. {i/c.r}+ G (r, r') U (r') (r ) d 3 r , ...(164) 

* - _ 
where we have written the plane wave exp. (ik.r) for the free 

particle wave function <£(r), U (r )—2m F(r)/h u and G* is the 
Green’s function (157-/). 

This is an integral equation for and can be solved by t e 
method of successive substitutions. After first substitution we 

get: 


d;(+) (r) — exp. {/k.r)+|(j^ 4) (r, r') U (r') 


exp. (fk.r') 


+ 


G(+) (r\ r") U (r) 4 (+ > (r") d*r a 


d z r § 
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exp. {'k.r} + Jg<+> (r, r ') U (r') exp. {/k.r'} r/V 

r ) U( - r ') (7<+) (r', r") U (r") <i<+> ( r "i d 3 r' d 3 r". 


Going on substituting like it 
we obtain 


, after an infinite number of step. 


6 <+> (r)-cxp. {/k.r}+f(?<+> (r, r') U(r') exp. {/k.r'} d 3 , 



+J j(7^) (r, r') U{ r') G< + >(r', r") U(r") exp. {/k.r"} d-V cPr" 

■ (v '\ r ') U ( r ') ° l ,) ( r '> >•") U(r") G< + > (r", r") U(r”) 

Xexp. {/k.r"'} d 3 r ' d 3 r" d 3 r‘". ...(165) 

This senes is known as the Bom Series. To sum the infinite 
er of teinis in this series is really very tedius. However, if 
_ t tential U(>) is weak, the scries can be well approximated by 
a ns ev, terms only. This is called Born Approximation. If we 
keep the first two terms in the series, we get the first Born approxi¬ 
mation, first three terms give the second Born approximation, and 

on. i or very-very weak potentials, first Born approximation 
is a very good approximation. 

It is usually referred to as the Born Approximation. In this 
approximation we get, 

^ ( r )= ex P- [tk.f-hJGO (r, r') U( T) exp. [/k.r'j r/V ...(166) 

t-e., it is equivalent to replacing the wave-function iM 4 ) (r') under 
the integral on the right hand side of (164) by the plane wave 

I is very weak it is quite justified 
because the wave-function »/A+) (r') will deviate only slightly from 
the free particle plane wave exp. [/k.r'], 

. Y SJ * ng ( 157 ~ a ) anc ^ (159) and (160) we can write the asymp¬ 
totic form of (166) as : 


(r) 


r—> 00 


> exp. [/k. rj— , — B: ilhLl x 


4 ** 


r 


/ exp. [—ikn.t’] 17(r') exp. [/k.r'j r/V 
Comparing it with the asymptotic form. 


...( 167 ) 


m 


/*-> co 


exp. [/ 7 cz]-pV) e xp. [lYcrL 


r 
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* m ^ 

we find that the scattering amplitude in first Born Approximation 
is given by : 

/ w=- 


1 


4rt 


# 

exp. [-ikn. r'J U{ r') exp. [/k.r’] d 3 r' 


1 2m 


4l7 tl 2 J 


exp. [_/Jc'.r'] F(r') exp. [/k.r'] d 3 r ' ...(168) 


Because h is a unit vector along the direction of scattering r 


k' 


k for 


hence kn is the scattered wave vecioi k , as | K 
elastic scattering. 

Now h k is the momentum of the incident particle and hk is 
the momentum of the scattered particle ; the momentum trans¬ 
ferred from incident particle to the scattering potential during 


collision is given by : 


TiK=hk—hk' 


...(169) 


With these notations eqn. (168) becomes; 


/(*) 


1 2 m 

4?r h 2 


exp. [/K.r'] V(r') d 3 r f 


...(170) 


If the potential is spherically symmetric, i.e., F(r')— V(r') ; 
we can further write it as : 

exp. [/ K r* cos O'] V{r f ) r’ 2 dr' sin 6 f cld f dj> f 


m 


2m 

47rh 

2m 


h 2 K 


CO 


0 


/•'sin Kr f V(r') dr ' 


•• (171) 


If V0‘) is an even-function of r > we can also write it as 


m 


m 


+ DO 


Ti 2 '" 


A l J —QO 


r' exp. (i K /•') V(r') dr' 


...(172) 


Expressions (171) and (172) give the scattering amplitudes 
under Born Approximation. From it we can find the differential 
and the total scattering cross-sections. 

Validity Criteria for Born Approximation. As discussed 
above, the Born approximation is a-good approximation only 
when the incident wave is distorted negligibly by the potential. 
This happens when the potential is weak and the incident energy 
is very high. To derive a mathematical relation for the validity, 
we require in equation (166) that, 

| J G <+> (r, r') U( r') exp. [/ k.r'] d s r' I « I exp. [i k.r] . • 
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Of 


2 m _L f exp. [/• k\ r- r * [] 


f]2 ' 4tT 


V(r') exp. [/ k.r'] « 1 

. lS convenient to satisfy this condition at the origin (r=0), 

the potential is stiongest at the centre of the scattering, the 

a validity criterion is sufficient for all values of r. Hence 
e sultl n ^ 

ye 


It is 


Since 


2 tn 


*exp. \l k r 9 1 

- p - L V(r f ) exp. [Zk.r] 


r' 2 dr’ sin 6'dO'dft <<( 1. 


f j s spherically symmetric, then this expression can be 


w rit‘en as : 

2 m 1 4tt 

— 

■Jj 3 * 4rr /c 


oc 


exp. [i k i"] sin hr’ V (/•') dr’ 


o 



1 


or 


2 in 

Wk 


SCO 


0 


exp. [/*»"] 5in*i" V(r’) dr’ 



1 


...( 173 ) 


This can also be written as: 


* *1 


•fi 2 /c 


11 . 


exp. (2/ kr')— 1J T(>") *j «1 
ATOM SCATTERING: 



• • ( 174 ) 




Electron atom scattering differs from the ordinary potential 

rattering in the following respects. , • 

fi) The scatterer has an infinite nurooer of internal degue. 

f freedom <o that it can be excited during the scattering process. 
"C« electron may 

litially in its ground state; and a ' ert ^^ j n ’ an excited state 
e left in its ground state (elastic scattering) or m ar 

nelastic scattering). e xchanaed with an atomic 

(ii) The incident electron may b* excha g col i is i on 

lectron and hence the exchang efl - J . ,, xv u\ c u 

(iii) The incident electron pro«- »» *-* * 

an polarize the target atom and hence me v 

* ■ 

re also involved. . . ectron as very 

If we consider the energy of the lncl ■ un important 

tight the exchange and the polarfeation effects are . 

nd can be ignored. , oart ff 0 that des- 

We divide the .total Hamiltonian in - th the kinetic 

ri bes the internal motion of the atom together v 
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energy of the relative motion of the incident electron and. the 

* 

scatterer atom, and a part IE which represents the interaction 
between the incident particle and the scatterer. For example, in 
the scattering of an electron (co-ordinate r 2 ) by a. hydrogen atom 
(atomic-electron coordinate i^) we have, 


H=*H 0 +II' 


5 





f 12 7*2 

The eigenfunctions of 7/ 0 are 
specified by two parameters : 



j 

(J 


Fig. 13. 


Ffy ^2) — E a a **2) *\*(F 5 ) 

Here a-specifies the initial quantum state of the incident elec¬ 
tron and ^-specifies that of the atom. We can write, 

4*a (r 2 , r 2 )=^ a (r 1 ) fa (r 2 ), ...(176) 

where w a (r^ is the unperturbed wave-function for the atom and 
</v. (r 2 ) = exp. (/ k a • r 2 ) is the free particle wave-function for the 
incident electron, 

E an — Ey, + G a .. (177) 

where, E a is the kinetic energy of the incident free electron and 
are the unperturbed eigenvalues of the atom. 


Now the wave-function, d/ aa c+) , of the total Hamiltonian H can 
be written analogous to eqn, (164) as ; 


(r 2 j ^*2 ) ct ^c! (1*1, r 2 ) + 


2m 


h 


GJ 40 (r 3 , r 2 ; r\, x' 2 ) 


XIE (r' ls r' ? ) <|i ja c+) (r' a , r' 2 ) dh\ dW, ...(178) 

where G ata ^ i (r, r 2 ; r' 1? r' 2 )f is the Green’s function for the solu¬ 
tion (178). 


jGreen function G(+) aa (r 1# r 2 ; r' x , r' 2 ) is given by : 

-1 


G[V (fj, r 2 ; r'l, r' 2 ) 




w b * (r'l) u> e (rj) 


exp. [ik a 


«■'* \) 


Hence we have its asymptotic behaviour as ; 


2 


3 






, r \ exp, [ikg (r —n . r' 2 )] 
1 r s 


* " , l 

where n is a unit vector in the direction of scattering, and hence we have 

«/<»=k /3 where is the wave—vector in the direction of scattering. In the 
above, p and b are the parameters of scattered electron. 
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use the Born^A^ °^. t * le ' nci ^ ent electron is very large, we can 
,•m ’-Approximation (replacing *„„<+) inside the integral 

write H (178) ^ the freC par, ‘ Cle function M hence, we can 
Mite the asymptotic behaviour of t}/ a( ,C+> as follows ; 


0 * 1 * r 2 .) ^ ^ ^ &fl (r J? r 2 ) -L C^g r s) 


b 


where the scattering amplitude/(k p , 6; k„, n){[ giv^nby f ^ 

1 rr 

JJ exp ' w** (r/) 


/ fe, lt«, «) 


4 


7T 


ft 


2/77 


477Tl 




/y, ( r 'i’ r, *)X^«o(r' 3 , r' 2 ) d 3 r^ d 3 i 




or f(kp> b\ Ic K , a) 


2m 


Xexp. [ik a • r' 2 ] w c (r'j) d 3 r \ d z r'« 

■M. ^ 


4wh 2 JJ exp - [' K - r '0 Wi- (r',) ( r 'j, r' 2 ) 


where 


K—(k c — k^) 


X w a (r'J & r \ dh’n 


“’ e vartabl “ of this 


can 


k Kj c?) = 



a /* 


477 ?! 


exp. [/ K • r 2 ] Wb * ^ l)H , ^ * 


x »’« (fi) r/ 3 r x rfa,- 0 

A M 


This equation gives an exact excretion f +i *" •••(179) 

scattering amplitude under Born-Apnroxi 7 eIectron ' atom 
have neglected the exchange effects. Now wc corns'd H ° 1 WeVer > we 
example of the scattering of an electron from -a 

Electron Scattering from Hydrogen Atom.‘ JheTt "“V 

Hamilton!an in this case is given bv * ' lr iteiaction 

* 


IT (rj r 2 ) 




e 
r 0 


n 




Thus the scattering amplitude 079) c-m he r •. 

2m r , ’ 1 be ' Vnt ten as : 

e xp- (i K • r 2 ) 


-..(180) 


4r.h 


r 


t’nj H U ^ 

*a / ^ M 


Frist we perforin the inteeratirm 

we consider the integral, ' Wlt ^ 1 


• ■ 081 ) 


'espect to r t . For it 


f .exp. 0 K . r) 4 , c 

J - - - ~T cPr =Zf f 

K h 


CO 


s i n Kr c] r 


..(182) 
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•R 

In order to evaluate this integral we add an integrating factor 

exp. (—«/•) to the integrand and subsequently take the limit 
0 . Hence we have, 


e *P- ( 7 * K*r) ^ _4r Lim co 

~ K 


r 


0J 


o 


sin Kr exp. [—a/-] dr 


4tc Lim 

K a->0 

4t7 


Im 


have 


exp. [—(a —i K)r\ dr 

) 

...(J83) 

Using this, we can now calculate the /* 2 integral in 181. We 




exp. [i'K . r 3 ] 


exp, [i K . (r g -r ,)1 


r, I 


d s r 


exp. [i K . rj ]f— P- ( /K - ^ 3 P 

J P 


and 



exp. 



/v 


exp. [/ K . rj . g 

t/V,= 4 " 


where p=r. 2 ~ r x . 

...(184) 


Z 2 


...(185) 


Using eqns. (1 84) and (185) into (181) we get, 

2//7e 


/= 


h 2 /C a J ■ J ~ exp ' F K • r iJ) »-* (r 3 ) h’ b (rj 



For elastic scattering, the initial and the final state of the 


atorn &rc tlic s 3 .m 0 1 p w — to a 1 n n 

Ik 1 — 1 I. I TI , f’ “F b ' ^ so ’ f rom energy conservation, 

' t ; 1 . ^ ° h lie,efore > the scattering amplitude for the elastic 
scattering can be written as, ' elastic 


fc 


_2/77£ 2 f 

e]== K2K* 


( J — exp. [iK . r 2 )]w* (r 2 ) ,r 0 ( r ,) ^ 


...(187) 


For simplicity we consider the scattering of the electron 
from the ground state of hydrogen atom. Then, 


IF 


1 


a 


VK S ) exp ’ ^— r »/ a ot 


Tlie first term in the integral of mo 7 \ 

orthonormality of,,, w> * *" “ U “ 


TO, 


J 


2 /'i/u 0 ) r/»r t 
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foX W 


4tt 

f°° . „ 


11 

O 

J 0 Sln Kr, exp. ( 

-2 /■]/«„) r x d\\ 

4 rr 

~~r.a u 3 K 

im - j>p-[-i 

\h- -«>■ 1 

4tt 



7i ao 3 K 

4(l+H , K a ) , “'- l ‘ 1 '* a# * A ‘> ‘ 

2 me 2 f . 

”fi 2 X 2 L 

-(1 + 3 a* K 1 )-* 1 

1 


- ( 188 ) 


jn the high energy case, for which the Born-approximation 
. t | lC ^est approximation, a 0 K will be much larger than unity; 

and hence 


fd(o )" r~:t 


2 me 2 


K large V K~ 


...(189) 


In this case, Born approximation yields reliably good results 
for larce angle scattering which is not true for the potential scatt¬ 
ering* For potential scattering, by large angle we mean large 
momentum transfer and hence the Born-Approximation is not a 
goood approximation there. 

for inelastic scattering, the initial state \v a will be different 
from Wb and hence the first term in the integrand of (186) gives 

zero because of the orthogonality of the unperturbed states of 

the atom. Thus, 


fi* 


Cl 


2tne~ 

n- K~ 


exp. [/ K tJ w* (r 2 ) w a ( r x ) d 3 t x 


...(190) 


At a simple example we consider the case when the ground 
state of the hydrogen atom (Is state) is excited to the state 2s (first 
excited state) due to collision with the electron. The scattering 

amplitude for this scattering is given by, 

2 me 2 


finsl (l*S , “>2i') 


WK 


s 9 


exp. [1 K*r x ] tvj (r x ) w u (r x ) d z r x 


~r 2 fexp. [i K *r] < (r) w l3 (r) 
a y A"J 


dh' 


* * 


Ti 2 


a 


u 


me 


For hydrogen atom we have 


1 


iv 


and 


w 


Ia VM0 3 ) 

1 


exp. [—r/ao]. 


2* 


4v/(2 ) a 0 


3 « 


r 


exp. [—//2a 0 ] 
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m 

* 0 


.fine] (J «S'“*>'25') 


2 1 


OoK^ao* 


'4W(2)J 


exp. [zK*r] 




2 


r 


Now, 


cio 


exp 


3 


2 


r 
a o 


dh 


...(191) 


exp. l/K-r] 2 


/• 


exp. 


3 . - 1 dh 

2 J 



exp. [/ ^ r cos 0] 




9-12. EXCHANGE SCATTERING OF ELECTRON FROM 
HYDROGEN ATOM : 

So fai we have distinguished the incident and the atomic 
electrons in hydrogen atom. But in actual practice, due to the 

identity of the electrons, it is not possible to distinguish the two 

electrons after the scattering ; i.e., we can not say that the elec¬ 
tron which is scattered is the initial incident electron or it is an 
atomic electron. Therefore, we have to take the possibility of the 
exchange of the two electrons into consideration for electron-atom 

scattering. 

w i 
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Let us label the • incident electron as e 1 and that the atomic 
electron as e If the electron e t is scattered, then the scattering 
is called the direct scattering and we have discussed it in detail in 
the preceding sub-section. However, if electron e x takes the place 
of the atomic electron e 2 and the electron e 3 is the scattered elec¬ 
tron, we call the scattering as exchange scattering. In the exchange 
scattering, co-ordinates of the incident electron ‘r/ and the coordi¬ 
nates of the atomic electron c r 2 ’ are interchanged after the scatter¬ 
ing has taken place, and hence the final state 6^ for the exchange 
scattering can be written as : 

<f>pb exch 0*i, r 2 )=exp. [/kpTi] w b (r 2 ) ...(193) 

Also, the asymptotic behaviour of ^ aa (+) (r ls r 2 ) is given by : 


d/ (+) 

1 <xa 


( r i> fa) 


->"V CXp ' — — g(k P) b; K, a) w b (r 2 ) 

CO 11 


.*.(194) 


There is no unscattered part here, because the electron e 1 is 
captured in the atom. The scattering amplitude g( kp, b ; k a , a) is 
given by : 


h , kj, g) ^ 


C* * (r A , r0 H' (r l5 r 2 ) * 


<+> 

«a 


(ri, r 2 ) d 3 i‘id z r. 


2m 


4r.h 2 


exp. [—zkjj*rJ uf (r*) H’ (r l5 r 2 ) ^ (r„ r 2 ) d% d\ 


...(195) 

Now, due to the identical nature of the electrons, it is not 
possible to label them, and according to the Pauli’s exclusion 
principle, the total wavefunction {r a , r 2 ; s 1} s s ) should be 
properly symmetrized. Since the electrons are fermions, the total 
wavefunction should be antisymmetric. In the non-relativistic 
limit, the total wavefunction can be written as : 


^ c+) (r ]} r 2 ; s x , s 2 ) = 4 c+) (r, r 2 ) X.<+> (s 1? s 2 ), ...(196*) 

where (r 1; r 2 ) is the space part and X c * i ’ ) (s J} s 2 ) is the spin part 
of the total wavefunction. Since X (+) (s x , s 2 ) describes two spin- 
half particles (electrons), we can have either a singlet state (|f) 
or a triplet state (ft). The singlet state is given by : 



| a (l)j3(2)-a(2)j8(l)l 



Thus to make the total wavefunction 


which is antisymmetric, 
anti-symmetric, we symmetrize the space part as 

A S J') (r 1; r 2 ) = v W +) ( r i> t s) J r‘PJ +) ( r 2- r i) 


...(198) 
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First function on the right hand side corresponds to the 
direct scattering and the second one corresponds to the exchange 
scattering. Asymptotic behaviour of the symmetrized wave- 
function (198) can be written as : 


( r i> >*)-> 0-1 > r 2 )+T eXp - pC ^ (f+g) M'fr (r 2 

> CO \ 1 


) 


...(199) 

fl 

Thus the scattering amplitude in the singlet state is the sum 
of the direct and the exchange scattering amplituds, and hence 
the scattering cross-section for singlet state is given by : 


°si n S‘ 


h 
k 


I/+S ! 1 


... ( 200 ) 


a 


The triplet state is given by : 


'/S + \rip (s lt s,) 


«(1) a(2) 

13(1) 15(2) 


^ 2T {a(l)^( 2 ) + «(2)^(l)l 


...( 201 ) 


j all the triplet states are symmetric. Thus to make the total 
wavefunction antisymmetric, we make the space part anti¬ 
symmetric 


* 


( r i’ r 2 ) = C ) Oi^)-^ (r„ i']) 


...( 202 ) 


In this case, scattering amplitude will be ( f— g) and hence 
the scattering cross-section in triplet state is given by : 


c 


trip 


kp 

k 


i f-g 


12 


a 


.. .(203) 


Equations (200) and (203) give the differential scatterin 
cross-sections, including the exchange effect. Total differenti; 
scattering cross-section is the sum of c, ing . and a trip . with the 
proper statistical weight factors : 


da \ 
dO ) tot- 


4 


a 


stne 


.+ 


1 

A °trip 


...(204) 


In order to evaluate (204), we should calculate/ and g. T1 

] rect scattering amplitude/has already been calculated [see cqi 
Ubo)]. For g, we have from eqn. (195) that : 


a 

& 


2m 


4„ti*jJ eXp - { ,:kp ' ri} \ (h) H' (r 1? r 2 ) (r l5 r 2 ) d% cPr 
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th e 

rep 


ANCED Qu Antum THEOay and HaDs 

rr 0 calculate g , we make use of an arm™ * 

„ rn -OpP en l ,e ' iner ~Approximation T n matl0n ' known as 
B ° , ^ tu h,s a PP r °ximation wc 

l£ice ' ,aa . m(i ’ r2); the unperturbed wave- 

j ^ p ^ n it A f 4 1 M rr 


ftffl 


ctio n 


before scattering. 


g 


1 2m 
4^ ’ ti 2 


exp. {. 


”1 (r 2 ) (rx, r 2 ) 


xexp. {'kjTj} «.•„ (rj) d\d 3 r t 


The initial and the final states of the atnm 1 ’ . "' ^ 

J to each other. Due to this a nuL r , 0t n ° W ° rth °- 

incorporated into the Born-Oppe n hei m er-App r oximatio„ 

® ° t0the interact 'on part of the 

Hamiltonian, H ( i, 2 ), the scattering cross-section chants • 

while on physical grounds there should not be any change. ’ 
(ii ) The interaction potential H' (r„ r 2 ) is given by 


2 

before the collision ; and by -i 

> Tn V 2 t'l 


e 2 e 2 

n 


after the collision. 


Using these two forms for H' we get two different values of v 
Since we donot know that which form of H' is to be used there 

is produced a discrepancy in the calculation ofg. This defect is * 
known as the postprior discrepancy . 

(iii) The cross-section obtained in this approximation violates 
the maximum cro&s-section theorem. 


Due to these discrepancies. Born Oppenheimer Approxima¬ 
tion is not a popular approximation for evaluating ‘ g\ We, 
therefore, use another better approximation by Ochkur. In this 

approximation, g is expanded in the inverse powers of k a and the 
leading term only is retained. We write, 


g-gno+geo ; ...(206) 

vmere g ss is the contribution due to electron-electron interaction 
an gnc is the contribution due to nuclear interaction. We have, 



2me 2 f f 1 

4TP Jhxp. {-ikprjw* (r 2 ) --- exp. {/k s .r 2 } 

* 12 

X H’o (rj) d 3 i\ d 3 r«. ... (207) 



-l__L f e xp. {/S.fPs-r,)} 

D z~2v*} S* - ^ 




Now, 
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Therefo re, 

2 me 2 

'““OF 2 


~ exp. | iS . (r 2 — +/k a • ( r 2 ~ r i) + ; * f « * r i ^p-iT | 


X w* (r 2 ) nv (i'j) f/Vi d 3 r 2 d z S 


...(208) 


1 2me 


8n 3 n 2 


1 


S 2 


exp. < i (S-|-k a ).(i' 2 --ri)+/ 


?K. r x | 


X (r 2 ) (r,) f/Vi (/V. 


First we consider the integral 

exp. {/ (S+k,)‘(r a —*r)} /73 ^ 

S 2 


I 


To evaluate it, we put (S -J-k a )—p. Then 


I. 


fexp. {/p«(r 3 —ri)} ^ 3n 

= J I P»fc I 2 1 

The integrand in the above integral is an oscillating function 
of p. If p is large, oscillations will be rapid and hence the integral 
will vanish. If p is small, the integrand will be varying slowly and 
the integral won’t vanish. For very small values of p, we can 
ne°lect it in comparison with k a and hence we can write, 


/ 


1 


k 


n 
+» 

a j 


i 


exp. {ip.(r s —i'i)> d*p = p. ( 2lt ) 3 6 3 (r,-ri) 


a 


* * 


goo 


8 


1 2m f. (2-) 3 . A ([ (r- 2 -rj) exp. {/K*r,} 

J J 


77 


«> 




/ra 


X (r 2 ) h j 0 ( r i)• ^ 3; ’i d z r . 2 


2we 2 1 

"F* 


. i - 2 f exp. {/K-r,} Ilf (r 2 ) (r 2 ) d 3 r, 

A q;’" J 


Also, it can very easily be seen that 

1 

-> •: 


gn o 


large k k* 


r> * 


Now, keeping only the leading term in g t we get: 


g (Ochkur) = — ^-p/exp. {«•*> (r 2 ) w. (r.) 


Clearly, 


...(209) 

there is no post-prior discrepancy in the Ochkur 


approximation 


(J py 111 i V l • i ,» 

The direct scattering amplitude/in the Born-Approximation 


is given by : 
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/= 


1 2me 2 4-c 


An' t|2 'K 2 J 


(1-exp. O'R• r,)) ti>* (r 2 ) iv„ (r 2 ) d 3 r 2 


2m e 2 

h*Z 2 


5 


ba 


exp. {fK • r,} w* (r 2 ) iv a (r 2 ) c/ 3 / 2 


Using this, vve can write (209) as : 


g (Ochkur) 


K 2 

W I 


r '2 me 2 

f Tl 2^2 S '>“ 


For inelastic scattering, a^b. Therefore, ha 
we have 


...( 210 ) 


0 and hence 




g (Ochkur) 


K z 


K a 


2 




...(213) 


For elastic scattering, a—b and hence 8;, a =l. Therefore, 


g (Ochkur) — 


K 2 

K 2 




2 me 2 

hUf 2 


...( 212 ) 


Now, for elastic scattering of electron with hydrogen atom, 


/=ir775 [1 — (1 + |2 0 2 R Z )“ Z ]— 2<7 ° {8 + K2a ° 2) 


* * 


ti 2 K 


g (Ochkur) 


(4-f/CV) 2 


32 


/c a 2 (4+/Oa 0 2 ) 2 


...(213) 


■ 


Hence the elastic differential scattering cross-section for the 

electron hydrogen atom scattering with the exchange effects taken 
into account, is given by ; 


(~\ 
\dQ ioi 


1 


3 


4 


\f-r-g (Ochkur) | 2 + ~x |/—g (Ochkur) | 2 ...(214) 


The results of eqn. (214) are in very good agreement with the 

observed results for large values of the energy of the incident 

electron. However, for low energy incident electron, argument 
is not very good. 


“Problems” 


Problem 1. Obtain the Rutherford cross section for the scat¬ 
tering of charged particles by the Coulomb field of nuclei , using ' the 
partial wave method . 

Sol. The Coulomb potential foi the scattering of particle of 
charge ze from the nucleus of charge Ze is given by 


i 




V(r) 


Zze 

r 


...(o 


i 
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t nt ial V(r) does not fall faster t an 1/r 
It is clear that the potenU {) necessary condition for the 

at asymptotic distances caWe . Even then the partial wave 

partial wave method to be *PP ^ The Cou l 0 mh potential 

analysis gives correct «■ t 



analysis gives woir- . . ect 

is an exceptional scatleter in this reaped. 

i !_ _ frtr PCI 


1 excepuuncu ova- as> 

The Schroedinget equation for 0) » 

(r> 

2/7? ' , 


0 


( V n + /c«-2nfc/0 <Vc ( r ) 


0; n 


mZze? 

ti 2 /c 


••00 




r i cnprif.es it for Coulomb field. To solve 
The subscript e f °^ P f t0 get its asymptotic behaviour, 

Eqn. (ii) for and s ^ scq n J fi « * ; defined in terms of 


Eqn. (u) lor am* - , 

W e use the parabolic coordinates fi, ^ 
spherical polar coordinates as 

^ i_ =r _z=r (1—cos 6) 

• 0 =(H-z)== r ( 1+cos 

I„ terms of itpatabolic co-ordinates 


..(iii) 


S' 2 1 


4 r_J 


I 


v \ ^ \ ' icall y symmetric, therefore, 

since the roUuM # h .„ c e using (iv), » 

fa C n S wTeqm ©in ««ms of the p«-uhulic eo-otdmate, as : 


srfsrrp s#*j 




we ate interested to solve (v) under the asymptotic bouudar, 


condition 




>H:z \ 


y —jw CO 



T 


f(tf) 


r 


e iJ: (r^ 2 ) 




) 


{•; 5*r-z}. 


• fViiQ into fvl we get -the following differential 
Substituting this into (V), w b 


equation fory(^) 


Z% +{ - ] ~ iki) TC nkf ~ 0 ' 


...(vi) 


— Hi 

This equation is exactly of the form of confluent hype f S e 

■■ i 


metric equation 


w + 
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th e 


dz~ J dz aF ^ 0; 

solution of which is the confluent hyp 


* * 


(vii) 


F(n 


b, z) 



0 


A'g ~f~ >0 r(b ) z* 

r ( a ) r(b+T) T: 


crgeometric function 


1 L 0 

1-h— 7-1 

b + 


a 


(o + l) 


- 

- * --4" 


6 (6+1) 2! 


4 * *i 


*.(viii) 


Comping (vn) with (vi), We See ^ 

a——in b=z l 

’ 1 an d Z-tfrf. 

Thus the solution of (vi) can be written as 
f(t,)=cF{-in, 1, ik() ; with c as an o r w t 

■ ds dn arbitrary constant 

^c=e.e*> i 

I„ order t0 find its as y m Ptotic behaviour we need .be " ^ 
totio behaviour of the confluent hype rgeomet ; ic Tw J£* aSynl P' 

The confluent hypergeometric equation is a second order 

differential equation and hence the solution of it is consisted 0 f 

tvv0 functl0n ' 1(a> b ’ ^ and w * (a, b, z). Thus the general 
solution is given by tcnera) 


with 


F(a, b, z}~W 1 {a, b, z)+W 2 (a 9 b, z), 

Wl (a ’ h ’ z)= r(^) (- z F a g(a, a-b+l, -z) 

Wi ( °’ b ’ Z)= f{i eKza ~ b S (l-fl, b-a, z), and' 


...fx) 


% 0-, P, z) 


r ■*> oo 


i K ( k ~M) B (P4~ll . 
zsl !+ ,-e _2 f " " . 


(«, A, z) 


r ( z.) 




a(c-6 + l) 


, and 


w ‘i (a, b, z) 




Therefore 


r-> co 


I’M 

r (a) 


pZ yd—'Jj 

f C r ^ 


F (a, b, z ) 




T(6) 


r~>oo 


r{b-d) 


(~z) 


-a 



a(a-b+ 1) 


, F (b) 

4- p z z (t ~t> 

^F(a ) * 


,„(xi) 
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Using Cxi}, we can write 




c. e il: '* 


1 


f' -> oo 


r (1 -|- /») 


^ (- ikf) in 


1 + 


(-in) ( 


(-/«) 



1 


~ h T(- in) 


} 


ce n7T/2 f -. 

< exp. {/ 


+ 


T(l+in) [ 

•T(l +in) 

Tf ■ I L ■ ! ■ I ■'» ■ fc M I W , * ■_ 


i 

[kz+fil„k (r 


1 *4- ■ 


ft 


ik (r~~z) 


1 


v ' 2ikr sin- -g- 


exp 



kr~~nl„ ( 2kr 


)]}} 


,nw/2 


(/<■£)*;"=exp. [/«/»(/:£)]; (^-i) in =(i)~ tn —e . 

g=r—z=r (1 —cos 9) — 2r sin 2 %G} 

r, (f-So‘{ exp * {i t kz+nh k ( r ~ z )l> [ 1 + S^=i)J 


+' 


exp. {i[kr-nln 2/cr]} 


with 


fc (0) n 1 + in) 


1 


*X-in)\ 9l 


2ikr sin 3 


e_ 

2 


.exp. 


kiln (sin 


9 


2 


J...(xii) 
jj. . ..(xiii) 


From the definition, r (\—z) — —z F (—z). Therefore, 


r (- in) 


r( 1 - in) 


W 


Using this, we have from (xiii) that 


fc (0) 


n 


2 k sin 2 


r(l+ 8-(-*)-exp. f 


9_T(l- in) 
2 


sin 


0 


2 



Now, (— \)—c^ n and with Arg. r(\+in) 

!%|...(xiv) 


MB) 


2k sin 2 ~ 


r(l - in) 
.exp. I 


inl n (sin 2 ) +/rt+2/7? 


The f c term on the right hand side of (xii) represents the out- 
going scattered wave, because it is the only term depending on 

the factor —. The first term, therefore, represents an incident 

“plane wave”. Both the incident and the scattered wave are dis¬ 
torted at infinite distances by logarithmic phase factors. The 
differential scattering cross-section is given by 
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d<*c (O') 

dQ ~l& ( e ) I 


n 


2k sin* 6)2 


(Zze *\« 4 0 

Iwj c • 


...(xv) 


This is exactly the formula obtained by Rutherford from 

classical dynamics. 

Problem 2. Use the partial wave method to calculate the total 
scattering cross-section in the limiting cases of very low and very 
high incident energy for the scattering of a particle from the hard 

sphere potential of radius a , 


V(r) 


+ oo for r < a 


0 for 



a 


Compare the results with the corresponding classical results. 

w 

Sol. The boundary conditions for the hard sphere potential 
requires that the radial wavefunction R t (r) should vanish at r~a. 

Therefore, 


P/ 


dR ti 


a dR t 
Ri'~dr j 


oo 


a 




because -y- 1 is infinite for r—a as explained below : 


Since R% has to vanish 
at r~a, due to the boundary 
condition, it should cross the 
/■-axis at this point, because 
■Ri is finite within the poten¬ 
tial range. Thus the slope 

dRi 

-^r- of R, at r—ci is finite, 

which can easily be seen from 
the adjoining (fig. 14). 







Now, 

S,= 


1 


(jY+n?)’ 


Fig. 14 


and £ ,=ka —-IClUlIi 

./?+//, 2 ’ 

are finite. Hence we have 


tan r t 


S 


i 


Pi- A/ 


0 


or Tf—0. 


'••(it) 


Therefore, from equation (53), we see that 8 ,=f „ where 


is given by 























; 
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>• or tan£,. A( *- ) 


T), (^fl) 


or 


ft=tan' 


ji (ka) 


.*. S { =tan 


-1 


iji (to) 

(ji (ka) ] 

{m (to) J ' 


* < 


(iii) 


This gives the /th partial wave phase, shift. From it, We 


have 


ji (k a ) 

Sin dl ^[j? (/C(3)+?2lM^a)] 12 
Hence the total scattering cross-section is given by 

. „ 4ff V ,„, n 

<*iot=feV (2/+1) sm 2 8 /=^ ( 2/+1) yi 2 (to)-f^ 


* * ■ 


(iv) 


A; 2 


Hj 2 (to) ' 


/=0 


/=0 


l t 


•(v) 


We now consider the cases of low and high energy incident 


Part '(f) e ’ For low energy, k will be very-very ■ small and hence 
ka < < 1. In this limit 


!*i 


j, a " d ”• ( t0); 


( 2 /- 1 ) !! 


(lea)" 


+i 


...(vi) 


I I S JL I 11 x F 

From (vi), we see that./, (to) wil be much smaller that % (ka) 
for ka < < 1. Hence we can neglect it in the denominator in 


■ 

4 

#> 


(v). Thus we get 


CO 




GtOt 


/c 2 



4i +2 



( 21 + 1) [(2/+1) !! _ (2Z-1) 


... (vii) 


1 =0 


For small energy (ka 


< 1), all the phase shifts vanishes 


except 1=0. Therefore, we keep only /*=0 term in (vn) for this 


case, to get 


cr<o/=4w 2 . 

(II) In the high energy limit (ka 
can be replaced by their asymptotic forms 

I J _ 


• * * 





1 )Ji(ka) and 



ji(ka )-> 



ka 



ka 


- * 


cosl ka 


ITZ 


% (ka) 


2 


M 



ka 


Using these values into (v), we see that in this case 

4 




























438 


ADVANCED quantum theory and fields 




4n 

k 


(2/+1) sin 2 ^ /ca—/?: 


/ 


0 


4tt k-a 2 _ „ 

^2 * 2 —"* * . -^ix) 


Wavelength 


'j’lie classical mechanics gives cio^tm 2 . Thus the value (ix) 

G times the classical value, whereas, in high energy limit we 
* s ect the classical result What is the reason for this anamoly ? 

-j^ost important reason for it is that for high energies ; 
^ ^wavelength will be very small, and as our potential becomes 
ity, suddenly at r — a, it won’t be slowly varying within one 
1,1 in ‘ Thus the transition from Quantum Mechanics to 
ca\ Mechanics is not possible for which the potential should 
^Towly varying within one wavelength. 

h e s pj-Q^jem 3. Find out the s-wave scattering cross section for the 
■ MCP from the spherically symmetric square well potential of 

s cattetuig j 

attractive nature, 

w.wJ“ _F o f or r < a 

^ (0 j q f or r > a- 
gal. Inside the potential, in region 
(j) the radial part of the Schroedinger 

equation is 

d- 2 d . 2m V a , 1(1+0 

Tdr 2 

. -(i) 


vc/y 


+k‘ 


i 


-2 


R, 0*)=o 



n 


(57 


Outside the potential well, in region 


Fig. 15. 


II), the radial equation is 


rf2 + . 2 _ 4- + k 2 


1 ( 1+0 


dr 


r 


dr 


i 


* 


El 00=0 


*••00 


The regular solution of this eqn. is the Bessel’s function 
(kr). 


Putting a 2 


&2 i V the equation inside the potential 

h 3 / 


...(Hi) 


well can be written as 

f 2 +-4+ a2 --^W 0=0 ' 

dr 2 r dr r / • 

Comparing it with (ii), we see that its reagular solution can be 

written as 


* 4 


P 


Ri (r) =ji («f) 
dR, (r) 


a 


i 


R,(r ) dr 


fr-fl 


ko j/ («a) 
ji (««) 


. • • (i v) 
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For 5 -wave scattering, energy of the particle should be very 
small {,ka < < I) and only the /= 0 partial wave will contribute. 

Therefore, \vc have 

i * { r sin -V 

fi Q = aa ~ . ■ - - — (v.a cot va — 1 )i V jo (■*) = 

jo (cc a) l 

At the end of Section 4 we have seen -that foi vciy Jow 
energy scattering, the phase shift is given by : 

(ka ) 2l+1 /— fh 


(2/+1) I! (2/-1)1! ' Pi + l+l 


* * 


0 


ka 


fin 


Pc -h 1 


ka 


(& a cot aa — 1) 
(i v.a cot v.a — I -f-1) 


k 


tan v.a 

« 


• • • (vi) 


Thus the S-wave scattering cross section is given by 


_ _ 4y 2 
a o ~ £2 °o 


4vra 2 1 


tan aa 


w * 


aa 


.(vii) 


Problem 5. The potential energy for scattering of an electron 
by on atom can be represented approximately by the * screened ’ 
Coulomb potential 


V0j 


Ze 


t . / 


rja 


r 


- 0 ) 


where ‘a’ is the screening radius. 

Show that , in the frst Born-Approximation, the scattering 
amplitude is 

; * =2 * sin T -0'0 

Establish the criteria j'or validity of the Born-approximation in 
this case. 

Sol, In the first Born-approximation, the scattering ampli¬ 
tude is given by Eqn. (171) : 

2nt 


f(0) 


o 


h 2 K) 

where K—k— k', 

K 2 —2k 2 —2k 2 cos e 
— 2k 2 (I — cos d) 

—4k 2 sin 3 Qj2 

Hence, K—2k sin 0/2 

Putting the value of V(r) from (i) 
into (iii) we obtain 

sin K r e~ r ^ a 


r sin Kr V (r) dr. 


..(iii) 





Far elastic scattering 


K 2 K 


dr 


I k | k ' | 

Pig 36. 


k 
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2mZe 2 T f 00 iKr—rla , 
— Im. I e 1 dr 

2mZe 2 



Ti 2 * 


J/M. 


1 


1 


iK 


2mZe % 
ti 2 K 


K 


a 



+K Z 


2 mZe 2 a 2 
Vd(l+a 2 K 2 ) 


...(iv) 


From it, the differential scattering cross section is given by 


da_ 

dQ 


i / oo 


4m 2 Z 2 e i a i 
h< (1 +a 2 K 2 )- 


O > 


* ■ *(^) 


and hence the total scattering cross-section is given by 



vtoi—2.7t | | f (8) | 2 sin 6d6 

o 


2 


rr 


4/?7 a Z 2 c 4 a 4 


0 Ti 4 (1 +a 2 K 2 )* k 2 l 
8 ttw 2 Z 2 c 4 1 T -1 T* 


/(VZKJ V K z = 2k 2 (1 -cos 6) 

> KdK~k 2 sin Odd 


h 4 /c 


_Lr_ 1 t 

' 2fl 2 [ l+aVC 2 j 0 


167t/7; 2 Z 2 e 4 a 4 


...(vi) 


n 4 (1 + 4 k*a-) 

To establish the criteria for validity, we have the validity 
condition. Eqn. (174) as ; 

irv* r -i >KM* 

Oo 




m 


Wc\ 


< < 1 


...(vii) 


Thus we have to evaluate the integral 


7—- 
Now 


2 ikr . e~rl° 

— ])■- ar 


f« , 2 ikr ,, e-*’ , 

(e — 1)——rfr; a: 

JO Y 


1 


a 


dl 

cla. 


DO 


0 


(c-Sr-ftr^!) g-fff d} . 


1 


1 


__ _ J-_ 

a 1 a— 2ik 

•\ 7=ln (a— 2/7:) — In a+C: 

where C is the constant of integration. To find the value of C 
wc use the condition that the limit K -*oo; the integral /-»0 

Therefore, e 

0=ln(l—^)+C=lnl+c=C 

/=ln ( l~Wln (1 — 2ika) 


# t 


...(viii) 
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Hence the validity condition b ecomes, 

| j n (i _2 Ika) | < < 1 
ti*k ' 


or 


mZe 2 

HVc 


(1 +4k*a i ) l i a ] 2 +[tan- J (2ka)f) 



1 


—(ix) 


/ tan -1 (2 ka) 

{V (1—2//ra)—\/(l -f a*k 2 ) e '} 

For low energy scattering, ka < < 1, and hence 
] n (i o_ 4 / c 2 a 2 ji /2 ^ in 1 =0 and tan -1 (2/rc) = 2fca 
Thus the validity condition (ix) simplifies to 

2mZe 2 a 


ft 


< 


1 


...(x) 


From the Thomas-Fermi statistical theory, a is proportional 
to Z™ 1/3 and hence the condition (x) is equivalent to Z 2 ' 8 < < 1 ; 
which is not true for any value of Z. Thus the Born-approxima¬ 
tion can not be used for the scattering of low energy electrons by 

atoms. 

For high energy electrons, ka >• 1* Therefore 1 can be 

neglected in the In term compared to 4k*a 2 in Eqn., (ix). Also, 
tan -1 (2 ka) cannot exceed r./2 and hence we can neglect it in 
comparison with the In term. Thus the validity criteria becomes 

711 Zp 2 

In (2 ka) < < 1 


or 


Ze 2 

hv 


In (2 ka) < < 1, 


.. .(xi) 


where v 


U . 


m 


is the velocity operator. 


From (xi) we see that in the high energy limit, the Born- 
approximation is a good approximation for lighter elements only, 


because 


e 2 


1 


hv he 137 


,as v cannot exceed the velocity of light c. 


Thus the Born-approximation for the screened Coulomb 
potential is a good approximation for high incident energy and 
lighter atoms as scatterer. 

Problem 6. Use the first Born-approximation to claculaie the 

differential scattering cross-section for a potential such that V=V 0 

for 0< r < a and V~0 elsewhere. 

Sol. The scattering amplitude in the first Born-approxi¬ 
mation is given by 

2m f 00 

f(e ^~WCjo } ^KrV{r)dr 
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pv 


aluat 


* 

in 


2 ^Kof r sin Kr dr 

h 2 K J o 

the integral by parts, w e obtain 
. v. r a cos Ka sin Kef 1 


a 


/(*> 


2m.Vo_ 

ti 2 K 


K 


2 ma ?l VJ sin Ka-Ka cos Ka\ 
--Ti(^ 7 --j 


n \ y"*j t 

r ir-p the differential scattering ern^ c „ ** . . 

« en nrcf‘V * rci„ £ Sectlon ,s Siven 

_j f ( 0 ) I 2 = 4 '—tilL fe Ka cos K nV 


...(i) 


cfa 


as 


nia 


jsIoas the 
lion becomes 

1 j“ (ewfcr-n 

J 0 


(<#/ l /lU/ ,v r h2 n ^ ^ ••■(“) 

— condiUO" ior the validity of the Born-approxi- 


/?? 

Wc 

/72 Ko 


< 1 


or 




r<i 


2 i/: 


0 


1 ) kdr 


I < 1 


Now 


(0 


2ifcr 


J 


1) Arc//* 


e 2£/; 


...(iii) 


2 i 

>2 iUa _j 


kr 


-’0 


2/ 


ka 


gika 


_ q — jj.q 


2 / 


A'fl 


n 


(<? 


2 1 /.■/• 


0 


(cos /caH -1 sin ka) sin ka—ka 
(cos ka sin ka - /ca) + i sin 2 ka 


1 ) kdr ={(cos ka sin ka—kaf- + sin 4 ka) l 'i 


Hence the validity condition (iii) becomes 


m V, 


* f i f Q 

t( cos sin ka — ka) 2 - |-sin 4 /ca } 1 / 2 <; <; [ 


If ka 


1 (low energy limit ) then we have 
sin ka zzka and cos ka ^1 


...(h 


Hence fioin (iv) we have 




mV. 


/c 2 h 2 {( 1 * ka —kaV+ikay} 1 !* c < \ 


or 


m\\a 2 


ti 


< < 1 ... 


T * 

the Borneo y V ° and a should be very-very small. TI 

Potential 0 f~° n ^ CaSe * S Va '^ ^ or ver y’ ver y w< 

Y__, ^ ^ 1 (I 1 g 


c annot- high Cnergy {ka 



1) ; sin ka and cos ka, wl 

^ ■ * 


’" GXCGCci * / > a111 rvu cuiu au, w 

V aliditv Un ! ty ’ can ne glected in comparison with 
ty COlld >tion (iv) therefore, becomes 
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y 



mV » a __- , v„° „ , 

r < < 1 or ~ < < 1 


A:Ti 


?;b 


..(vii) 


• • • (0 


Thus the Born-approximation is a good approximation for 
high incident velocity v , and weak potential with small range. 
Problem 7. Cellulate the scattering cross-section in the first 

Born-approximation 

(0 for the Gaussian potential 

K 0 exp . (—r 2 /a 2 ) 

00 the exponential potent hi 

^ 00=^0 <?*/>. (—*'/«) 

(«0 a/2<7 Ate potential 

V( r )^V 0 r 2 exp. ( —r 2 /a 2 ) 

7/2 each case discuss the conditions for' which the approximtion 
is the best . 

Sol. The scattering amplitude in the Born-approximation 
is written as 


... (//) 



f 


m 


2m ■ 


Ti 2 K 

If the potential 
written as : 


cO 


0 


r sin Kr V(r) dr, K=2k sin 0/2 


...(iv) 


V{r) is an even function of r, it can be 


fW 



m 

re 

The validity condition for Born 
seen to be 


V(r) dr 


...(v) 


-approximation has been 


m 

Me 


CO 


0 


/ 2 ikr 

(c —1) K(r) dr 


< < 1 


...(vi) 


For low energy, ka < < 1, where a is the range * of the 
potential. Hence the first two terms in the series expansion of 

e27:/:f wili be a very good approximation. Hence the condition 
(vi) for low energy case can be written as : 


2m 


DO 


0 


r V (r) dr 



1 


* • 



If the kinetic energy of the particle is very large {ka > > 1), 

then the contribution of the oscillating term can be neglected and 
(vi) becomes 


m 

Mi 


CO 


0 


V{r) dr 


< < 1 


-.. (vii i) 


(i) For the Gaussian potential, which is an even function oi 

r, we write 
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/(«)— 

m Vo f 

h*Ki J 

— 

m v 0 r 

■ ti Wl. 

Putting, 


t r 

iKa \ 


2 ) 

can write (ix) a 

t 

m V 0 

/(0)=- 

ti *Ki * 


+°° • iKr 

r e 


+oo 


r z id' 


clr 



r 

a 


iKa 

2 



exp 



K 2 cr 

4 



...(ix) 


dt 


dr 

a 


or dr=adt ; and r=a 


iKa 

/+ T 


J 

{ 


K~a 


}[»’ i 


CO — t S 

CO 


+ 


* /•*{- 


USA 
2 





e 1 dt 


^ t 

• of the above vani* 

The first integral on the ngh n 0 f t The value 

shes, because the integrand is an odd fund,on 01 l. 
of the second integral is VO*)- Therefore, 

mV 0 exp. h-K*a^l iKa_ 

/w=- 




Ti ~Ki 2 

wFo_ fl 3 V'( g ) ex p_ (_^/c 2 c 2 sin 2 6/2) 
h 2 ' ~~2~ 


...(x) 


The differential scattering cross-section is thus given by 

loV Ufl 5 exp (-2/c 2 a 2 sin 2 0/2) 

2)2 r 


f/<7 


|/(0) i 2 


m V 0 
h 2 


... (xi) 


\«i'/ ' ■ , ... 

The validity condition for low energy, eqn. (vii), 


can be 


written as : 


2m V 0 

h 2 


CO 


r e 


I’V/a 2 


dr\ < < 1 


To evaluate the integral in the above, put r 2 /a 2 




Then 


CO 


0 


r e 


r 2 jcfi 


dr 


a 2 r° 

jo 


a 

t ci* 

dt~-zr 


t 


CO 


a 


Jo 


2 


Therefore, the validity condition for low energy becomes 


2m V b a v - 


<< 1 






...(xii) 

To satisfy this condition, the strength of the potential ‘Vo 
should be very small. Thus the Born-approximation for low 
energy is a good approximation for very weak potential only. 

For high energy, we have the validity condition (yin) as : 


mV, 


0 


h 2 k 



OO _,.2 Itf I 

e 1 dr 


< 1 
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or 


m V 0 aV (w) 

~2hVc 


< < 1 


(xiii) 

Thus the Born-approximation in this case is a very-very good 

_ - * * ■ # M m 1 j _ * _ 


approximation for high incident energy and weak potential. 


(ii) In this case 


m 


2 mV 0 
1VK 


f 00 

r si 
Jo 


sin Kr e 


rja 


dr 


2mVo r iKr — rja 7 

Im .1 re .e 1 dr 


n 


0 


2m Vo 

ti 2 K 


r roo 

— / I 

'< m '} 0 


exp. 


r 


a 


iK )\ r dr ,..(xiv) 


The integral in (xiv) can be evaluated by using 


rco _ , 

e x n dx 

o 


n I 


a 


n-rl 


We get 

m=- 


2m V 0 


h 2 K 


Im- 


1 


2 mV. 


0 


2 A 0 s 


(\ja~iKf 
4m F n a s 

h 2 (1 4-' a 2 K 2 )* 


n 2 /v ’(l+fl 2 £ 2 ) 2 


... (xv) 


Hence the differential scattering cross-section is given by 

16 m 2 F 0 2 g G _ 

... (xvi) 


'* fi 4 (1 4-4 k 2 a 2 sin 2 n/2) 2 


In order to find the criteria for the validity of the Born- 
approximation in this case, we have for the low incident energy, 
the validity condition as : 


o 


or 


2m V ,j 
' h 2 


2m V 0 a 2 
■“tT 2 " 


00 — rja , 

re ar 

o 


<< 1 


1 


...(xvii) 


Similarly, for high incident energy, the condition for validity 


is given by 


or 


m 

Wk 

mV, 


I V(r) dr 

Jn 


!<< 1 


o 


h 2 /c 


00 


0 


rja 


dr 


<< 1 


or 


mVoa 


< 1 


,..(xviii) 
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is 


/ x vii) ( XV1 '*) wc scc that the Born approximation 
approximation foi the exponential potential if the in* 
a S°° iers y (ti k) is high and the strength of the potential (F 0 ) 


ijeiit enC g" 0 the app roxliria ^ on va hd for high incident energy 

all* 


is sn1 !lak potential- 

qiid v t this case, the potential is an evenfunction of r. 

‘ (iii) IntI T 

1 ^ve write 

, 2 ' ” 


m Vo 

^ z Ki 


^+co iKr 

r e V{r) dr 

-OO 


/??K 


0 


+00 


r 3 e 


. e 


7C 2 a 2 / 4 f 


+co 


r 3 exp 


j- 


O0 


h 2 A:* J -00 

r. iKa x2 


iKr ^—r 2 jar- 


dr 


a 


2 


dr 


...(xix) 


To e 


valuate the integral in (xix), we substitute 

/ATci 


/* 

a 


* * 


+ CC 


— 30 


r 


7 


iKa 


t 


r z exp 


a 


2 


a 


4 


/ 


r-co / \ 3 

i?+-=t- 1 c 

_cc \ 


j 0 


2 


dt 


a 


r~ co *_ l ^ f +e9 “? 2 


<7/ — 


^ 00 


8 


dt 


—CO 


J 


+ y //& 


+ CO -• f . 

_ 00 


3_ 

4 




+C0 


— 00 




J o 

t“ 


dt 


The first and the last integral in the right hand of the above 

equationvanishes.becar.se the integrand is an ° dd ° nd 

it has the value V W- The third integral can be evaluated by 

using the formula 




— CO 


In — ;v 2 . 
x e dx 


1.3.5. (2»-l) 


2 " 


vw> 


and it has the value V'( 77 )/2* Thus we have, 

(6-A^ 2 ) ■ 

* /w 8h a 

__ w Yj£l K 1 / 2—2k 2 a 2 sin 2 


4h 2 


2 


and 


(do 
\dQ 


1/(0) 


7 ?7 2 Fo 2 g 10 /r 3 _2^ sin 2 ^ 


9 \2 


...(XX) 


16h 


In order to find out the criteria for the V£dld, y °g condition 
‘Pproximation in this case, for low energy, we ha 
of validity as : 
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2 mV. 


0 


ti 


*cC 


0 


r 3 e 


-r*/a 2 dr ! 


J 


The integral in it can be evaluated by the substitution i ,ci 
We set : 




2m V, 


o 


a 


i 


Ti 


oo 


n 


t e 


i 


dt 


<< 1 




or 


o 


mVoCi 


2h 


1 


..(xxi) 


For 


high energy, validity condition is written 

m Vo 


as : 




or 


ti 2 /c 


/7?F 0 a 3 1 r 00 r 2 


a -r 3 /* 2 / 

/“-£ ' di 


0 


1 


h 2 /r 


or 


■—. e 

0 Cl - 
/» 

"Iff 


i) / j 

— r 2 ja 


d 


r 

a 


< 1 


< < 1 


...(xxii) 


From the validity conditions (xxi) and (xxii) we see that the 
Born-approximation is a good approximation Tor weak potential 
and high incident energy. 

Problem 8. A high energy electron collides with a hydrogen 
atom in its ground state and excites it to the 2p-states. Calculate 
the scattering cross-section for this process by using the Born- 
approximation for electron-atom scattering , 

Sol. In the Born-approximation, the scattering amplitude 
for the process in which the atom in the initial state nv. is excited 
to the state \v b is given by Eo^. (190) 


f(a-*b)=- 


2m e 2 


e K ' r u* (r) h-„ (r)cPr 


...(0 


In the present case, the initial state w a is the ground state of 
the hydrogen atom and the state w b is the 2/?-states of hydrogen. 

Therefore 

1 






e 




and 




J 


1 


r —rjlcio 


o 

j — 


- —* .e 
o 0 


Y'f (8 , 9 ) 


v(6) VW) 

Using these into (i) wo get the scattering amplitude as 

„ , 2 1 1 If ?K.r 

f(\s^2p)-- 
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»rr 

Now, the plane wave e T can be expressed in terms of the 
Bessel’s function and the spherical harmonics as: 

oo *T / 

e ?K-r =V 4«i l ji(Kr) V yf* (Or, fa) Y™ ( fi , fa ••■('') 

Z_ j 

ifTriWMv 
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4 ra l j t (Kr) Y f (fi Ki M 


X 


Y™ y 7 / ? cJQ 
1 1 
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'S fai'Ji (ICr) Y"‘ (e K , fa) S,, 8 

/, m‘ 

4 nijj (Kr) Y™* ( 6 i; , fa) 


mm 


...(iii) 


Using it we have 


/ ( 15 - 4 - 2p) 


2 


K*a oV(24^) 


CO 


0 


m* 


4~i j\ (Kr) Y ( 6 k, 4>k) 


o,.n 


X e 


' jr ^ a0 r s dr 


...(iv) 


The integral in (iv) can be evaluated as follows : 
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relativistic quantum mechanics 
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J- 

quantum mechanics based on the Schroedinger equation 
^ ccribe the particles with velocity much lesser than that of 
c aU desc can describe only non-relativistic particles. More- 

light^ e Schroedinger 7 s theory fails to explain the spin of a 
° Ver ’ and it cannot give a satisfactory account of high energy 
particl 0 a p a ^ r production, bremsstrahlung and zettcrbewe- 

ptieiiOm 61 t ^- s Q^apter we shall formulate a theory which can 

gung etc * m0 tion of a particle that has a speed approaching 

describe 1 Wg shall a j s0 s h ow that this theory automatically 
that of phenomena which had to be added afterwards in 

incorporatesi theory _ For the development oftherelati- 

the f . Teory we are guided by the following points: 

,-7 The theorv should be formulated in terms of an ampin- 

(> T - n to which we can assign the customary statistical 

sh ,te 
iopment of^the ^ don principle should hold and therefore, 

of motion ^ 

(iv) The equation of motion 

Lorentz transformations. .wntresoondence 

(v) The iheory should * t edu« .0 .he 

principle, and m the non-rela 1 '' 1 no n-relativistic particles. 

standard form of quantum — - ^ _ 

The basic equation for a free particle 

a 

Wm _a h iH T 4 ■ ' ■ J ■ 


is the Schroedinger equation 


, 2 •*. 9 '^ ( r ’ 0 
^ V 2 '!’ ( r > 


9 m 
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whcre ~~ 2 ~ is the 

tide, fn order to write an , 

iee particle, we should start 
given by 

tt . n s c*, ^2) 

o/li-ht fl nr! the llr ) eai momentum of the particle, c the velocity 
8 d m ,J the rest mass of the particle. From (2) we have 


Hamiltonian operator for the free par- 

equation of motion for a relativistic 
with the relativistic Hamiltonian, 

m —» ■ ■■■ ' ’ 


H=±c^/{p*+m 2 c' 1 ) 


= zfce 



h 


-.2 


a 2 


* * 


Px 


z'ti 


OX 
8 

* 

bx 5 


<y 


Py 


a O 

0 - t o 

^ o ,+/;rc 

GZ r ' 


— and p> 

by 


...(3) 




Upper sign in (3) gives positive energy and lower sign vields 
aftfrnaM ValUC f the , energy ’ In cIa ssical relativity, the second 

Therefore ^ “° PhyS ’ Cal Significance and can be disregarded. 


H 


+c 



h 2 


/ ^2 
<r 


a 2 


r> (1 
0“ 


10-v 21 ay 2 ' cz* 


r 9 9 


...(4) 


c , Th j S °P era tor is rather complicated.. If it would be used in 

tial r e mnti Ser il would no longer be a differen- 

al equat on of fini te order. The fundamental difficulty, however, 

a opung this operator makes it impossible to construct 
expressions for probability current and probability density, which 
sa is yaie ativistic equation for the conservation of probability 
Aioreover, the equation won’t be invariant under Lorentz trans- 
ormation, because it is of second order in space while it is of 
irs oi ci in time. Clearly, some modification is needed 

101. TOP -- 


THE KLEIN-GORDAN EQUATION : 

To avoid the difficulties of the Schroedinger’s relativistic 
wave equation, discussed above, Klein and Gordan developed ar 

equa ion y opeiating (2) on a wave function <j> (r, t). The resull 


(pV+mV) ^ (j. ; t) ^ E 2 ^ f) 


Replacing p and E, in (5), by the differential operators 
and /h — ; respectively, we get 

h-c 2 V 2 p(r, Q-}-/?i 2 c 4 i(r t)~ _n 2 ^ 0 

8 t z * 

Equation (6) has a plane wave solution of the form 


...(5 

-ihV 


...( 6 ) 
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;/ .\ i (k*r— cot) (i) 

</>( r, /)«c 

which are the eigenfunctions of the operators E and p with eigen¬ 
values hw and Tik ; respectively. It is apparant that (7) satisfies 

(6) if m 

fca>=it : (h 2 c 2 /c 2 -f nz £ c 4 )^ 2 . ***^ 

The positive and negative square-roots in (8) correspond to 

an ambiguity in the sign of the energy that also results from the 

classical expression (2). 


Equation (6) can also be written as : 


V 


1 d z 


r> r, J o 

2^,2 


<!> (r, 0 


O Q 

lire* 


ft 2 


*(r, 0 


or 


□ -91 «r,i)-0. 


...(9) 


i e 2 


is known as (T Alembertian operator. 


where, D^V 2 — g/2 

Equation (9) is the famous Klein-Gordan equation of motion. 
This equation can describe only spinless particles such as 77-me¬ 
sons. Particles with finite spin value cannot be discussed with 
this equation. 

Charge and current Densities. In order to find the expres¬ 
sions for charge and current densities and to derive the equation 
of continuity, we start with the IClein-Gordan (K. G.) equation 

v°-i 0=0. ...( 10 ) 


c 2 


3/ 2 h 2 
Taking its complex conjugate, 


V 


1 0 2 m 




dt 


S?) *’ fr. 0 


0. 


...( 11 ) 


Multiplying from left, equation (10) by and (11) by $ and 
then subtracting one from the other, we get 

2 L §£ 


* 


3 *<f>* 
dt 2 


0 


or 


^i + V-S (r, 0=0 


dt- 


...( 12 ) 


where 


P(r, 0 


/tl 


2m c 2 



dt v St 


and 


S(r, t) 


ft 

2 im 





...(13) 


Equation (12) is identical to the non-relativistic probability 
conservation equation. Expression for the current S is the same 
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as in the non-relativistic case, but the probability P (r, t ) j s not 
necessarily positive, so that it can be interpreted as the position 
probability density. To sec it, we have the foliowing two solutions 
of the K.G. equation ; 


and 


(r, t) 

(r, t)-- 


■ exp. [i (k*r 
exp. [i (fc-r~ 


CO 


01 


<»J)1 



•••(14) 


corresponding to positive and the negative values of the energy • 
respectively. «j + and are the values of w from (8) 


positive and the negative signs ; respectively 


with 

^ (+) (r, t) gives a 

positive p:obability while (r, t) gives the negative probability. 

We may arbitrarily omit all solutions (r, /) with negative 

energy to make the probability positive. But it is unjustified 

because the solutions © (+) (r, 1 ) with positive energy alone do not 

form a complete set. Pauli and Weisskopf proposed that P (r, t) 

multiplied by the charge of the particle can be interpreted as 

charge density which can be positive as well as negative so long 
as it is real. 

S- 

It can be shown that in agreement with the correspondence 
principle, in the non-relativistic limit, p (r, /) reduces to the usual 


expression <$>* (r 3 t) <j* fr, (). 
{'7) into (J3), we get 


For it, using the stationary state 


P (r* 0 


nco 

me* 


4* (r, 0 4 0, /)• 


..(15) 


In the non-relativistic limit, j p ] 



* 

me. Therefore, it can 


be seen from (8) that tio)P»/?7c 2 , and that (15) becomes the well 
known non-relativistic expression for the probability density 


P (r, 0^* (r, r) $ (r ? t)=\ (r, t) j 2 . 


/ 


...{ 16 ) 


20 2. K- G. EQUATION FOR A CHARGED PARTICLE IN AN 
' E. M. POTENTIAL : 

If —e is the charge of the particle (electron), and if the e.m, 

potential is characterized by the scalar potential <j> and the vector 
potential A (r, t) r then the effect of the e.m. field on the particle 


can be introduced by replacing p by p 


e 


A and E by E— ep 


Thus the relativistic energy momentum relation becomes 


(E — ep) 


P 


e \ 2 

— A J £ 2 -f/;2 2 £ 4 


...(17) 


or 


(E~ep) 2 =( C p~eA) z +m 2 c\ 


4 
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Operating (17) on the function * (r, t), after replacing E and p 
by the differential operators it) ~ and -ft y, we get the K.G. 

equation for a charged particle in an e.m. potential .as: 

* 

i ■ 

9 (r, /) = (-iT)cV-eA) 2 <j> (r, O+m’c* $ (r, 0- 


iti 


9 


dt 


e<p 


...(38) 


Now, the L.H.S. of (18) can be written as 


ih 


3 

'dt 


e? ](ft ^-epA 

d 2 (l> 3 (p<p) 0 (f> 0 \ 

h W^d. r ,T,ep 9F“ i ' cr *) 


h 


O 

4 / 


<9V> ^ d(j) 


at 




and the R.H.S. is 


(_-b 2 c 2 v 2 +2ihce AW+fhce 7«A+A4 2 +m 2 c 4 ) ^ 


Therefore, (18) can be written as: 


h 2 


n O 

r; 2 


0/ 



0 ..v .• 

—/Tm? -i-e f 

Cl 


? (r» 0 


9? 


== (_b s c 3 7 2 4-2/:heeA*7+j^ V-A+^ ! +" ! ' c ‘ ) ^ r ’ 

To oh.* the correctness of equation (19), 1* » <*» iK ” 0 "’ 

We moke the subs«« 

t (r, H (r. » “P- <-*■"" ' T1 

v ’ « pnpj-cry of the partn-ie. u 

. ^2 ,'c the rest mass en^cJ 

‘/here me is toe 2 . v . n( i 

dJ> j, \ exp. {—M (rt l ‘ 


...( 20 ) . 


'dt W 

et 2 \ 81 


ti / ■■■•-. 

2/mc 2 difi rrW_ ^ ) exp . {— imc-tl“ti)- 

r ,_____ ^ 1 / 

nr e? ,r ’ 


...( 21 ) 


r "* n i. on 0 S ives ■ a result ° f 

Assuming thotthe ^ 


Assuming **• 0 P er ‘ ,K ’“ “ with the first 

orfi« of ert 

hMd e ■ ■ ■* ■~ i * 


iti 


3^ 

?t 



h 2 x 7 i + ^A*V + 

55 V * 


jell 

2tfic 


7 •A 4 "- '•' 


2mc z 


...( 22 ) 
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t , 

! It is clearly the non-rclativistic electromagnetic Schroedinger 
‘equation. 

10-3. SOLUTION OF K. G. EQUATION WITH COULOMB 
POTENTIAL: 

Equation (19) can be separated w.r.t, r and t if the potentials 
A, <p are time independent. We then write 

(/>(r, t)=u(r) exp. [~iEt/h] ...(23) 

i 

Substituting it into (19) we get, 

(E~e<p) 2 u(r)=(~1) 2 c 2 SJ z +2ihce A •V + i J hce XJ*k+e 2 A 2 

-\-m 2 c x ) u( r) --*(24) 

Vv ; e now specialize to the case in which A=0 and ® is spheri- 

■ :; dly symmetric. Equation (24) then becomes 

(E—ep) 2 i/(r) = (—ti £ e 2 V 2 .+wi v c 4 ) z'(r) ...(25) 

Equation (25) can be used to describe the problem of hydrogen 

atom , because in case of hydrogen atom A=0, since there is no 

magnetic field, 


and 


V(r)=ep 


ze~ 


r 


is a central potential. 


Using it in (25) we get 


/ ze 2 \ 2 

(£+^1 ti(r)=(-ti 2 c*VHm a c J ) w(r) 


or 


1 d f 0 d \ 

r 2 


r 2 cir 


dr 
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h 2 /* s 
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u(r) 
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2 V 
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O A 

m-c* 


h 2 c 2 


j** V72 = J. ( i*2 ^ 

r 2 dr 


...(26) 


( * 


dr 


tl 


vVe can separate the radial and the angular parts by substitu- 


r n et 
■"* * * *■ ^ 

u(r) = R l (r) Yi m (0, <j>) 
into equation (26) we have 


...(27) 


1 d 


r 2 dr 


r 2 & \ q , [ (/+ !) 

dr r r*~ 


E+ 


ze 


3v 2 


Ur) 
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nrc 


2-4 


h 2 c 2 


Ur), 


)ecause ; 

1 d 


1 = 0 , 1 , 2 , ... 


or 


r 2 dr 


2 dR, \ ,E 

'■nr'+ 


2 m 2 c* _ 2 Eze 2 R 


h 2 c 2 


U — 
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he 2 
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l (/+!)—z 2 e 4 /h 2 c 2 


/* 




...(28) 
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Putting p=ar, eqn.(28) can be written as: 
~~( P 2 dR > ),-E z -m 2 c i , 2 Eze* F, 

P* dp \ dp j K *h*c* Kl ' fi W T 

/(/+!)—2 V/'hV 


H-- 


R?=0 


1 


dJR 


or- ~~( p 2 

p 2 dp \ 

# 

Where. 


!. 


+ 


A 1 i(l+])-y 


zn 


P 4 


p- 


i?,=0 


...(29) 


,4 (mV-E s ) 

X — -——-—* 1 ■ 

Ti V 

r y=ze 2 / t hc ) and 


i 


t 


.. (3 0 ) 


A 


2 Ey 

t)"a 


J 


To solve eqn. (29), we see that the solution of the asvmntotir 
form (p-> oo) of it, 


d*R, 1 

dp" 


4 


R,=0 


xi\ 
; 


...(31 

is given by i? f =exp. [±p/2]. The boundary condition that the 
solution should vanish in the asymptotic region, permits us to 
keep only the negative sign in the exponent'. This suggests that it 
might be possible to find an exact solution of (29) of the form 

R/(p)=F(p) exp, [ —Ap] ... (32 ) 

Where F(P) is a polynomial of finite degree in P. 


C tf 


and 


dRi(?) 

d? 

djjm 

dp* 


(T'(?) — •’- v(P)} exp. f—-|-PJ, 


...(33) 


{f"(P)-f'(P)+J. f(p)} exp. [—ip] ,..(34) 


Using, eqns. (32) through (34) in to (29), we get 

7^,.,_S .12 . \ / 1 ///.,, 


F"(P)+ 


i J F’{ p) + /Aid__ [Stt j )~y 

! \ p pi 


F{ p)—0 


dr 


Pi' f-(2P P 2 ) T'-f [(A -1) p-{/(/4-l)_y»J-| p_Q 
It can be solved for F by the method of power series : 


F(p) 


2 C n p srn ; 0 

n 


.. (36j 


Where ^ssochosen that the solution is well defined at the origin. 

^ H:+1 e £ ua 1 t0 zero we get the following recursion r° f 

the coefhcients C k ’s ® recursion relation for 
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(s T k 1) (s-f’/O Cu+j t r2(iy-j-/c-{- J) Cn +1 O; 

-f-(A-l)a-/(/+l)C;,xH'7 2 ^]= 0 -(37) 

Similarly, equating the coefficients of P 3 equal to zero we 


°et ; 

s(s— 1) C Q J r2s C 0 — /(/-f* 1) Co+y^o—0 

or J(J+l)-/i/+l)+y ? =0 t -(38) 

For the solution to well defined at be the origin we should 
hence 5^0. Then, for the regular solution of (35) the coeffici¬ 
ents of successive terms in series of eqn, (36) should satisfy (37), 
from which we can write 


s 4- k +1 — A ^ 

n+1 ~ {k + \)(2s+k+2) 



The series governed by (39) does not lead to a satisfactory 
solution unless the series breaks off after a finite number of 
terms. The series breaks off after r the n'th term if we set 

C fl '+ o=0. Then from (39) : 

//' ■+ j+1 — A=0 or A=7 z'+.?+1 ...(40) 

Clearly, n' must be zero or a positive integer. Now', 

vjj? 

neex, 

4E‘Y „ E 

— ri 2 c 2 a 2 m 2 c* — E 2 


E=mc 2 (l-by 2 /^ 2 )~ ,/2 



This gives the energy for the hydrogen atom, where A is given 
by (40) and s is the solution of eqn. (38). Equation (38) has two 

roots given by 

's=-i±i [(2/+1) 2 —4y 2 j 1/2 , ...(42) 

out of which one is positive and the other one is negative for all 

/>0, For 1=0 both are negative, but y is very small (very nearly 

equal to r/137) so that the use of the upper sign in (42) gives a 

value of s that is close to zero for physically interesting values 

of z. Thus 7? f (r), which behaves like r* near r = 0, is though 

singular, the singularity is mild. The charge density eP( r, t) is 

still well defined at the origin. We thus use the upper sign in 
(42) for all values of / and obtain from (40) ; 


A—/2'+ i+i [(2I+l) 2 -4yY 2 
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V J - 0 8 (/ + 1)3 ■ 

3 


or A ~n 


1 2 j (V|j 8 (/Hji 

2 7+T ~ 


J, 


* * • # I I 


j/4 

8 (M-1T 3 


UTv 

where ;i = (/i'+/ +J) . ' 

positive integer values. hCt0tal 5 u "tuin number and 

Using (43), the ener , j . 

£=,„= , I' ^ CVe S 1 arc given by : 


...(43) 
it takes 


me 2 




1 



n 


or E~mc 2 I 


iy2 


yi 


_V , 3y 4 ] 
2 « 2 n '(2/+T) ‘ 8 „< 


y L 

y2 

27+T 


4 


2^ 2 2n\l ± ^ 


3 \ 

4 


...(44) 


The first term on thp . i , J ***^ 

second term 1,s - of ( 44 ) is the rest mass energy tli 


^ 2r ‘ 


/??“ 2 e 4 

2/; 2 h2 


is the non-reIativistic Rydb^ra’s term *r u 

degeneracy of states with the° same » bit dif te ™. removes 

»«"« wiH, experimtia^ok h '" d °” "« 

gen atom. strucJ;L1 re of the hydro- 

10 4 ' Sof S?.?*:,®- AND DEVELOP- 

JU> 1 ajIRAC EQUATION : 

Propl h iy1,ueIprmeTtf° rd0n eqUation is quite satisfactory when 
electron arC d «tics in describing an 

accommodate the ? n ' Y SP ' n!eSS particles and cannot 

more \ C 1 ^ T ^ ' S " 0t P ° sitive deflnite Fu rther 
fine structure ^nf T ^ " 0t g ' Ve the ex P er ™entally observed 

ciate anv nhvs 1 /' ^ and j ‘ is n0t able t0 asso ‘ 

te any physical significance to the negative energy states. 

equation^n! deriVa ^ ,on ° f thc e q u aUon of continuity for K.G. 

vative is fT u 1C appearance of the linear time deri- 

wave functio V ° ^ fi ' express !° n for P ( r - 0. so long as the 

n satisfies a partial differential cqaution which is' 











j ' 459 

RELATIVISTIC QUANTUM MECHANICS 

! . . f Wecan avoid this difficulty, 

: quadratic in the time derivative. 1 . developing a rela- 

and hence the difficulty of ncgativv i l > > ^ time derivative. 

. tivistic wave equation which is an eqlia tion linear 

This was done by Dirac in 19-8, wl invariant and gives 

in the time derivative which is re ativis i < c]c wjth sp j n i 

positive definite probability It describes t P fae negative 

and there exists very good physical follow lhe historic 

energy solutions of this equation* We now folio 

path taken by Dirac to develop this equation. Jg „ iven ^y 

The energy E of a classical relativistic p< 

the relation : ...(45) 

The classical relativistic Hamiltonian for a free P^tcU l 

Metrical with respect to space and ‘-e denvanves.^Dirac 
modified this Hamiltonian in such a way « ^ jn 

the space derivative. In otdet o i < e quantity, 

momentum and in mass terms, we mu,, txpicss ^ q- - 

yjV+w'c* c 2 (f- x "-Py iJ rP‘ 2 ) + m \C' " ^ 

as a perfect square. The simplest possibility is ,lss, 

+P-* +/>.•* + n,ici “ ( a *P*+ * * Pv * a ‘ P> f . 

where the coefficients a„ * y , a. and ^ are yet to be etermme 
We cannot satisfy (4~‘) by taking «’.r and ^ to be ore inar> 
bers. In fact wc have 

(o ■. : p x +o,p,+ct I p : +l > mc) !! =ixx*Px+ a * a -yP*P3’~'-~ ~ ” n ' 


&x V-zPxPz “ i 

* r fy x mc+*,%,p,p x +<fpS+'W*P'+**tP' mc +^ p *‘+ 

WylhPv+^W- 1- aJpjne+fa.pjnc+toPvUK+lt'P-J” 0 ' 


p 2 fjj -Q * 

yjs and p are ordinary numbers, then the right hand side 

(41) involves the cross products of p's which do not appear on 
: left hand side. But if we take cds and fi as operators with 

i commutation relations, 


Ctvtf 


X *.)J 


a y %z i ax«s— — v.zctx j dijO.2— — ct^ay , 


X } 


n the cross products cancel out, because p\s commute with 
another, and hence the right hand side of (47) becomes : 

°xP^ + y-y^Py 2 ^ v-zpz 2 ^^ ft 1 ? 

If we further take 


...(49) 


■ V.r/=:a. v 2 — V.}— fi 2 — 1 

(47) is satisfied in every detail. 


...( 50 ) 
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^* 1US we C0nc lude that if k’s and (3 are operators satisfying 
(48) and (50), then the square-root of (46) can be written as : 

±c(<XTp x +« y p y +oi l .p 1 +pmc) ...( 51 ) 

Replacement of «’s by — a ’s and p by -p do not alter (48) 

and therefore (50), it is immaterial whether we take the upper or 

the lower sign in (51). Taking the positive sign f in (51) we write 
the Dirac Hamiltonion as : 

#=cfavPx + ecypy + **p%)+ firnc* 


Cx . p -J-/3/77C" 


—> 


Using (52) 
Hy=E(j> as : 


““inc a - 

we get the Dirac's relativistic 


..,(52) 
wave equation 


ih 


c(5 

of 




(—the a . V + jBmc 2 )*ji 


...(53) 


To characterize equation (53) completely, we need to find 

the matrices &.s and 8, called the Dirac matrices. For a simnle 

representation of these matrices, we shall make use of the Droner- 
ties these matrices should satisfy : ^ 

. 1 . a *^ * Xy * Vi K f a . nd ^ should be hermitian in order that 

the Hamiltonian H be a Hermitian operator. 

From (50) we see that the eigenvalues of all of these four 
matrices should be ± 1* 

From the anticommutation relations (48) it follows that the 

trace of each of these matrices vanishes. For example. 

{V /5 2 =1 =>£- 5 =0} 

and by the cyclic property of the trace (Tr AB= Tr BA) we have 
Tr «* =—Tr Px x B= — Tr p 2 «*=-Tr « x =* Tr. « B =0. 

Since the trace is defined as the sum of all the eigenvalues 

the number of positive and negative eigenvalues +1 and _ 1 

must be equal, and the a’s and ji must therefore, be even dimen¬ 
sional matrices. The simplest even dimensional matrix may be a 
2x2 matrix. Any arbitrary 2x2 matrix can be expressed as a 
linear combination of the Pauli matrices a u , 0y , o> and the 2x2 

unit matrix / 2x2 (see problem 19 (rf) of chapter-3). Pauli matrices 
satisfy the equation . 

Q x <j y — ia z ^ {54) 

together with two similar relations obtained bv permuting x"y - 
But it is impossible t o find a fourth matrix which ■ anticommutes ' 


t In his or 8 inal P a P er > Dirac choose to use the negative sign in the eqn. (Sl> 
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with an .he rt. Thus .he .wo dimensional ».rioes * and , 

are not possible. „> san d Scanb'erealized 

The smallest dimension in w a particular 

is four, and that is the case we shall study 

explicit representation the matrices are : 




0 Gpt 
0 


; */ 


a 


X 


‘0 Gy 
Ov 0 


otr 


0 


and P 


I 

0 


0 

...(55)t 


^ i* * 3 iid I js the 2x2 

where „„ o, and a, are the Pauli spin matnees 

* 


unit matrix. the Dirac equation 

Charge and Current Densities. We have 


as : 


(-/liCK. V +p m<? ) lM" sf ■ 

Taking the Hermitian conjugate of (56), we get 


I « I 



iticVPt- a +^ mc ' 


ifi 


^ I x 

3/ 


Multiplying (56) from' left by' « «'»d CT iron, right b, * 


7t=«; /st=? and Vt 


... (57) 


V}, 


we obtain 




ihcdifa. V^+mc 2 gf ’ 


itic V <!'f •+mc 2 (!)tp a. 

Subtracting (58) from (59), we get 

3(4t4) 




jn 


dt 


U). 


...(58) 

...(59) 


ftl 


dt 


+zlicv *OH‘®0) == o 


or 


? Zi^D +V .S(r, /)=0, ’ 


■ i 


(60) 


where we recognize the probability and current densities as 


P(r, t)=<M 
S(r, /)=c<ittt <]) 


...(61) 


V 


Expression for the probability has the familiar form and it is 
never negative. It can very well be interpreted as the position 
probability density. The current density expression looks more 

plausible if we note that c a is the velocity of the particle in the 
usual sense : 



•j-There may be many other choices for the 4x4 matrices, but it is 
torn ary to deal with this choice after to Dirac. 
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dr 

* Tt 


QUa NTum 


[r, H] 

dr 


—> 

fr, a 


THEOr 


■' c+ **l.n, c 


Y And 


FIELDS 




dt *’ 

\ free particle or plane VVa , •••(«) 

1°' 5 ' T HE DIRAC EQUATION: AVE SOLUTIONS 0F 

cjnce^and P are represented by 4x . 

ti on u itself must be a column vector as maaiCCS ’ thc wave- 
fi |0 /i,\ 


$ 


'Rr. 0 = 


U. 


% 


..(63) 


matrices 


Using it in the Dirac equation with the exnl.Vu r 

• - - a., and p, we have P ‘ IClt form 


ax, “y j 


of the 


cp* 


rO 0 
0 0 


0 

1 


1 

0 


0 

1 

0 

0 


(C* x p a + CXyPy + CttzPz + pmc 2 ) 


1 
0 
0 
0 j 


_L 


CP y 


0 

0 

0 


z 


J/ZC W 


or 


777C" 


0 


0 
cpz 

l c(pz+ip y ) 


me 2 


^ "1“ Z/7y) 

c (Px — ipy) — mc z 

— cpz 0 



0 1 0 
o 0-1 

o 0 o 

1 0 0.J 


=£ 


— 77ZC‘ 


■£ 



This is equivalent to the following four simultaneous partial 

jfferential equations of first order which are homogeneous and 
linear in 0 ’s : 

mc l 'R+c ( p x —ip ,) 6 4 =A^i ...(c) 

mc '|' s+c ( Px+ipv) <!/»- cp z ...(b) 

C Pz Vi + c ( p x — = ...(c) 

^ ~T (PjO 01 — 6p c ,/, 2 - WC 2 <jz 4 = £04 ... (d) 

the plane wave solutions are of the form 

Vi (r > exp. [/ (k*r—w/)] ; j=\ i 2, 3, 4, ...(65) 


...(64) 
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where Uj s are numbers. Solutions (65) are the eigenfunctions of 
the energy operator E and momentum operators p x , p y > pz with 
eigenvalues Tuu and hk, respectively. 

Substituting (65) into (64), we get the following set of alge¬ 
braic equations for uj* s, where ti w~E and hk~p are now num¬ 
bers which arc the eigenvalues of the operators E and p 

(E - 77 1C 2 ) 7/, 4- o II 2 — C.pM 3 — c (p x — *Py) ^4 = 0 ...(#) 

0 w 1 +(£’— me 2 ) iu-c ( prA ipv) u 3 +cp~ ?/ 4 =0 ...(b) 

— cpzii-L—c( p x ~ ip y ) u 2 4- ( E- f- me’ 1 ) tu +0 a x = 0 'i... (e) 

“ c ( Px -ripy) tti + cp-iu + 0 u 3 + (E+mc 2 ) z/ 4 = 0 ... (d) 

it is a set of four homogeneous equations in n u ti*, and w 4 . 
For a non-trivial solution we should have the determinant of the 
matrix of coefficients as zero, i.e. 


.( 66 ) 


(E— me 2 ) 
0 


0 


- CPz ■ 

c ( Px + ipy) 

(. E+mc 2 ) 

0 


C ( Px ipy) ! 

Cp z 
0 

(E+mc 2 ) 


0 . 


...(67) 


(E— me 2 ) 

Cp% -C ( Px ipy) 

~ C ( Px ~r ipy) cpz 

On evaluating the determinant we get 

(E 2 —/;? 2 c 4 —c 2 /; 2 ) 2 =0. 

From (67). we get the correct relation between the energy and 
the momentum. Explicit solutions can be obtained for any mo¬ 
mentum p by choosing a sign for energy E. Taking E=E* 
~y'(c 2 p 2 -}-jn 2 c 4 ), we find that out of four equations (66) only two 
are linearly independent*. Thus we can solve these only for two 
of Uj, iu, u 3 and in terms of the other two, which may be taken 
arbitrarily. For convenience, taking zq= 1 and zz 2 = 0, we find 
that, 


u 5 — 


CPz 


E. v + me 2 


and z/ 4 


c (p x +ipy) 


E++mc 2 


...(68a) 


and if vve take zq=0 and r/ 2 = J 3 then 


ti 3 


c(P* 


E’+mc 2 


and 


z / 4 


cp : 


E 


+ I 


me 2 


...( 686 ) 


*Tn see it, let us consider the special case in which the momentum 
of the particle is zero, i.e. the particle is at rest. Then E=E+=tnc 2 and 
hence vve have (E—mc 2 )~Q and E’\'mc 2 =-‘2mc 2 , Then it is seen that in 
equations (66), 

(a) = c ( p x —ipy) x(c)+cpzX (d) 
and (b)=-c(p x +ipy)x(d)->cp z x(c). 

So we see that (a) and (b) can be expressed in terms of(c) and (d) i.e s 
only (c) and (d) are linearly independent. 
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“ ,nn ^ yUAN 


c rt j ]lf ; „ antUKY AND FIELDS 

.‘fOlutions (68 a i\ S* 

Mpresied"' 1 K* nd "tierStlo'nS'Dosi?” ° f so, ” li »»s for 

r“ nMion “ ergy can bc 

*«. two z *"*»*. ,*r*r * 


WO Obtain two S ol l ,,i„TwbiS7' , ' E " E -‘-^ c >'+"'’e‘). 

ns, wh,ch ,ro convanienaj, writ , en 

- B~m^r > i<2 = -±Jb±lPj>) 

and C f„_ x &--mc* »"»- »'»4=0 ..(69a) 




_ /?(C 2 ’ “2 — 7?-2!*_ . _ a 

The four liner,y ^ .'"‘i "f 

r 1 -j ulu Lions are thus given by. 


u l (p) 


1 
0 

_ CPz 

&+ +/77C 2 
C _ (Px± Wy) 

E-h-j-nic 2 j 


u 2 (p) 



0 

1 



4-me 2 
CP: 


v l (p) 





and 


-Eh+wc* j 

r ^ c (px—ij hj ) 

E-—mc 2 

_ — g Pr__ 

E~—mc 2 
0 
1 


v\ t> a in the above are known t , L 1 -I 

4’ 2 are the positive energy spinorsaf! ^*" w - “ r (P); 
are negative energy spinoS J h spin T ^ ® ’ ^1. 2 

°f the Dirac equation for a free J-rn 9 ^ SP1 " d ° Wn> -SW«tfo« 
r 4' rac multiplied by exp . U (LI-~ U \? tVen fnm (65) G5 

r-sn 41 4-v on^rt r, r^r is 

order of v/c times “ 3 and ^ are ^ 

U ~ are //;e large components ’while ti 7° COmponents inland 
small components. Opposite is true^foT ,7° C ° mponents ar e 

spmors. In the limiting case of the-oartJ® negative ener 8 y 
spinors have the simple form • 3t 16St (p==0 )> the f our 

Energy E : + mc . +/?7c , 2 

0 


Spinor : if 
Spin ; 



U' 



and v 


t 



i 


Pi 
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< 


Orthonormalify and Completeness ReIat«ons for Spinors. For 

a particle confined in a cube of side L and volume V t we can 
write the plane wave solutions of the Dirac equation as 


i> (r, /) 


1 


M\ 




it 

n. 


exp. {/ (p-r— Ept)/^}, 


...(71) 


\-7 


where p.-=tik is the momentum and Ep —is the energy of the 
particle. 


For the positive energy states, we have 

1 


^ (r, t) 


von 


u r (p) exp {/ (p* r— E p ()fa}* 


...(72 a) 


and similarly for the negative energy states 


*1* (r, 0 


1 


V(V) 


v r (p) exp {i (p*r+iV)/M* 


...(726) 


Substituting (72a and 6) into the Dirac equation (53), we get 
the equations satisfied by the spinors u r and v as 

...(73a) 


(c a*p+$mc 2 ) n r (p )=E p u r (p), 


and 


(c a*p +Pmc 2 ) v r (p) 


EpV r (p)* 


...(73 b) 


Taking the Hermitian conjugate of equations (73). we get 

(p) (c oc«p+ pmc 2 ) = E v u r f (p)> 


(p) (c a*p FpHic 2 )^ — (p). 


.., (74a) 
...(746) 

Multiplying (73a) by a r f(3 from the left, and (74a) by fiu T from 
the right, and adding the two we obtain 

2mc 2 u r ju r — 2EpU r ypu r , * 

because a and p anticommute. Defining the adjoint of u by 
u — ujfi, we write (75) as 


E 

u r fit r «=—— 0 u r u r . 

me 2 


0 


...( 76 ) 

■ 

It is advantageous to normalize the Dirac spinors per volume 
mc 2 /E p rather then per unit volume. Because, if we start with a 
unit volume when the particle is at rest, then it will be reduced 
by the Lorentz-Fitzgerald contraction to 


in the direction of motion, when the particle is moving with a 


# 
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j^encc the probability density per unit volume l u r iu r ' 
hp invariant. By defining the normalization per volume 
from (76) that the probability density acquires th 

n 4 ^ it * 


v el° . 

ill |,ot 

"'“r &/»«’ 1° compensMe for the Lorenlz' contraction 

Th 61 


ii T ru 


V 

J ^v 


Using it in (76) 


we find that 


me 


ft 7 «' = 1 


.. (77a) 
...(78a) 


U 


ions 


for the negative energy spinors, we have from cqua- 

- ✓fT/iL'N of 


s ;S l ^ d (74Z ’ ) that 


v 7 f 


£p- 


771C 2 


V T X T 


- (79) 


The 


normalization demands 


t? r tv r 


£ 


7? 7 0 


* * * 



From which, 


v r v r 


1 


.. (78/;) 


Next we consider the orthogonality relations for the spinors. 
are two positive energy spinors which are the eigenfunctions 

r the same Hermitian operator, ca-p+Bmc : . Hence we can . 
aY s choose them to be orthogonal to each other and hence the 

...(79a) 


rthonormality condition for them becomes . 

i?(p)« , (p)4.(f,s= 1 . 2 ) 

Similarly, for the negative energy spinors (p) we have : 


V T (p) V s (p )= — $rs 0'» s ~~ r 


...(79 b) 


, « O ociiv chmv that the solutions a r (p) 

Furthermore, we can easily s 

id v T (p) are orthogonal to each other. For it we lave 

(c a*p+p me 2 ) if (p)=£p !,r (p)» 


*’t (p) ( c a.»p+^ me 1 ) 


£>•’ t (p) 


^ 1 ^ '• “ ; . ' , it+fi from the left and 

Multiplying first of these equations y . we get • 

e second equation by jSu r from the right a °* 

2 me 2 v ! (p)p. r (p)=0 V s (p) !<r (P)"^ ^ ’ s 
Similarly it can be shown that: 


u s (d) v t (p) 


0 (r, J==l. 2 ) 


..( 81 ) 
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Because of the orthogonality and the normalization relations, 
the Dirac spinors satisfy the following completeness ie a / 

...( 82 ) 


2 

£ 
r~ 1 


{«/ (p) a s r ([>)-*/ (p) V (p)}“8«fl 


The minus sign in • the above arises due to normalization 
(78/;) for the negative energy solutions. 

Interpretation of Negative Energy Solutions. In Dirac theory, 
the ground state of an atom is not the lowest state since there 

exists a continuum of negative energy states from ~ mc t0 '“ co ‘ 
If an atomic electron with energy greater than +mc z emits spont¬ 
aneously a photon of energy greater than 2 me 2 and falls into a 
negative energy state, it will keep on lowering its energy by 
emitting photons since there is no lower bound to the negative 
energy states. Since the ground state is stable, such catastrophic 

transitions are not at all physical. 


£ ~ vtc 


£ 




PzO - - — 






£ t - * rrrrrr. 


'77777s'* // 


4U&/.’rd 


r*o 


Ig. 1* 


In order to remove this difficulty, Dirac proposed that all 
the negative energy states are completely filled under normal 
conditions and due to Pauli’s exclusion principle transition into 
these occupied states is prevented. The Dirac sea of completely 
filled negative energy states is termed as the vacuum. Though 
thepositive energy electrons cannot be transited to the completely 
filled negative states, there is no restriction for a negative energy 
electron to absorb a photon of energy greater than 2mc 2 and 
become an £>0 state. Consequently, a 'hole' is created in the 
Dirac sea. The hole is a particle of charge and positive 
energy. Anderson, in 1932, actually discovered such a particle/ 
called the positron. 

Let us examine it a little more closely. The absorption of a 

* 

photon of sufficient energy by a negative energy electron, will 
escalate it to a positive energy state, i.e., 

e ~E<0 +7h ° tOn ^ e ~E>0 
According to liole-theory, this appears as 
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Photon-«r £ >0 +^ £>0 

Although a photon cannot produce an electron positron pair 
in free space without violating energy and momentum conser¬ 
vation. it can occur in the Coulomb field ol a nucleus (pair pro¬ 
duction). On the other hand, if a positive energy electron fills a 
hole we have disappearance of the electron and positron as 
particles with emission of photon of energy ^ 2 me 2 (pair annihila¬ 
tion). Both of these processes have been observed experimen¬ 
tally. 

10*6. SPIN OF THE ELECTRON : • 

As we mentioned earlier, the Dirac equation automatically 

accommodate the spin of the electron. To prove it we write the 

Hamiltonian for a Dirac particle in the presence of potential V(r) 
as : 

b 

H~c a*p+pwc-+ V(r). . ...(83) 

Since the potential is assumed to be central, we might expect 

that the orbital angular momentum L=rxp is a constant of 

motion. To investigate this, let us calculate the time rate of 

change of L in the Heisenberg representation. Considering the x- 
component of L we have : 

dr . -> 

in H]=i(yPz—zPy)> (c a«p +Pnic i +V(r)] .. (84) 


Since a, y , z and p x , p yi p, commute with a and [3, and also in 

polar coordinates, L x is a function of 8 Sc 6 only, while the 

central potential V(r) does not depend on 6 Sc p, and hence L x 
also commutes with V(r). Thus we have 


dJLx 
in 




dt 


c {(yPz-zp y ) (a x px+* y py+a s p a ) 

- (KxPz + o-vPv + asp.) ( vp. — zpy )) 
c \ a 'yp: ()Py ~ Py J ; ) — p y (.Zp g — p*z)) 

— /h C(u.rpy ~<Xy p z )^0. 


,.. ( 85 ) 


Hence the oibital angular momentum is not a constant of 


motion in Diiac theory. However, we expect on physical grounds 
that it should be possible to define a total angular momentum 
which is a constant of motion in a central field. This means that 
we must find another operator such that the commutator of its 
^-component with II gives the negative of (85). The sum of this 
operatoi with L is then a constant of motion and can be inter- 
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preted as the total angular momentum. It is not difficult to fi nd 
such an operator ‘ 

/ft ^£L=jV, #]=[>,’, cpAo'.tf+pmc' + Vir)].. 


dt 


r 


0 I 

where h—\j q 
' \ 


J with / as the 2x2 unit matrix, 

* . I 


} and p f 
I 



0 

(7 


/ 


so that Pi o's= 



a 


or /h 


cb 


X 


dt 


i 

h 

- = CP, |cr x ' {Gy p y -\-<*\Pz)—{Vy Py+C* P*) C *'} 

= CP 1 {(od Oy—ayGx’) pyb(vx a z’—Gr! Vas')pc} 

~c9 l {2h' : - 2/ 

= 2 /e P| (tj s f py — o/ p~) 

'z='2lC [&zPy &yP'') 


£. 


. ..(86)7 

“> H> 

Pi a} 


From (85) and (86), vvc hove 




dL., 1 nW 

~dt + ~2 " HT 


0 


-..{87 


) 


Thus (L x ~ ft 7 ) is a constant of motion and not L We refer 




(L +Jh c') as the total angular momentum, which is conserved. 

It is the sum of orbital angular momentum L and spin angular 
momentum 


S = a # 


.,( 88 ) 


Hence Dirac equation automatically endows the electron with 

the spin previously ascribed to a hypothetically spinning motion 
of the electron. 

2 C-7. MAGNETIC MOMENT OF AN EL ECTRON: 

It is for many applications convenient to express the four 

component Dirac function in terms of two component functions 

•A. 




««“'£) and 'h 


1 


as 


& 


-..(89) 


j . / t I ^ W Gy 0 


bxOy 0 


0 


~ia/ 


»* 


<J y 


°y (J x 


la 


h z 0 

0 ior : 


& 
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t terms of (90) and the 2x2 Dirac • -- - (90) 

ln pjrac equation can be written as • ' inCCS (5a) ’ thc ftcc 

pa ftlC _> 

c 1 % ^ (t) + (o -/) ” ,c2 (f ) = E [' l> ' A ) 

\ ff.p O' ' Y ' wW \6 B j ...(91) 


Mow wc consider the nonrelativistic limit of the Dirac earn 

- .. -« electron of charge c interacting with -w. q 

The intpra^;-- c . llh a 11 ->«Uomag- 


for an 


SS^W(A,F). The interaction of , he 

f C ld is incorporated by thc standard prescription ; 


V~>P 


A and E~,E cp 


...(92) 


can 


pence thc Dirac equation in the presence of the e m field 

be written as : llua 


/ 0 




o c (p—?/c A)^ f I pA 


(p ^~e}c A) 0 


1 




0 \ 0 / o. j \ 

r I 

‘D Vvu 


, ) - (£ 

VU/ 


ep) • 


iD 


'h 


-> 


Defining TC = (p —e/c A), we can write it as 


(0 1 

c<y*r, I r q 


t 

VA 


I 


T^ 2 

/ VO 


I 0 


J 


^’Wep (} 4 W(*- 

V-B/ wa j \6ij 


...(93) 

In the nonrelativistic limit, the rest mass energy ‘me 2 ’ of the 
electron is much greater than its kinetic energy and the interac¬ 
tion energy e<p t Thus we can write 


iiBl 


4m 

$JD 


fmc 2 //Ti, 


...(94) 


*V h-**t 

where A/i and are relatively slowly varying functions of time, 
because their time dependence is given by the kinetic energy of 

the electron. Substituting (94) into (93), we obtain the nonrela¬ 
tivistic limit of the Dirac eqn, as : 


-> 


/ r 


co.rr I t B ) +e ? 

VA> 


2 me* 


0 


6b 


i-ita 


* 9 


ot 


...( 95 ) 


“ 1S equivalent to two homogeneous equations : 
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C <y»7T tj)Q 4" C<p ^ = /t] 


nr 


and 


.. (96a) 


^ ^ JJ 


... (9 6b) 

■ 

For small kinetic energy and the held interaction energy, we 

o.|. ^ 

can neglect the terms ih ■ ~ and ep in the comparison with 
the term 2/nc 2 5^. Thus from (96b), we write 


c o*n &A — 2mc 2 T?—^ 




or 


VD 


a«rr ~ 


2 me 


• •*(97) 


Inserting (97) into (96a), we obtain a two component spinor 
equation : 


* _T_ 

itl 


CVA 


C t 


-> -> -> -> 


(r7°7z) 


2;j; 


be?? 


UV1 


-T -> 


From the identity, (c«A) (a«B) = A^B'f/a^(AxB) [see 
lem-9 Chapter-7 we have : 


...(98) 

prob- 


* * * 



-> -> 




(a°”) (<?o tt) = 7 :^ T iv* (x X 7t) 


77 X 7T = 

Now, 


p -T A x P-b A 


J (pxA-fAxp) 


(p X AT A Xp)i— pyT — PzA-j'T AyPz — -Tpy 


— / ti —“4-/11 


dAy 


dz 


in (VXA). 


...(100) 


Since (p y A z —Azp P ) —/h 


Jy 


8 A,-A,Qf 


/h 


0/ 


* v 


.0/ dd'j 

Aj ~ r/ 5--T a 

. 3j» 0J cy 

8 Ai 



* * 


(p?Az-Azp p ) 


dy 

ih 


Similarly, 


dAz 

dy 


(AyPz pzAy) — / Tl 


dAy 
cz 5 


and hence eqn 


• (100) J 
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Similar relations can be found for the y and the z components 
of (px A-bA Xp). Thus 

. (p X A+A x p)—iTi (V X A)=/ti B {V B—curl A} 

-> -> j -> ~> -> -> f~> e \ 2 eft n 

t:X7 C—-— B and (a-n) (a«v)— -"A I a*B 

Using it in (98) we obtain 



?4m r (p—g/c A) 2 

dt ~ L 2/7? 


2w?C 




This is known as the Pauli equation. Comparing it with the 
Schroedingcr equation for an electron in the presence of electro¬ 
magnetic field we see that ( 101 ) involves an additional term 


containing B. 


The term 



represents the correct magnetic 


dipole moment-of an electron. The two components of suffice 
to accomodate two spin degrees of freedom of the electron. Thus 

the correct magnetic moment of the electron corresponding to the 
gyromagnetic ratio g~ 2 , automatically emerges. 

10 8. SPIN ORBIT ENERGY : 

Dirac equation in the presence -of a central potential V(r) is 
written as : 


Eib — [ccf^ p+/3 mc z +V(r)] 6 


...( 102 ) 


From it we have seen that the spin of the electron is automati- 
caHy incorporated into the theory. We now show that the spin- 
orbit interaction energy is also a consequence of the Dirac equation 
(102). For it we shall be considering the nonrelativistic limit of 

V ie Pt r ^ c cc I ua tion O 92 ). In terms of the two component spinors 
4 'a and t h B , we can write ( 102 ) as : u y 


°\('KA , VM (h 



T ., , ...(10 

* n tlic n °m-elativistic limit we write E=E'+>nc*, where me 

much greater than the kinetic energy ] ~ and the potential ener 
V{r)\ Eqn. (103) can then be written as the two equations : 

f 77' T/\ t T* 


{E'-V) — C (7. p) ^=0, 


...(104a) 
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and 


—> 


(E'+2mc*-V) ipB- c (tr.p) <J*«0 


4 4 


•(104b) 


From (104b) we have 



Vy 1 c (a.p) tjbi 


Substituting it into (104a) we get 

1 £p)(i+ 


E' KJA 


F'~ r/ \-i —> 

(cr - p) 4 ^ 4 " FCm 


...(105) 


2/72 v ' ^/7/C a 

Since £” and F are much smaller than me 2 , in the non-rela- 

tivistic limit, an expansion in powers of ( E'—V)/2mc 2 upto first 

order only is a good approximation. Therefore, eqn. (10 5) red¬ 
uces to 


E 'd 




_1 

2m 


(u.p) (a p) 


1 


E' 


2mc 2 


1 


2mc 


*4 


(o-.p) V(r) (o-.p) 




Vi a 


...(106) 


From (a. A) (/.B)~(A>B) + i a. (A X B) we have, 


Also 


(cr.p) (a.p) = (p.p) + icr.(p Xp) =/F. 
pV=Vp-ihVV{ 7 (p V) /= - /1» V( HO 

= F(-/hV/K/(-rtV)} 


(cf.p) p)=F(a.p)(cr.p)—it) (er. V F)(c.p) 

= Fp 2 -zh (VH).p+«r'.[(VF)xp] 

Using these relations, (106) can written as : 


<Ju 



1 


F/-V\p 


■o 

i- 


n 


2mc l 2m 


-f F 


ipA - 

h ■ 


* o 

n- 


4w 2 c 2 



m 


4/72 2 C“ 


«•[( V K) x p 


.. (107) 


Since V is a spherically symmetric potential, we have 


VF 


r r/F . /r _, T ,. „ dV d 
7 and (V F). V ” 


r dr 


dr cr 


\ 


Therefore (107) can be written as : 


£’ A 


PI _ p: _ + V 

2m Sm J c 2 


ti 2 r/F 8 


L 


1 


4/hV 2 dr or 2m 2 c 2 r d) 


1 ^F c t , . 

j- s.L • iJm 




2m ' [ ’ 2m 


...(108) 




i h cr and L=rxp 


f 
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rrst and the third term on the right sidc of(10g) 

.fh 6 ! t ivistic Schroedinger equation. The second term has 

„on re ‘ ft i, e cla ssical iclativistic mass correction, which can be 
d 1 ® /v-,rrn 0 vnanding the cquaie root of £ 2 =c s /j 2 -f»i 2 £ 4 as • 

hV C ‘ ‘ ' 2 , m 


tl' e *;„ed hy 


o 




in e ' 

£ 


2-2 


(C*P 




7 S CV 


4*1/2 r= 77 1C 


1 + 


pic' ( 1 t“ 2m i c i 


P 


2 


p 1 _ 

8/72 4 C 1 


pi 


/ ; / r 

me 1 ^'2m Snfic' 2, 


in (108) g ivcs tlie spin orbit energy, which is seen to 

j^st tci toma tjc consequence of the Dirac equation. The 
ppear a5 . g a s jj-nilar relativistic correction to the potential 
3 iir th terI uj C h does not have a classical analog. 

:er8> ’ Ip RATION OF THE EQUATION AND THE 

' 9 - HYDROGEN atom PROBLEM : 

. e q lia tion for a central field can be separated with- 
The - nroximation, in the spherical coordinates. To do this 
define radial momentum and velocity operators as : 

p r = I (r.p-ih) and «r=y (*- r ) 

We als0 define an operator K which is related to the angular 

men turn L as . 

. ...( 110 ) 


..(109) 


K= J9 (/.L + ti) 


where a >=[ a> -2\ With o-s as the 2x2 Pauli matrices. Let us 

0 cr 


now calculate the value 


arPr + tr - 1 * r pK=— (a.r). y (r-P'^ + pr ( a * r ) 


{V p*-i) 


1 




(a*-r) ((r«p) + fcf'«(rXp)] 


{V L=rxp) 


T (Tr) (t.r) (a«p) 
/ 


X 


i 


* 
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r 


i 


i 

i 


—> -> / 0 <? • A 

(a * A) (a« B)= ( -* 

'o'* A 0 


0 a.B, 

0 ' 




) 


= / 
1 


(o’*A) (cr*B) 0 

0 (tf*A) (ff-B) 

—> —> 

Using (a. A) (cr*B)—A•B-f i c?*(A X B) 

into it vvc get at once, 

(a* A) (a*B) — (A*B)-j- / cr *(A X B) 


j- 


i 


— 1 pr (ctj- X T c _y 3 f T~ ecz A' - l" T “h (a 8 p) 


1 


(a x 2 X 2 + t/, v «y xy+u x «- a* >’*+«//-! 


2_L, 


/' 


ffj, J>Z+aj a* Z^+Cfr cry ^ + a S 2 Z 2 ) ( a *p) 

1 

=- 1 -f^c 2 +> 2 +^ 2 ) (a«p), because other terms vanish 

f M ^ V 

due to anticommutation relations of a-matrices, 

,\ « f /?r + “ a r j3A"=(a*p) ...(111) 

Using it, the hamiitonian for the Dirac particle in a central 
field V(r) can be written as : 

* 

H=c t 7 ic 2 V(r)—c u.f pr ~\—7 ov V{r} ...(112) 

«# 

The eigenvalues of K can be found by squaring equation 

( 110 ), 

-> ■ —> —> 

K~=l 3 (<x'.L+tl).|3 (<r'»L + h) = (a'L+tl ) 2 

= (tf’.L) ! +2ti (T'.L) + b 2 

=(L+^W) z +ib"- 

=./ ! +p 2 

—> 

{V L4-Jti o' is the total angular momentum J} 

This means that the eigenvalues of X 2 and J 2 are related to each 
other by : 

ti 3 * 8 - / (7 + 1) hH Jh 2 =* fc=±0‘-H) 

so that k can be il, und so on. 

We now choose a representation in which H and K are dia¬ 
gonal and represented by numbers E and K> respectively. a r and 
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fhe a r n clations e rCpl ' eSentcd by Her milfan matrices which satisfy 

C'. r ^ - J , ^ 

™«-? n |! Cry ea , sily bS ■ Veri7ied - Such matrices can have two 
lows and two columns ami can be found out to be 

M! 0 0 -M 


0 -1 


l 


Further, since A- is related to the total angular momentum! 
the angular and spin parts of the wave-functions arc fixed bv the 
requircnicn that <|i be an eigenfunction of the K operator. Also 
k commutes with // (see problem 6(c)) and hence the emenfunc- 
tion w of K is also an eigenfunction of If For the commits*-" 

o the energy oi the system, only radial part of the wavcfunction 
is needed and the structure of B and a in P n, m 5 \ nC °, n 

that the radial part has got two components, which we wi dens S 

\C(r)/r) (]1 . 

Substituting (114) and (113) into the Dirac ecm-finn m r\ 
with the Hamiltonian (112) we set : equation H$=Eb, 

t n ’(° 4 (? A Hi l 

° )+v~e)( F ^ y 

Tl . . , , ■ - ,nc 1 1 \ G{r)/r 

This is equivalent to the following two equations : 

(E-mc°--V) F(r)+%c^^ 1 1}ck 

w - dr 


me- 


0 


= 0 




r 


G(r)~0, and 


(E+mc’—V) C (r) - +^lL F(r)=0 




These equations may be further written as : 

rnc-—E V 

- I l'(r\A — 

d) 


i 

J 


,..(115) 


tic 


h c j 


\ r( \ t dG(r) k 

) F w+-2 +- m =o 


i * 


.(116 a) 


and 


mc'+E v 


he he 

Now substituting 
mcZ+E me 


G (r) - 



dr 


+ — Fir) = 0 
r v J 


...(116b) 


a 


2 -E 


i > 


a 


nc "* J h 

Equations (116) read as : 


. ; V(«1 

hr 


— ci and p^=o,r 


V d P P ) (a hra 

dp PI 'a hc« 


F= 0 


( 


6=0 


.(117a) 
...(117b) 
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Hydrogen atom. We now find energy eigenvalues of equa¬ 
tions (13 7) for the case of a hydrogen atom. The potential for 
the hy rogen atom is given by 


V(r ) 



/* 


...(118) 


Using (118) into (117) and denoting Ze z j\\c by y we get the 
equations to be solved as : 


cl k 


dp 

cl 


G 


Cl 


y 




F~ 0 


...(119a) 

, ... , . ...(H9b) 

up PI \ a p 

As in the case of nonrelativistic treatment of hydrogen atom, 


k 


F 


a > j~ L 


<7=0 


we seek solutions of the from 

F=f(P) e~ p and G~~=g (P) e~' p 
Substituting these in (119) we obtain : 

/eg" ( do _ y_ \ j' _Q 


...( 120 ) 


g'~ g + 


a 


P 


fr 


J 


/ 


kf 


a 1+ y 


...( 121 ) 


a 


P 


g=* 0 


To solve these equations for/and g we use the power series 
method : 


f=S a n 9 £J ^ ; a 0 ^- 0 


i 


n 


g=H b T ,p C4, ‘ ; b 0 y±0 

n 


> 


i 

j 


...( 122 ) 


where 5 is so chosen that the solutions F[r and Gjr are well be¬ 
haved at the origin. 

Substituting (122) into (121) and equating the coefficients of 
ps-j-v-i £ 0 zero , we obtain the following recursion relations : 


Cs+v-b/r) bv-bv-i+ya 


and 


J+v—/c) a 


V 


a 


v-i 


ybv 


& 
0L n 

a 
a 


flv—1 —o 


1 




- , *v- 1 = 0 

a 




...(123) 


when v = 0, the equations analogous to (123) are : 

(i'-f./c) £> 0 + 7n 0 ~0> 

and (s—k) a o -yb o =0 


...(124) 


Equations (124) have the required nonvanishing solution for 
g 0 and b 0 only if the determinant of their coefficients 



7 

s—k 


s-\-l 


7 


o=> S-— ± ( k z —yyi 2 


..( 125 ) 
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prom the boundary condition at the origin, the wavefunction 

, u e finite at the origin. For this, s should be positive and 
m llSC in ( 125 ) we take only the positive sing, Le., 

h en s=(fc*-yS)» p ...(126) 

■Nlow to obtain a relation between and b? we multiply first 
f equations (123; by a and second by Then 

0 ( 5 _|-vd-fe) a&v" «&v-i+ayUv“ « 2 «v ! ~0 

— /r) ccgflv-l" V"/yby 0 { < kic<>— tt } 

Subtracting one of these equations from the other we get : 
£ v [a (S'Fv *F k) a 2 y]~[^» (■£ 4*v /c) — ay] , ..{127) 

The power series solutions at large r is determined by higher 
terms, unless both the series terminate. For higher 
p , terms, we can neglect constant factors in comparison to m 
and write (127) as 


= —«v 
a 

Using it in (123), we obtain 

- <T7v_1 a od 

V v 


.-( 128 ) 


Now, = £ 

n 


( 2 ?) 

ii ! 


91 


E Cnf 11 with Cn 


n 


2 n 

n 


c 


Cy-i 


This means that the series for/and g have the asymptotic 

from e 2p , and the solution F and G will, therefore, behave like 
2 p e -p_ e +p Thus the solution blows up at the infinity, n 
ord'er to get regular solutions, the series must be terminated after 
a finite number of terms. Suppose that it occurs at v=n . so th. 

a =0 and b , , .=0. Then taking v-n' + l, both of eqns. 

V + l « + 1 


123 give the relation 


a 2 n 


/z' 


a& , ; H* — 0, 1, 2, 

n 


...(129) 


To obtain the energy levels, we set v-n in (127) and make 

use of (129), we get 

“2 „ r„ rcXn'4-A:l + «,y]=fl - t« 2 (s+«'-/<) 



a /z 

or 

(7.0 , 

- y -fay 

a 

or 

ot 2 2 y+cFy 

a 

or 

2 a (s+ri)- 


n 


2a 2 (s+tf ) 


~=2a 2 («+«') 

(a,—a.) 


(V 


a 1 


CCjG^} 
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2 



m 2 c 4 ~E l 


/H 


Squaring both sides, 


h 2 c 3 


(s+n‘) 


Tic 


4 


2 ,>4 £2 


»rc 


or 


or 


(.5 + n') s =4 


o r-"i 

y-ii * 1 


Ti 2 c 2 


£ y+Ts*- (.s -}* «0 2 ~iw ? c 4 (^+//) ; 

W ■ l + 


;/ 2 2 c 4 


or 


E~wc 


.2 


1 


Now + y2 j 

= w ' + (./4B) 


”' + (/4B) 

(«'+y+j) 


_Y 

(.y+//') 2 J 

*1/2 U.2 — ii * _i 


■ 1/2 


...(130) 


; «'+[(/+l) 3 -y *] ,/2 


1 


Y 


(j+i) ! 


1/2 


1 


1 

2 


y 


1 


y 


■i 


1 y 

2 


( j+ ir- 

2 i 


8 (74-i ) 4 


y 


= 72 


_ yj. __r__ 

(2/4-1) (2/+1) 3 


(j+i) § (/44) 3 

4 


...(131) 


where // = 
into (130) 


n'+j+D is the total quantum number. Using 0311 
we get v ' 


E~nw 


r 


i-i 


r 


L 


72 


y 


2 


777C 


1 


y 


2/4-1 


^2 


3 

8 j' 

2/ 2 3y 


y 


72 — 


4 1 


2/4-1 


or 


E—mc 2 


1 


in- 2/z4/? *(+ f-1) 8/2 4 

y 2 _ y 1 / 77 _3 

“ 57* In* \ 7+| T 


...(132) 


This formula for the energy levels explains the observed fine 
structure of the hydrogen spectrum. We see that n~n ,J r\ k | is 

indeed identical to the familiar principle quantum number in 
non-relativistic quantum mechanics. 

Classification of Energy Levels. We have the relation : 


n =77 



i 

"2 


72 / 4- k 


...(133) 


From eigenvalue equation of k we observe that k can be zero, 
hence for n' > 0 , all positive and negative value of k are per¬ 
missible. However, for «' =0 a contradiction can arise from the 
relation 
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...(134) 


_ _ y . bo_ _ _ 

a 0 “ s-j/c a a a 0 ~ ~’a ’ 

respectively, since s < | k J, First of these expressions is positive 

oi Ilc fifltivc depending on k is negative or positive; whereas, 

second is always negative. Hence, for n'~ 0 , k can assume only 
positive integral values. 

Uptil now it is observed that j value of a level is equal to 
1 & I 2 * In order to connect / with the level, we must make 
the non-relativistic approximation that the orbital angular mo¬ 
mentum is well defined. 


Replacing /3 by -fl and c by <j in K, we write 


...(135) 


S' 2 


or 


Ti/C-Ti (a. L-ph) —2S‘L-f ?i 2 

Now J—L-f S => 2LS=J-— L 2 - 

"tiK—J 2 ~L 2 —S 2 -\- h 2 
From it we have, 

trh/c—/ (y-f-1) h 2 -/ (/+]) h 2 ~l (J-f J) h 2 th £ 

. ^ —J ( j+1 ) — / (/4* 1 ) d" \ 

for. ./W-J -i 
l-I for j=l~i 

As an example of energy levels in hydrogen atom, we consi¬ 
der the case /?=3. The radial quantum number n’ can be 0, 1 or 
2 and k can be ± (3 -n') except that k can be only -f3, when 
n'^0. The levels along with their non-relativistic classification are 
given in the following table : 


...(136) 


// 


k 


l 


* 

j 


0 

1 

1 

2 

2 


j 


-2 

2 

-1 

I 


2 

2 

1 

1 

0 


5/2 2 D 5! , 
3/2 2 D sl2 
3/2 2 P m 
1/2 

1/2 ^ 1/2 


According to the expressfon for energy it is observed that 
states with same j k.j or j have thc'lsamc energy and energy 
increases with increasing | k |. 

10*10. COVARIANT NOTATION: 

Before explaining the meaning of the world- tf covariant ,! we 

first define the Loientz transformations. If two observers describe 

the same physical event in two different frames of reference O and 
O', then the co-ordinates and time used by O will definitely be 


r 


k 
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different than that of 0 ' to describe the event. The rule which 
relates the co-ordinates and the time with which observer O describes 
an event to the co-ordinates and time used by observer O' to des¬ 
cribe the same event is known as Lorentz transformations between 
the two sets of co-ordinates. Introducing the space-time vector * 
with the four components given by x 3 —y, x 3 —z and 

the most general Lorentz transformation ; i.e. : omitting space 
f l time translations, between the two co-ordinates and time systems 
may be written as : 

X ~ ^fiV A‘v, • •*( 137 } 

where the coefficients depend only upon the relative velocities 
and spatial orientations of the two reference fromes O and O'. 
The transformation coefficients satisfy the relations 


CI^xv A SvXj (a 


* ¥ 


X 


b 


(a-') 


V A V ' AT 


...(138) 

...(139) 


Equations (137) to (139) serve as defining relations for both, 

the proper as well as the improper Lorentz transformations. In the 

former case the determinant of the transformation matrix satisfy 
the relation, 


a 


ii 


+1 


a 




...(140) 

Such transformations can be built up by an infinite succession 
of infinitesimal transformations. The improper transformations 
re the discrete transformations of space inversion and time rever¬ 
sal. These cannot be built up from a succession of infinitesimal 

ones. Their transformation matrix satisfy the relation, 

j| o || = — l ...( 141 ) 

An equation describing some physical system is called covariant 

or rclativistically invariant if the form of the equation docs not change 
laida the Loj entz trQiisJ'oriiititioiis* 

Any quantity transforming in the same way as v under 
L^nu transformations is known as ,. A ronjhwo 

bp with y— 1, 2, 3, 4 stands for 

b z , b^—lh, ib e ) 

' where bi, b 2 , b s are known as the mim ' 

real while b 4 known as the time component ^ theseare 

ary. In general, the Greek inc 

whereas the italic indices L j k etc run r ^ l fron * 1 t0 4 ’ 

vector .v,s=(v, a- er rl • T fr ° m 1 to 3 • In the four- 

notation x for the position vector r n b f " 8 he cl,slomary 
four-vectors b,. and c> is defined by ’ SCa ar P roduct of tvvo 
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a 

V* 


a 


Co 


tine 


/ c^=£ hi c 4=b,c —b 

j U * * * i 

ft ,. Cf ’ 

hanged under Lorentz transform* 

Jt i s 

ft' ^ io) we have, 

from ( 3 __ _ft__ = 3 

a 


* * * 


(143) 


[,', c' 11 1-' J b' 1 a P>- 0-' -'3.//, ft,. c A ==ft v c . 


ttions, since 

V *-v=b’C 


a.v 


Pv' * ' 
O A |e 


.-f144) 


t ] lC foU!‘-gi* ac ^ ent g A ^ is a four-vector. 


fin 1 

T he tiansfoi-mation law for a tensor of rank two under the 


lot° 


^formation 5 is written as : 

U 


j\ (tv ^\t\ fl % )0 ^Xo 


of ' 11 


nW ". . .A- ...(i45) 

Similarly we can write the transformation law for the 

0 her rani 


tensors 


° folir vector a, is known as time like if r / 2 
^ •- -ailed space like if cP > 0. The r 


a j a - ffo a < 0 


.. : s caiiou “ v, ^ The relativistic energy 

and ! n tum relation for a free particle, £ 2 = \ p }2 c 2 4- 


\-rn 2 c 4 , in 

rtT p 3 I t L W * ** - f ■ 1 / 

1,10 nf the time like energy momentum four-vector, />„=(p, iE/c), 
te r in s o 1 

now reads : 


P 


p 2 ~m 2 c 2 


The operator relations E->ih d/dt and p=—fh V can be 


written togethci as . 


P 


3 


in ——- = •'*Ti 9„, where d 
ax fX 


c 


ax 


...(146) 


(// should be noted that we donot make any distinction between 
a covarient and a contravariant vector , nor do we define the metric 
tensor because these complications are absolutely unnecessary in 

the special theory cf relativJy)- 

In general, hereafter wc shall always use natural units in 
which action (energy times time) is measured in terms of h, and 
length divided by time is measured in terms of c. Thus, in 
the natural units, Ti = c=1. In terms of these units, m e mky 
not only-mean the electron mass but also any one of the 
■following : 


(i) reciprocal length 


1 


1 


m 


ti tm e c 


3 86x 10 


-u 


cm 


-i 
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m, 


1 


1 


(Hi) 

(iv) 


Ti jm c C" 

energy 

m e {=m 0 c 2 ) 

momentum 


]*29x 10~ 21 


0-511 MeV 


sec 


-i 


(149) 


m 0 (—m 0 c)=0*511 MeVjc 


by 


In natural units, the fine structure constant is simply given 


a 


e 2 _ 1 

= 4tz ~ 137 

10 11. COVARIANT FORM OF DIRAC EQUATION : 

We have the Dirac equation, 

di/j 


fh 


or 


in 


or 


i 


dt 

cb 

I 

dt 


"* f 

CO 


ihc 


36 


36 36 

a*---4-r—^ +3 me' 2 6 , 

3y 3z ' * *’ 


X dx ' * 


/he 


3(/c/) 


a 


1 


30 36 36 

3^2 303 1 1 

30 , 36 , 30 \ , Bmc 2 , 

T~- 0 


CA 


r + «2 


1 


3x 


a. 


3 A': 


7-fiC 


Multiplying it by ;3 from left side, we get 


iS 


dip 
f) VP 


y *v r 


( ^*aT 1 +^*2g-j+P*3^ s )+ , 7c : if 


mr 

t t r 


in 


...(147) 


w VX i 

Now introducing new matrices y^ as follows : 


Yn 

74 




...(148) 


we can write the Dirac equation (147) in the form 

36 


y §£ . v 8 ‘P 

A 8.x, +U te. 

Jm i 


c'6 . Co . me , 

* a£+* at+T * 


0 


or 


7 


o p 

06 


a ^ 

' ax 


+ f +=° 


or in terms of.the natural units 


36 


or 


y^f+m^o 
(y? 9(1i4=0 


...(149) 

w #" i * >"1 

This is the covariant form of the Dirac equation, and in what 
ollows we shall be usina this form. Before actually establishing 

W 1 ** 

he covariance of (149) under Lorentz transformation, we 

tudy the properties of the matrices 7 ^ (/x= 1 , 2, 3, 4) involved 
1 (149). ' 
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Using the definition of the a and /? matrices, the explicit form 


of Dirac’s y matrices can be written as 






JI 

0 




°K 


0 


0 

ioit 


IGJ: 


0 


: and 


74 = P 


(A 


; where g ]: (/<•=], 2, 3) are the Pauli spin 


/ 

0 -/ 

<r 

matrices. There matrices satisfy the following anticommutation 
rule : 


^>'v+7v7,^ 2 ^v 


...(150) 


For instance, 

(0 

y 1 / 2 +727i 


i<j i \ 


/<7l 


0 


/ 


0 

/cr 2 

0 


/C7o 

0 


.1. 

1 


0 


/CTo 


0 


0 — 7cr | 

Pm 0 


or i° , 2~r°'2 cr i 

0 °‘j cr 2~i L '72 !7 l 

and y 4 y 4 + 74 ) / 4 = 2 y 474 t=: 2 ^ 2 ^ 2 . 
From (150) we see that 


0 


yi“=> 2 8 — 




1 


...(151) 


Moreover, from the definition, each of the yfs is seen to be 
Hermitlan and traceless , z.e., 


r"^L 


and r f >y = 0 


...(152) 


The product of all the four gamma matrices is often used in 
the theory and we give it a special symbol 


7s=--WV/ 3 74 
y 5 is also Hermitian as 

y t ^(y 1 y 2 727i)t^y^7ziyih'il^74727^}. : = 

y B anticomnnites with all the y/s, i.e. 

y&y« + 7^6 = 0 2, 3, 4). 


...(153) 


y 3 r27F/4^rc 


...(154) 

Jt can at once be seen that y r> 2 — 1 . In the particular repre¬ 
sentation of Dirac matrices, we have 

0 1 

7: 


l 


0 


...(155) 


We now define the Adjoin of Dirac equation. For it we take 
the Hermitian conjugate of (149), 

41 ’ (ykdh — y4^i"bz;i)=0 


3 A 


OX A ' h 


dx<\ 


d. 



Multiplying it by y 4 from the right side, we get 


or 


fit (yA-y^ + m) y 4 ==0 
4t 7i (—Yudb—yfa+m) «0 {v 


ym 
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■ 

De/inin- the adjoint of 0 by we get the adjoint of the 


Dirac equation (149) ns 




where the 


T'(->v 0,+»O=° _ 

reverse arrow on 8 lt indicates that it acts on <5. 


...(156) 


Multiplying (149) from the left by 'p and (156) by 0 from the 
right and then subtracting, we get the equation of continuity, 

d e . PP =0 or SJ, = 0, 
where the four-vector current ,/V is given by 


./. 


>5 y„ </'• 


...(157) 


J012. INVARIANCE OF DIRAC EQUATION UNDER 

LORENTZ TRANSFORMATION 
For the Lorcntz invariance of the Dirac equation two condi¬ 
tions must be satisfied. Firstly, there should be an explicit pies- 
cription that relates i Ji (x ) and <p' (x'), where 0 (a) and V (x) ate 
respectively the stales of a physical system in two different coordi¬ 
nate frames. Secondly, using the above presetiptiun, »e must be 
able to show that in the Lorcntz transformed frame the equation 

has the same functional relationship as in the original frame, i.e ., 
if under Lorentz transformation, the original state (a) is trans¬ 
formed into <1/ (,v') according to the relation : 

J/ (a")=N-Ka‘), ...(158) 

where S is a 4x4 matrix which depends only on the nature of 
Lorentz transformation % v ’ and it is independent of space-time 
coordinates, (hen the Dirac equation (149) should look like, 


(: 7 , S/i -m) y' (A')= 0 , 


...(159) 


in the transformed frame {y in is an invariant quantity and y 
do not involve space time coordinates}. 

We require the transformation between i (x) and ty’ (x') to be 
linear, because the Dirac equation and the Lorentz transfor¬ 
mations of the coordinates are both linear. Also, S' must have an 
inverse, so that if in the original frame we know ij/ (x ) we may 
express our origional wavefunction 0 (.v) in terms of (x') : 

0 (a-)=£-! 0' (x'). 

From Xv—a.j^x/, we have 


...( 160 ) 


8Xy 

8x' 

\L 


a-u 


0 A" 




ax' 


8 
ex 


ax 


Using (161) in U59), we can write 


0 _ 

dx, 


a V{i 


...( 161 ) 
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n,n0RY and nans 

(Yf. a-,,, 9v + "0 'V (x')=o 

(Yf, Q'i? 3v - r m ) S'i (x)=o 

u by S- from tt* H hsud sMc 

S ' 1 (r ? «v„ 0,-rB?) s ^ (^ =0 = a 

(S 7v 0vt"Dl) ijj _ Q 

... v? ^o^slwuVd^idVnti^^o 0 ^^"^ ” i,<h '^ 

<*”/£ « K, rcnl7 ' i0,ari!m “' This “'<«« S 

*ur conculio 11 

d tisfy ^ s~ 2 y» ^v f .=y v 



0 f 


or 


.-.(163) 

This is the " ec Q c ^ ^ the invariance 

Tl u DirlC equation under t-orentz transformations 

f %' we find tlfc condition for the invariance of the adjoint 

fD Sac eqnat^n, gi v e n ^i 

0 ^ (—<V r H -f7n)=o 


0 


Prom (558); 


...(164) 


or 

or 


V 4 



ft (TMt (*} Sf 

-f \ S| Va —otvi : S'-f 

<5'=>f• (ft st r,)). 


^ j 

/A 


Similarly from (5 60), we get 


f * * * V 1 \ 

\. yv-ij 
• ...(165) 


Yi 



...(166 



TJsin 2 it into equation (164) f we obtain 


l 


(i H f 


or 



7* (Sf)~ 5 7a (“7* Gv» dv+m)=Q 

6" yi (St)" 1 7* (”“7v c^v ®i» , *'i"^0=0 

{7 *i, v arc dummy indices} 

2 it by y^Sfy^ from the right hand side 





* V ‘~ 1 74 (—yvfluV 3'-+«0 74^174=0 


0 


...(167) 


or 0' ( —y 4 (Sf )" 1 y.i }'v 71 Si 74 V+ /! 0- 

For the Lorentz invariance, (167) should he identical to (164) 
in the primed coordinates, i.e„ 

5 ' [—y Jt ^ ...(16S) 

Comparing (167) with (168), the condition fcf the invariance 
adjoint of Dirac equation is found to be 

7^=74 (^t)' 1 7-57v 74 Si 74 

= 7 ,(Str yr S - 1 y, S y 4 Si 7a 

t • * S 1 y ^ o—r'J 

== (S y 4 St y. 1 )" 1 71* (5 St 7‘d 
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y u A ; A^Sy* Sty*. 


...(169) 


From (169), we see that Ay ( ,~y^ A ; he. A commutes with ». 
Therefore, should be a constant multiple of the unit matrix t 

4x4(SeeProb. 12 (vi)). T^Z?/=Sy.*5ty4 

or Sy 4 5 fy.j = 5> ,i £f=/> y.i ■ ...(170) 

Since y.< is Hermitian and (Sy.iSf) is also Hermitian, A follows 

from (170) that the constant b must be real. 

Noting that det (pA ) - p x dot /f, it A is Nx A niati ix . and p 

multiplies every element in A, and prescribing a notmalization to.. 

S such that, det S — 1, we have from (170) 

del 5. det y.|. det 5t= det det 

=> Z? 4 —1 or Z? = rb 1 * ... 171) 

To determine that under what condition h is -pi and when it 

is ■— 1, we consider 
*■ 

SrS=(Sfy 2 ) (y<S) = by i (.S~ ] y^) 

— by.i (a rJ 7v) 

— by 4 (<^ 4^4 Ar^i^y'A) 

— b (^7j.j/“r ^4^ ( * ,y -£)) 

{ • 7 /:“ 1 byspi 

Since SfS 1 is Hermitian and positive definite (S=£0, det 0), 
the Tr if5 > 0. Because Tr a k = 0, we get 

Tr S\S=ba t * Tr /--4c, ,> 0, 
if < - 1,6 = -i and if a u > 1, b--r J- 
Hence from (165), W ^ Cr ^ ^ 

i>' (-v')=^ {*) j" 1 i-r 11 - 4 (- v ) S" 1 . 

] . 

Form of‘S' for Proper Lorentz Transformations. To find the 
explicit structure of the 5-matrix for proper homogeneous Lorentz 

transformations we note that a finite transformation of this type 

can be obtained through repeated applications of infinitesimal 

transformations. We, therefore, first find the form of S for an 
infinitesimal proper tranformation from the condition (163). 

Infinitesimal transformations of the form,- y/ = ^ v a\, corres¬ 
pond to matrices: . 


...(172) 




...(174) 
two- We express 


where e, ;4V is an 

S (a^j) to first order in terms of e^ v as 

S (S^ V "T e ;iv) —IA~M J(l v - ...(175) 

Since, under Lorentz transformation, the scalar product is 
invariant, we must have 

jy ~ (b f£ v ^ ^ij’o 
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which, to first order in e^ v , requires e v|J ,. Hence is anti¬ 

symmetric. But the product e pv must be symmetric for proper 
Lorentz transformation and hence M„ v must be antisymmetric (.the 
product of two antisymmetric matrices is symmetric). 

As an arbitrary 2x2 matrix can be expressed in terms of 
ff x , <j y) a. and / (see prob, 19, chapter 3) , similarly an arbitrary 
4x4 matrix can be expressed in terms of the sixteen matrices : 

1 

4 x 4 (one), jy (four), y 5 (one), y h y f ( four), and ,= -( 7 //., -'A/,) 

(six). Here, M m will be proportional to cr liV only, because it is the 
sole antisymmetric matrix in the above sixteen matrices. Thus we 
have Mw =}■<?* v - where A is a constant, and hence 




.(176) 


Upto first order in e y , 


...{Ml) 


S ^—I ACjiVCTpy. 

Using (176) and (177) in the condition (163) we write ; 

£}., <t,,) y f (/+A f>., B*.)=($p V -{-» ( , v ) y 7 

or JV+Ay H s*or M -Af Jl ,a 4t y (l =y I . + €) ,, 7 ., {neglecting second order 

terms in e )lV } 

or Ae*. (y,.c w -<r„y 1 .)=e^y,=s„ s )1 ,y,=J <r 5S (S^y,-8 OJ y,) 

{v (S^r.-S^yO+KS^y.+S^rx), and the pro¬ 

duct of the second term on the right, which is symmetric, with 
antisymmetric e?. a vanishes; because the product of a symmetric and 
an antisymmetric tensor-vanishes.} 

01 A ['/[)., o'A,<] :== i‘ [ c Va7; <V *Y\ ] 

Now the L.H.S. of (178) can be simplified further as : 





1 / 

TV 5 y*’ \« 




A 


27 (7, (y*7, - 7,7 a) ~ (y a 7* - ? s >b) 7^} 


A 


27 {>Vnr* -y,y*yt<-Y*y s yr+Vsy>yJ 


A 

2 ^ 


{(2^x—y.i») 


4 * f 


y * 



A 


ps -YiYf.) Y\—‘ 


7); (2S tf#l —y^y 5 )+7^ —Y if] 


0/ {25^x7* 2Sp 5 y Al —y A ,2S 3/1 ~b7fl*2^ M } 


4A 


2/ 




r 
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Comparing it with the right hand side we get : 


A= 


l 

4 


4 * 


5*= H 


i 

4 


Cj,it & 


f* V 


•••(17.,, 


(I SO) 


4 # 


Now, as a finite transformation is built up of a number of 
infinitesimal transformations, the ,S’-matrix for a finite translur¬ 


ination a^ can be written as ; 




Lim 

cc 


J , 1 a »'i 

/+ 2 " / <V' 


n 


. where 


Lim 

■*r • 

n co ;? 


:1SXp. {/^y 


<Vv/4} 


4 t 


7/ 


Lim 

~ CO 


1 


A 


// 


n 


7 * 

= e 


icu-,a..;4 

<!>' (.v ) = e wl 



...(I SI) 

Transformation Matrices for Improper Transiormafion. J he 
improper transformations are the discrete transforma ions and 

there arc no infinitesimal transformations which can generate such 
transformations. Two important types of discrete transformations 
are the /'-(space reflection), and the /-(time reversal) transfor¬ 
mations. Now we find out the explicit form oi the transformation 
matrices for these transformations. We start with the /-transfor¬ 
mation. 


(I) 


P-trcutsfoni'Kitioii. This transformation changes Aj, av, 


into 


A 


1 > 


Xo, 


while a" 4 remains unchanged, / <?., 


Xi 


A/ 


and a 4 -> ac/=-- 


A 


-v 4 


...(182) 


Denoting‘the transformation matrix for this transformation 
by /, we write 

6' (*') = / lb (.y) ; ^ (x)~P" 1 'l 1 ' ( x ') 

Now we find the actual form of / from the requirement of 
the invariance of Dirac equation under this transformation. 



or 


We write the Dirac equation as : 

(>V w) tp (.v)=--0 

(7*<^+tA+"0 ^ (*) —0 


...(184) 


Using (182) and (183) into it, we get the Dirac eqn. in the 


primed co-ordinates as : 

(—y*£/+y4<V+H*) ^ , ’~ 1 (* ) 

Multiplying it by / from the left side, 


0 
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Theory and fiei 


ds 


,,er-r' Oi+fv.e-' h’+m) *■ 

. ova ri.»«. « s ho»li be identic, tJ tlK 

(y<S;'+7A + ; ”) <!< (x')=0 


•it 


equation : 


(185) 


I 


£ 0 fl1P 

, p as 

e d W 


in S a85) with (l 86) we get the conditions '" (l86) 


to be obe- 


Pn P - 1 
Py\ P- } 


- r. ] 

i ,-(187) 

the relations (187) we see that P anticommutes with 

Tile it commutes with y 4 . Clearly, Vl satisfies both of these 

,/s*? a, and hence 

* .jitions v 

(183) 

.<£ is an arbitrary constant phase factor. Since the phase 
he fe n0 physical interest we can take 

...(189) 
...(190) 


cort 


w 


fad 01 ’ 


P 


?4 


evidently unitary, P ^Pt 


Xhe P 1S 

W’e have ■ ' 

' p $ (x)=V (jc')= 4«* (-*. 0=f’f d <!> (x, r) 

Tn find the transformation law for a (x), we have 

l hr') = 4'' (*')f 74 = (4'tnt e-*) y 4 


(191) 


01* 


ip' (x') =e' ,f ?' (a*) > 4 


.,(192) 


Under this transformation t changes 


/ |T j 7 - 5 7 w / . 

Therefore, we can characterize it by : 


into — z- 

Xi Xi = v i 

and x 4 —* xh = 

' Denoting the transformation matrix by T for this transform 


..,(193) 


o 

a ve 



mation we 

d/ (a); <|j (x)^T- 1 <1/ (.V') ...(194) 

Let us now find the explicit form ot T from the requirement 
of invariance of the Dirac equation (184). Using (193) and (194), 
we can write the Dirac equation in the primed co-ordinates as . 

(yidi'— T 1 o (a ) 0 

or T (ypi — y.\d.i +m) T~ [ «/ (a')=0 

or PPy t T - 1 di'-Ty.i T - 1 di'+m) f (x')=0 -( 195) 

For invariance, it should be identical to (186) and bence we 
8 et the conditions for invariance by comparing these eqns. as : 


T yi T' 1 
T 74 T- > 


7> 


...(196) 


dearly, the conditions (196) are satisfied if Tis proportional 


to 


Wi, 
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and 


Tyi r - J =nyfAnYi =- V* 

= —y.iy iYi — -hy^Yi^y ‘ 
=YiYin7^i= - ny^yy-i 


T Vi T" 1 


ViY-iYi = - Vi ■ 


T-TRANSFORMATION FOR THE DIRAC EQLITION IN 1HE 


PRESENCE OF E.M. FIELD : 


(P. iE). 


We have defined the energy momentum-four vector 
Also, defining the four vector A P M 4, if) for the electromegne ic 
field, we see that the interaction ot the electron with the ie y 


be introduced by the transformation * 


id,. 


Thus the 


Pp -> {(p-eA), i (E-~ctp)}—Pr 

or by replacing 8^ by (cV — ic A^), because /V - _ 

Dirac equation in the presence of the electromagnetic fiel * can 

be written as : 

[» (cv — ^ \ 

[7i (9 t * — /<? ^i)+V4 (?4 icAi\) ~f~^?] V~0 J 
When we apply the T transformation to this equation, there 
arises a problem that the transformation remains no longer linear. 
To see it, under T-transformation we have 

0t —>■ Ci'- 


...(197) 


or 


A, 


Ai 


3;; d,i 

Ay, a. i 


n / 

H 


P.1 

A/=A 4 | 


...(19S i 


since Ai is generated by currents which reverse sign when the 
sense of time is reversed. 

Using (198), the equation (197) in the transformed frame can 
be written as : 

[y, (di' + icAi^-Yi (d/+ieAi') + nt1 T' 1 f (-"O^ 0 
Multiplying it by Worm the left side, we get . 

[y; {8t' + ieAi')+Yi (ci. i ' J rieAi)+in }'!»' (x')=0 ...(199) 


r 

\ 


Using (196)} 


Comparing (199) with (197) we find that the Dirac equation 

in the presence of e.nn field is not invariant under time reversal 

transformation. This is because we are sticking to the linear 

transformations only. If we go to nonlinear transformation, the 
invariance can be achieved. To show it we write (193) as : 


x 


x./=x 


f t ■ 



From it we get: 


8 h —*■ o ' 


f) * 


...( 201 ) 


Now taking the complex conjugate of (197) and using (201) 
wa can write, 















1 
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or 


h>* (<V +ie A*)+iti] ,j>* (x) =0 
ly?* (<>r.'-ieA/)+m] <!/* (x)=0 

{V A, 


A 


Defining the transformation matrix B as 

<l>' (x') = B i* (a:), 
we can write (202) as : 

tr,.* (8 h '-ie A/)+m] B' 1 6' (x’) 
Multiplying it from left by B, 

t By* B ~ 1 (8„'-ie A /)+/«] <J/ (x') 
For covariance it should be identical to, 




...( 202 ) 

’-A,*} 


• < l 



0 


0 


..,(204) 


I>, (c/~ie A/)+m] 6' (0 = 0, 
and hence we should have 

B B~ l —y iU ...(205) 

Ecjn. (205) is satisfied by taking B proportional to yyy-jyt 

To obtain the transformation rule for $ (x), we have : 

(*'W'f (O y 4 = W*)t y 4 

- y 4 

=(9' n)* 74 

=?* 74 r 74 

=?* J5-' 1 ...(206) 

{*.* ^747g 72 is unitary and y fl * j?f=y 4 By^Bf y 4 }. 

H)i3. CHARGE CONJUGATION : 

The charge conjugation is a symmetry transformation unlike 

the P-and ^-transformations which are related to Lorentz trans¬ 
formations. 


Dirac’s theorj 
antiparticle < 


positron 


o 

S-j 


e —> 


of electron predicts the existence of its 
In fact, there corresponds an anti- 
paitiele to each particle; because the experience shows that th 
Nature is lather symmetric w.r.t. the transformation, 

-e ...(207) 

We now try to cast the Dirac theory into a form which makes 
this symmetry between the electron and the positron self-evident, 
we want that it should be able to form directly the wave- 
function of a position from that of the missing negative energy 
electron to which it corresponds. 

We first investigate that whether the theory based on the 
Dirac equation with the sign of cA ^ reversed is equivalent to the 
one based on the original Dirac eqn. The original Dirac equation 
for an electron in the presence of an e.m. field is given by eqn. 
(197) as : 
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[yp C$ (a*) —0 ...(208) 

Jf we denote the wavefunction of the positron by & c , called the 
charge conjugate wavefunction, then we want to see that whether 
there is a prescription which relates & to i|> so that obeys the 
charge-conjugate Dirac equation 


[» (dp+ieAJ+m] <j/ c =0 
Taking the conjugate of equation (208) we get : 


...(209) 


(x) 0 v (-«V -;-/?/] 

Taking its transpose, we obtain 


1=:0 


L>',, ( 


cL- -f//z] ip (*) —0 


...( 210 ) 


If we can find a nonsingular matrix C such that 


C yp c 


- j_ 


_ , 

/ p? 


i' 

. - A- 1 D 


we can write (210) as : 


or • 


or 


C [7, (—dp. — ieAp) -j- 77 ;] C" 1 C 3 (x)=0 

[—(a)=0 

[7 m (?» + ie A,,)+m] C f (. x )=0 
Comparing it with (209) we find that by defining 


...( 212 ) 


, r c -■ /^ 

Ci 0 —U u/ Ia/, 
. . \ ' 




equation (209) is as good as the original Dirac equation (208). 
From (211), C must commute with y x and y 3 and anticommute 

with y 3 and y 4 {V 7i~y^ and 

a suitable choice may be 


y i 


7i, 7s— - >'a}- Thus 


C=7i7 2 


...(214) 


Now we consider the transformation, of (5 C . For it we consider 




V 


C 5 




* t 


mi-m Cy=mrtrtCi^Y4 C-' (v CfC= 1} 


6 . 7.1 C " 1 




=> 6 C = 7-1 C 1 - 1 y 4 = - 7 p c - 1 y ,,}' 4 


t /’ 

y C 


Y -i 


...(215) 


X s i w 1 fi cance of the invariance of Dirac 

equation w.r.t. charge conjugation, let us consider the effect of 
this transformation on the charge current density 
we have 
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I 



Js 


ie 


$ c 'l fC 


ie I C~ l y.i C$ 


T 'V = ie 9^ 7/<> 

ie ^ , ,iinn Since the total field charge changes 

;C tcU IU “' - 


to 


our exp ° C r ,nation,> should also change sign. The 

- ^onSlOi 11 , nr_n consistent 


c° 

s' 


lit 


l .r C' t ranS 


We cannot have a consistent 

IllLlo * 1 v ‘ 7 ("’ 

regard ^ and if as non-commutmg 


rtde r J ', he definition of>. 

r1 j n tnc ar( j ^ ar._ T _ „ ,, . 

V unless «c ~ sha|1 qua ntiz e the Dirac field m 
di 111 -e f°* ur. cleat wnu* _ 


pi clL “ (ft wn^ause 


tin 


Jill be 


t 0 rs- ^i*-l 3)’ 


I3ec 


■hBp* cr '‘ ■" , .He we must antisymmetrize v, w »■«•» 

h (y P ;«P * 7 * VP - 

\Vl tn 


.( 216 ) 


* 

7 


p &2 (y.Osf ^ ~ 

2 


[(^ r, ^ )] 


? 


^ p we b a' 1 ’ - • /-r.c y.< (I ,c )l 

#efl ce . r(3 c y„ ^ c )" (v ^ 

7^ 2 


((5 y,x 4')*' W 

2 _ tt/o si 






f / r 1 ' 

~ • We also find that thecur- 

01U - expectation. One repr esents 

accordance «jh J „ oftvV0 similar term *.■ ^ .. an „- 

.,. is a comb m t represents the antiparticle 

t^^J ***"« 1 .»» 

rticle”- ch ‘ u =. hu5 t he symmetric roie 

d vice-versa. 

■11 established. opE rATORS FO 

projecti^^ 

SX'IN : 




• sS : 1 . ene re”y spinors obey the equations : 

, c posits and negauve » f(p) | ... (21 7) 

(ctt . p+,emc-)u(P 


, ca p f p«.'f) * I p -* , enemy momenitum 
( I units and the enemy 

Jsing the natura these as : 

/ if? \ we can 'Vii 

C ^*(P* lEph „ .„,)!/ (P)-°L 

(n)=OJ 


( 


...( 218 ) 


(i Yf- r- ■ (p) —OJ .a Y an d Yi-P'l 

i ym Pr~r m > a; : —?PA tU 7 


4 * 


ap 


From eqns. (218) we heve 


* - 


l 
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/y,/V) «/ (P) = (2w ■- p r )] " fP) 

=.2/;/ // (P) 


HI 


or 


'It /V - It (p)«=H (p) 


...(219a) 


And similarly, 


2/n 


7 ?;- 0 V/V„ 


2 /// 


(p) = ° 


...(219b) 



, m—iy,p m vvhcn operates on the positive 

Thus the operator-- • > w ncn u| 

- i - i i while it sives zero when 
energy spinor gives an eigenvalue + = projection 

op-®* on tke A« (P), 

operator for positive energy spmor ano w - 

A'+J Crt-— 

. ni-H 7V Pjt when 

Similarly, it can be seen that the opera oi 2 m 

- _ r n-ivps tin ei sen value ~rjj 

operates on the negative energy sp . cnera y spinor. This 

while it gives zero when operates on posmve w^.y^P^ jt by 

is the negative eneigy pt ojection p 

A ( “> (p)y 


A (_) (p) 


2 in 


• A 


o? 


06) 


It can very easily be verified that 

A<+> (ri+A 1 ” 1 (/?)—! 


*■ * * 



and 


{A (1) (;;)}’■= A<--> (p) y 211) 

{ It can proved by induction, bor example, w cn n 


(A <+) } 2 


t „2„ „2 __ 9 imy. 1 Vu_ m " A (+) because 


4 / 71 “ - y?z 

for a free particle, // 2 = —w 2 }* 

Also that, n p231 

AM (,>) At-) (p)-A<-> (p) A c - (P)=0 

We can also define A (±) (p) by using the compLtcnes 
tion for the spinors : 


2 [u r (p) u r (p) u r (p) ■ v T (p)] 

f = 1 


i 


Operating both sides of it by AM (p), we 


find that 


l u’ (p) if (p) = A <+) (P) 

r -1 


,,,(224n) 
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Si milary, 


X 0 ) v r (p)=A<-> (p) 

r*>i 


...(224b) 


, . In 01 ' der t0 see the use a 'id significance of the energy opera- 
.ns. wc calculate the transition probability from and initial elec- 
ron state uf (p) to the final state itf T ' (p). If//' is the pertur . 

batmn part of the Hamiltonian which causes the above transition, 
t tan the probability V’ will be proportional to the square of the 


absolute value of matrix the element \u r J H' uS ); / <?., 


f 

J 


■ II*’—» 


; 


. i 


Uj ii' U 


...(225) 



In many problems we are not interested in spin of the final 
We can therefore sum over the spin of two final states 



, f 


H 


2Lvf 


u - Ii' in r 


r'= 1,2 


4 * 4 , f 

< T h ’% 1 

J 


Jf the initial state is likewise unpolarized, we then average 
over the initial spin states also. Thus c 


li’’ 



> ( u‘ H' u r if ~ "t r 

/ \ j % 


r 


I, 2 /*'=!, 2 


: 7* H ’ Yi lL J 


! 

I 


* • 


T 

»~tt y. & 


ll 


(u'y«) =Y t it] 


t ^ y HA f y& 


H-l, 2 

9 


' T v r 
li¬ 



ft' A { py t ff\ 



f 


From the definition (224o) w 




! 


, f 


e can write 



1,2 


A< + > 

J J P 


w- 


2 
2 

I 




orjS 


A c +> I 

/ Jft 


77 ' A< + V« //'f y 4 A' +) 


0 ^ 


f Tt[h' K M 7a H' : 7i Kp\ 


...(226) 
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Thus the problem of finding the transition probability j, 

reduced to Ihe evaluation of a trace in which the eapltct form of 

the free particle spinors is not neede . 

Motivated by it wc now try to construct the projection 

operators for the states of specified spins, so that v.e n.ay com¬ 
pute the transition probability between states witn particular 
values of helicifv (projection of sp.n ,n the dnecuon of the 
motion); without any recourse to the explicit form of the heucity 

eigenfunctions. ■ t # . 

In the Pauli spin formalism, it is well known tha 


14 a . n 


‘j i l 


V v 


f't'li 


...(227) 

2 

is the projection operator for a two-component spinor whose 

0 * 

spin direction is n. , . 

To find the analogous operators lor the itm. 

spinors in the relativistic theory, we go to the rest frame (see 

prob. 5), where the spin is most easily described, and try to in 

a projection operator which may be cast into a covariant, oim. 

Guided by eqn. (227), wc may try 


.J. *%_ 


] + & . U 


However, ns we can tit once veiny fioni cep.. 



..(228) 


a free- 


-> 


particle spinor is, in general, not an ejgenspinor of <?'. n. More¬ 
over, this form is not manifestly covariant. Therefore noting 
that o'i: and [i o't —— i’7o 7''= have the same non-relativistic limit, 


we may try instead 


V 




1 - i y- 0 y. u- 


1 



where ir is a four-vector such that for the electron in the rest 
frame it is a unit (three) vector with a vanishing fourth compo¬ 


nent; i.e 


A 


liVj t .. “(/?, 0) 


rest frame 


»,» ( 


1 



The physical meaning of is such that when we consider a 
Lorentz transformation which brings the electron to rest, then in 
that rest frame, (229) is the projection operator for electron spin 

state whose spin points in the direction tu For general spin vector 
Sj.> with 


















* r 


‘NCED 


Quanx 


UM 



£ (*) 


'Till' 5 


!fl the rest frame 



^heouv 




in 


l~iYr,7z 


z 


U 


flfl 




£ (»’s) 11 ~ 

. _ 1 -MTs'v'i 

(-H’.) 11 2 ! ' 


1 -1-/37'- 

• r - ■ 


(231) 



2 .-= lr &'.• 

2" " 2 = n 2 


ru operator 

u h wc may write 


sim ila r, y. for “f'™ rang, spinors 

l ( — 11 r ) t — «> and z (i r .) 2 

. necause of the covariant f 0rm of ' the *. 

,J for any polarization vector Sf (S, p - P JCCUon 

£ (5j ’ Z (.v) (f )= i;1 (t) 

Z (s) Z ( f )-r’ ( f) 

( —i) U 1 ( f )=Z (-J) t .l ( t ) _Q 

With the four projection operators A <±> {p) 3nd f ( 

t ,„compfcK'y specify Ihc free-particle mot™ in “ 

0.0 of eiierey-Ef ™d polarization S, with s.,,. 0 Wnc'nn 

" these projection operators to develop rapid and efficient 


Z- 


conip uta ^ OIU ^ ^ ec ^ ni< 3 ues - They permit us to use closure methods 
thus avoiding the necessity of writing out matrices and spinor 


solutions, component by component. 

BILINEAR COVARIANTS : 


10T5. 

Quantities of the form oAi, where r is a product of gamma 
matrices, are known as Bilinear covariants or Dirac invariants ; 
because they have definite transformation properties under 
Lorentz transformations, as will be seen in a moment. To list 
ail possible bilinear covariants, let us start multiplying the gamma 
matrices. 

If we multiply any pair of gamma matrices, we get either 
2 ^1, when the two matrices are the same; or r^=-yv7*='<V'> 
when the two matrices are different. 


r. 


When we multiply three gamma matrices, we get back to 
one of the y f /s up to a sign, unless all the three matrices aie 
different (for example ^ ,lien the three 

matrices are different, we do get a new matrix y J( )V/> But 
« iA, can always bo written in the forn w, up to »»*". 
Where v, A (tor example, 

ViVtfi = YxViYtVtVi = - YiYiY-iY^i = “ YlV ^ ‘ opt ..., v 

Finally when we multiply four gamma nia nces, 

^ new matrix r ^»W,r, (»'' fch ' of “ ’ 

■ sy JWi, YsYiYiYi, etc.) 
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Needless to say, when we multiply five or more gamma 
matrices, we obtain nothing new. Therefore, 

y pf a„ v =~/y„y v O^v), nr 5 >v and r* ...(232) 

■ 

represent all possible combinations. These are 16 independent 

matrices : the identity matrix, four y H matrices, six a^ matrices, 

four fy^y tl matrices, and the y 5 matrix. The factors ±i in (232) 
arc inserted to get, 

i^i 2 =l ; ^f=I, 2 r .,16 ...(233) 

Thus we can have the following five types of bilinear covariants : 

si 



Tp. v = $a^, Ai%7$ and P= 

Now we investigate the behaviour of these bilinear covariants 
under Lorentz transformations. Under proper Lorentz transfor¬ 
mation (.v , )=iS 6 (,v) (note that this S is different than the 

we have, 


* * 


r 

T 


r 


¥ 

{V -/.S T y, - S-»} 


Sy, 

For the behaviour under space inversion, we obtain 

S' — , C'^yfy — ot/j — u 

Thus we find that *S is invarient under proper Lorentz transfor¬ 
mation and the space inversion : hence it is a scalar. 

To investigate the transformation properties of \\ we have, 

S- l y,Sf{x) 

under homogeneous proper Lorentz transformation. For the be¬ 
haviour under space inversion, we obtain 


yf/ti e * i y$ 


~-.J 'if T/.l/i —V 

/ 4^ 



Vi'=tyytfty$ 

= —fXM0=1, 2, 3), 

and L 4 ~VT 4 */* ^ 1 

Hence JA is a four-vector whose space components change 
^ under parity. 

Using similar techniques we find that 
with (which is necessarily antisymmetric in p and v) is a 

second rank tensor . 

Also we have under space inversion. 

% 

a/=1^7^ '= i^Yirsy^ 
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• • 


Ai Wi? 



i/J - 



~/(fy 5 rty 4 y 4 i/j==/f7 5 7i^==^f (t = l, 2, 3), 

A 7 = 


Whereas under proper Lorentz transformation it can be seen 
to transform in the same way as FJt. Thus /4 f , behaves like an 
axial vector (pseudovector). 

Finally, using similar arguments, we can easily see that P 
transforms exactly like the scalar S under proper homogeneous 
Lorentz transformation but changes its sign under space inversion. 
It is the characteristic of a pseudoscalar. We summarize the results 
in the following table : 


Quantit 


y 


Proper homogeneous 
Lorentz i r a n sfo r in a tl o n 


Space 

inversion 


Scalar, $—$</> 
Vector, 


$6 


b’j 


„ if 




T e n s o r 

(antisymmetric) 


7 V v 


V^,.vV 




I 


$yA> 


b 0 7: £ /; 3 


A x i a 1 ve ct or ^=/ ipy 5 y h 6 

(pseudovector) 

Pseudosenlar P~$yPj 






wr 5 n r v] 

fVAAYk] 


b7W 


10T6. ZERO MASS DIRAC EQUATION : 

Particles with zero mass and spin -1 are, indeed, found in 
nature ; tney are the neutrinos. 1-or such particles, the Dirac 
Hamiltonian will not involve ft and the Hamiltonian form of the 
Dirac equation becomes : 


i 



dt 


-> 
— i o. * 




, r 



. ex 


or 


i 



~> 


iit 


l y a y-p y(.v) 


,.(235) 

N # 


We define the ' he i icily operator* as /,■(p) 


-> 
cr ' .p 

p 


which eives 


. . IP 

the projection of spin in the direction of motion. (Through the 
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spin is not a constant of motion for Dirac paiticle but hclicitj is a 

constant of motion) Since a can be expresse as cr i) ,,-/ 4 '/, 

we can write the Hamiltonian as : 

-> -> ->1 
II=■ P=.p == - Y* a 

= -n I P ! /'(p) ...(236) 

The eigenfunctions of II and h{ p) are, therefore , also the eigen- 

June lions of y.-,. 

Since the zero mass equation does not contain the 3 matiix, 
and tiie anticommutation relations for the tnrec rr.atnc- a 3s a 2 anu 
cc 3 may be satisfied with the 2x2 Pauli matrices c 2 and oz zeio 
mass particle can be described by two component equation 

p n { 

i ~ a ■ P ?(*) ...(237) 

The possibility of describing massless Dirac paiticLs b} a 
two component equation was first discussed by Weyl but was not 
taken seriously, the reason being that the matrix, and thus 

the parity operation has been lost in reducing to two 

components. After the violation of parity in 195o, Lee and Yang 
resurrected the Weyl’s equation. They also ooserveo that the zeio 
mass equation lost the charge conjugation symmetry, 

C~y 4 y 2 

due to y'd for which there is no place in the equation. However, 


it is invariant under the combined transformation 

CPr^y^Go 

Problems 

Problem 1. Find an expression for the current of a ICG. particle 
in the presence of an electromagnetic field /L. 

Sol. The IC.G. equation (□-/?/-) ^=0 for a free particle can 
be written as : 






The interaction with field can be introduced by replacing 
by (dp—ieA*). Therefore, in the presence of the e.m. field Ap, 
K.G. equation can be written as : 

...(H) 


(dp-icAp) 2 0 

Taking its complex conjugate, we obtain 


</->* ( dy.+ieA. t ) 2 —m 2 (/d : =0 


...(iii) 








■ 



■ 
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AND FJOUDS 




Id plying (H) fr 0 n V. eft ^ '** and m from the right by * 

on e form the other we get: 

Sl ,A_-.(£y 2 ^*) drf*) Af$~0 

t ) vf _ ^ =: fr) >?Vyf \ /n ■ # \ 


7 .. ( 3 „ — ieAt?*={S r ~ieA,,) (S^-ie 

i # no-. 


9 - 2 —ie A'df-ied, A, 


—> 


0 r 


-— iP A ^ 

8^—lie as [0„ ,4„]=0} 

0^ [2/e^M,«=o 

-c£> **“* 

= C 4>*W-P % we get 

3 (L \ 2 <[:'*o,,<!> —A,4]=0 ...(iv) 

- p. t *f with the equation of continuity 3,^=0 we find 
C °Te P ssion for the current as : 


pcfini^S 


llic 

More explicitly, we can write (v) as : 


• • (v) 


->* 


. - , n ^ 2 . Show that the K. G. equation can be put into the 
form of Schrocdinger equation 

-(0 


;*r e $ 

i1t ft 


H<P: 


Mtere 0 is a two component wavefunction and H is the K. C. 
Hamiltonian. 

SoL Introducing two component wavefunction,. 


* 



the K. G. equation f 


P 


1 


ft 2 c 2 dt 

the following two equations ; 

,2 



* 


rn~c 2 


h 8 


^ j$ equivalent to 


n o 

nrc* 


and 


P 


ft 2 

2 


c- 


1 , 0 s \ „ _ 

2 ) ti 2 


dr 




,.,(iia) 


1 


5 2 \ m 3 c 2 - 


Tt a 


...(iid) 


8' 


ft 


If we define a Hamiltonian //=(^+ f *°v) 


P_-f-mc 2 cr,, then we 
2m 


n s ^°w that the equation 


th s Y 


0/ 
























J 

A 


t- 




503 

RELATIVISTIC QUANTUM MECHANICS 

is equaivalent to the K. G. equations (ii). ( a y anc * 
are the Pauli-spin matrices). We have ^ ^ ^ } 

0 


/ft 


0 / 


'Pi 

\P 2 


{[(I 


0 \ , . /0 
I> + ' 


,0 —1 

' (/ 0 


n p' 1 2 / 1 

-A_ -j- 7C“ A 

2 /?/ \° 


1 


I ft 


P 


2 


SP>=(£_+wc° pj+^-?2 


and 


/ft 


dt 
Cfz 

df 


2m 


2 


P 

2Tn Pl 


2m 

p* , o 

tr -r” 1c ~ 
2m 


P-2 


'} GO 


...(iiw) 
... (iiiZ?) 


Putting the value of <p x from (iii b) into (iii a ), and makin 0 
little simplification we get 

■ 2 1 o 2 \ 

2 I 


Pi. 
ft 2 


JJ o 

m“c m 


?2 


Pi 


...(iv) 


Similarly, putting'the value of ?2 from (iii a) into (iii b) and 
simplifying, we get 

.2 i £2 \ . m 2 c 2 

- — p2‘ 


P 

ft 


. Pi 

2 C ’2 £,2 ' rl 


...(V) 


n 


From (iv) and (v), we see that with 

O 


p 


H- {°z + io r ) lm 


L. 


1 


<7-. 


A 


we can write the K. G. equation in the form of -Schroedinger 

'j * V 

eq Problem 3. Find the Schroedingar form of the Dirac equation 

for a charged particle in an e. m field Af.. 

Sol. The Dirac equation for a particle of charge -e, in the 

presence of the e.m. field'^=(A, iA 0 ) can be written as 

y ..._ ^l^+^ao i -me 


p — I "i" 


ii =0 


ic bt ic 

Multiplying it on the left by icy^ we obtain the Dirac equa¬ 
tion in “Schroedinger” form 


/ft 


dt 


—> 
C a. 


P 


A ]-f mc*p-\-cA 0 




6 . 


...G) 


Problem. 4. Find the time dependence of the position opera¬ 
tor r of a free particle of spin \ in the Heisenberg picture. Discuss 
the result obtained . 

Sol. The positive and the negative energy plane wave solu¬ 
tion of the Dirac equation are given by 

1 


* E > o=7(F ) ur (P) ex P- ^ ivx-E v t)m ^ 


^E< 0 


VO/ L 

T/Typ (P) CX P- V (p.r+^O/N- j 


i • I 


(i) 
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Since the solutions (i) with all possible p form a complete 
orthonormal set, the most general free particle wave function can 
be written as 


$ to o 


2 

v 

/ 

p r= 1 




mc A 

E»V 


c p> r u r ( p) exp. [/ (p.r— E P f)fh] 


2 


+ \ 

U; * ^ 

P 


*> t (g~iy <h, T v r (v) exp. [f (p.r+£ p ')/h] : 


1 


...(ii) 

where the expansion coefficient c v , r and dp, r can be determined 
from the Fourier expansion of at /=0. Let us now evaluate the 

m 

expectation value of the matrix a. We have 


<«> 


'if (r, f)at]j (r. t) d 3 r 


V 





\ % ( 1 
/ i t r.'ti. ) t 

a t v _ ~> n 


r 

A / S Cpt j,r r w (p ) v.u 7 (p) VS 



mc-f \* , 

E P E P 'V*1 p'r' p ’ r 


-> 


V t (p') «V (p) Vo , 

p,p 


me 2 f * »•'+ -* 

^ ^ d ,c v (p) a u 7 (p) e 


Z 2 


•liEpt/ti 




E, 


P>r P> r 


p r , f*==1 




y"i 


-> r 'f 


/•' s, ,y fp)-« w ' '(p) c 
2 ’ 2 

iKis/ d&xrrf 

r== 1 p /*=! 

2 




“2>5 r | 


./> 


2 P£ 



wc 


9 -4.* 


*4 


/ I 


v 1 (I>) K wr (p) e 


p r, /•'—1 



■ j * rf 2iE p t /ft .... 

+d p,r’p,r } •••(!» 
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As for <r>, we first observe tliat the operator relati °n 


ox implies that 


d 

dt J 7 v ' ' J 

We can, therefore, obtain <r> by integrating c times (lii) with 

fA i t i ' 


r y (r, t) d 3 r—c 


(!/•[■ (r, /) « <!> (r. 0 d z r. 


•Civ) 


respect to 7 s : 
<r> = <r>, 0+ V 


2 


2 



c lh 


2 



fjc'rrJFerj 



p r, r 


* ih fme 
2mc 1 Bi 


1 


o \ o 


JJ 


rt 


P c t 

E v 

_ \ 1 dp, r 

2 P C f 

E P 

•p r=l 

■ 

d* 

C V f (p) a U * (p) 1 

—HEpt/h 

e 

P> r 

P> r 


-> p 1 

a v 

2iEJh J 

(P) e f 

...(v) 


-tf ,c* i 

/>, '* />> '* 

Expression (V) represents the time dependence of the position 
operator in the Heisenberg picture. From it, the motion of the 
centroid <r> of a wave-packet for a free particle with spin i can be 
found. The first (second) term which is time independent repre¬ 
sents the motion of the wave-packet made up exclusively of positive 
(negative) energy plane wave components. The last two terms, 

which are time dependent, are more interesting. « taken between uf 

and u is “large” when J p f <T <r me, in sharp conti ast with <?. taken 
between uj and u which is of order vfc. Therefore, last two terms’ 
of (v) represent a superposition of violent and rapid oscillations, 
each with an angular frequency Thus we see that, in 

addition to the classical uniform motion in a straight line, the 
centroid of the wave-packet has a rapid oscillatory motion whose 
amplitude and period are of the order of njmc and ft jmr, respec¬ 
tively. This oscillatory .motion was called the ‘Zitterbewgung’ 
by Schroedinger. It should be noted that this peculiar oscillatory 
behaviour of (r) is due to an interference between the positive and 
negative energy components in the wave-packet. The Zitterbew- 
gung is completely absent for a wave-packet made up exclusively 
of +ve (—ive) energy plane wave solutions. 

Due to Zitterbewgung, the localization of a free particle is 
possible only in a volume of linear dimension of order h/zne* It 








$6 


,„lue ±c to the velocity of the electron u 

--rfts the . s ‘o high that in actual measurements 

*< 5 is not observed Znterbcwgung do not appear Toon' 

thcoty because .t » due to the rest mass energy of the 

’6 ^. 

P‘ nrflUi 1 "*' *r = l 1)1 — 1 V rA «. 


*' , 1 , 1 cm 5 


pro: 


. 5/mtc that for a positive energy spinor u (p) 
w (p) = A (in - iy , p ) „ ^ >' 

he normalization constant A. 

0 df ind The equation (i) gives a relationship between the spinor 
S°b ,,,111111 i* to the spinor in the rest frame. As v/c pointed 
%v ith ,pe spin is most easily described in the zero momen- 

0 ut ear ‘ C ’ a nd hence we are interested in finding out a irans- 

tuifl fra ° of the type (i). In order to get (i), we have the Loren- 
forma 1 ' 0 " m ation t0 the rest frame as 

transi ^ __ pyn . ^ a ^ u (0 )=(A+By.p) « (0). 

y ■ 1 V + 

r \ f * i. % - 


t zi 


(P) 


pit aC 


CXp* — p r > /- _ , , , 

' ^--ivine both sides of (ii) by ( iy.p+m) and usina 

p+») ~ ob..m 

,C ;*# nJ_Lw^4-wiv. X) BA-i D 2 B~Q 


(ii 

th 


or 


* r * m9W J ' 

iy. pA+mA+my. P B+i p 
iy, pA’\-mA+my. P B—i m 2 B —0 


dearly, (iii) is satisfied for mB 


1 


{V P 

— iA. Hence vve can \v 


r ' 

l 

?? 


(ii) as 


where A 


A 


u (p)=^4 {m—i y.p) u (0) 
is a new constant. 


m 


u 


To find the normalization constant 4 we have the condition 
u=l. Now 


u (p) — zrj* (p) wf (0) (w-f y* p)t V4 

(0) (m—i y. p)t n 


* t 


or 


or 

or 

or 


u u^l ■=> A 


A 


= /4* u (0) (m —i y. /?). 

2 1 / (0) (m—i y*/?) 2 w (0)«1 
2 t/ (0) (m 2 — p 2 — 2im y. p) if (0) 


1 


.4 1 2 (2/?i 2 — 2im n p 4 )=1 { V y « (0)=°) 


/l p (2m z —2im.iEp) 
A | 2 2m (rn-\-E v ) = 1 

I 

\/(2m (m-fEi)]’ 


1 
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I 


Thus, we get 


« (p) 


m — i y. p 


\/[2m (m+Ef)] 


u (Oj. 


—(iv) 


Problem 6. Show that for a Dirac particle in the presence of a 

central potential Vf), following quantities are constants of motion : 
(a) S\ ( b) J and (c) K t 

Sol. The Hamiltonian for a Dirac particle in the presence 
of the potential V(r) is written as: 

...(iii) 


—> 


II—c a p + p mc s + V(r) 


0 / 
/ 0 


and 


Now, [S* H]=[S/, + m 

IS**, H]~S X [&, II] + [S* 9 f-m. 

We have 

S',v=y-1i a x ’=~h p i> where P,= 

Thus we have : 

[S x> //]=j- h cp x {x# (a x /) x + Uypy 4- a : p>) ~ (a x p x + a y p y + cc^Ja*} 

{V gc x commutes with £ and V(r)} 

— 2 h Cp| *xPy ttzftxpzj 

= ftcfi {k^o'.v/v [Usi d g a etc. j 

/. Sz f S tXi II]—i h 2 c {ajot^a^+aiaaa- pf) [V Pi 2 — 1] 

— i^ Z C { Kypy + Pf [ / «* S — 1 ] 

[Sxj II j S x — 2 h {Xj/O^Xz^. ■ -j- (X x &z X xpz } 

Jh 2 c {— aa'x.x&ypu — a x a a o. s p z } 


*= — l h 2 c {otyPy + a.,p z } 

Hence we have ; 

[Sx 2 , H]=S t [S X9 H] -f [S x , H ] S m 

i we can show that: 

[ S 9 3 , #]=[&*• //]— 0 

and this implies that 

[S 2 , H]=[Sx 2 , H] + [S y \ H]+[S Z *, B]=0. 

constant of motion. 


0. 



Therefore, £ 2 is a 


To show that J is a constant of motion, we have from the 
article 10*6 ; 


T—-L-p^'h , and 

[L % , H]— — ihc (*zPy — oLyp z ); 

l a x , H] — 2lC (a :Py—V.yPz) 

*• II] 

Similarly, we can show that 

[/„ H]*= 0 

Hence J is a constant of motion* 


0 


-■ * ' * ' *■> ■ 


* * 
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Lastly, for (V.L+h) we have : 

[A, H]~c [6 cr'.L, a.p] -\-2ftch (a p) 

{V [3 and 

Now, 


V(r) commutes with K} 


-> 


-S. 


■> 


I..8 c'. L, a.p]=8 (?', L) («.p)— (a.p) /? (o', L) 

= P (w'.L)(«.p)-|-/S (a.p)(V.L) 

. . -—V ~ y~ 

Usiug the explicit form of the matrices k and y 5 , we can 


..(iv) 


show that for any operators A and B which commute with cr, 


(«.A)(a'.B) = -y e (A.B) + i a. (AxB) 


and 




(o'.A)(a.B)= - 7 s (A.B)+/ a (A X B) 
Using (v) and (vi) we can write (iv) as : 


• •. (vi) 


—> 


[8 o'. L, a.p]--p[— j's (L.p)+; a. (Lxp)—y 8 (p.L) + / a (pxL)] 

=0 f -7s ( L -P-+p.L)+ / a. (L X p +p X L)] .,.(vii) 

Now p.L=p.((rxp)=0 and L.p. = (;-xp).p =0 


Also 


L X p+p X L — — r p 2 +(r ,p) p+ry; 2 



—2/h p 
—> ,— 

[$ cr'.L, o:.p] = - 
and hence we have 


r) p / h p 


{7 (r.p-p.r) p=[r. p]=/h p} 


b « 



«‘P 


[K, H. 

Thus 


If 

fi. 


motion. 


(cj.p) + 2jBhc (ot.p)=Q 

commutes with H and hence it 


is a constant of 


Problem 7. For a free par fide Dir 

obtain a unitary transformation 

—> 

operator a. Discuss briefly the physical 

formation . 


ac Hamiltonian, H- 

which will eliminate 


*oc.p-f/Wj3 

///e £ oAf 


Slgl 



nee of this irans- 


vnif ff to us, an 5° nnation be cari 'ied out by th< 
umtaiy op. atoi u=e* where 5 is herraitian and not explicit!' 

time dependent. 1 hen the transformed vvavefunction and tin 
transformed Hamiltonian are given; respectively, by 

Jl I 'I *_«._^ f ik ^ 


«!7'=e< s 0 


] 

H’=e lS He-* \ 


...( 


and 
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Since / 7 =a.p + /?w, with [a, p]==0, our 


which changes 


pioblem is quite an 

logons to that of attempting to find a unitary transformati 

res a two component spin Hamiltonian 1 IOn 

H"A 1 G 1 -' r A 3 o 2 

into a form which contains only even operators. Such a tra 
formation is simply a rotation about 7 -axis and the operator' 


is 


/ 


exp. 


2 


* o 2 


0 ). The transformed Hamiltonian will be siv 


en by ; 


MjH exp. j — 


&z0 


cos —-4 io 2 sin ~ )(A l a J -M 3 o B ) (cos 0 


2 


2 


sin- 


0 


A x Gy cos O-j-Asv 3 cos 0~\~2o z A x sin 6 — c 3 A z sin 0 

= -<7 8 and cva=zj g } 


2 


{*•’ 


G.J? jf r 2~ “ °Ts 


Since we want that tt’ should be free from the odd operator 
<rj, we equate its coefficient in H’ equal to zero. We obtain : 

y/j cos 6—A 3 sin 0=0 
or tan 0=A 1 jA 3 

By taking analogy from the above transformation, it is c le< 

of oq and p; 


at 


in 


that in our case a good choice will be « in place 

— >- 

place of o- 3 . because a x and a are both “odd” and <? 3 and fl are 
both even. Therefore, we take. 


iS 


> 


exp. {^Sa.p 8} 


{ . l a 2 ~ cr 3' 3 l} 


With this choi ce, 


//' — exp. 

6 

= 1 cos — 


{,8 a. p hj] 

V 

“/‘A 




bp «./) sin — 

2 


(a.p ; p \-\-f3m) exp. 
0 

*~P \ P 1 + 0/11 


/ 


~> 


•> 


(.-? rj -P 

o —^ ^ 

COS -- — 0K.p sill 


e 


2 


ns 


- «. p I P J COSH0111 COS9+P | Pi sin 0-mtp sin 0 

As we want W to be free from 7 , we set all 
a 111 th ! > above equation equal to zero; Le„ 


the terms involv- 


a ‘I P 1 cos a.p sin 0~{) 


& tan 0 


^.MP 

m 




sin 0 


P ! 


W-+I/4) 


and cos 0 
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lS fofriied hamiltonian is given by 

tb e tra . „ . . ! n I 



P t) +l> 1 p 1 v<»- 


V<"' 

. s J- f p I ) 

transformation with 

r n 11 ci 1 -/ 


pi z ) 


«i • 



fii us 


the u 
5- 


2 


m 


•(hi) 


r/ , , vher c //' is free from the ‘odd' operator 

ft into ^ 

l£ res ** ' sformtitien, which removes the ‘odd’ terms 

^ ", -c tVP e 0 ^ tia !!ii is Jenown as‘the Foldy Woutliyscn frans- 
^ Tli' 5 VV^iJtonian, * 

tf- 1 t he h ia 

fi' 011 tio n’- -nvestiaate the physical significance of the Foldy- 
fo r ‘"‘ order to formation, we know that except the negativc- 
thuvseo tranS , nirac equation appears to provid a suitable 
' V ° problem. tn , ectron . Foldy-Wouthysen and Tani noticed 
f^ription f° 5 t 1 lt ' - OI1 why four-component spinors are r.ecess- 

SS.<r—“* is 

ary t0 0 dd operators a which couples the nega- 

Etonian stations. The Foidy-Wouthuysen 

information change 1 he so | liti ons can be represented 

«" 0d l:ent P no- Thus the solution * of the Dirac 

y Trcan be written in the form 

nation cal - ei s^'^+r^ 


.. (j‘ V ) 


( P t — /a-} J Y 

.. h ,, and v,., are the eigen-spinors of the Hamiltonian 
which $ (+) anu v ( ) ^ 

Jl^e 1 He 11 eigenvalues, respectively, 

ith positive and nega ^ ^ and t he first- two 

( + ) +'<-) have respectively the l ^ &nd nega ^ 

mponents of the four component spmois P 
f e energies^ respectively. 

Problem 8. Verify the following 

(0 n* r fJ =4 

0*0 Yv 7v —2y v 

(iii) y ?t —4S^ V 

( fV ) 7/* 7v y>, y P y P =-2y P y>, ^ , 

yv n+y/, r v ^=-2^,; rvti v/ ’ 


« 

So). 

0 ) 


>'.=7i a + y 2 2 -!-y 3 2 -l-74 2 = 4 
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(ii) » y v 7p=(2*p 7 — 7v yp.) 7p. 

=2<?p v Ye-—7-i 7t- Vt- 
=2y v — 4y v = — 2y v . 

(iii) y^ y v y>. yp=(28 BV -y v yp.) (2S>- 

= 4fy v S-.p.—28(1.7 yp y?.—25?.^ y v y^+7v yp. 7p- y>. 

-2y v yj + 4y» y>,=43 v> .. 



43v-,—2y 7 y>, 


From it wo have T, (7V y v y\ yp.) = 4 7V (S v i,)=16. 

(iv) 77 7- n y,> 7,v=yp. (2S»i-y>, yv) (2S^-Vp y P ) 


yvy>.) yp- 


: —y,. (4-v/, 3p (l - 27 a :•> yp 2 a,. y>, y v f- y>, y 7 yp 7p) 

— 4S v >, y P — 23 'v), y„ y„ y p - 28 f) , y,, y>, ‘A+yp 7>, >’■< » 7 p 

=4? v >, 7 p—8S V >. 7p-2 Y p y>, 7v+7p 7: v 7v 7p 7p 
= - 4S,j, 7p--2y P 7?, 7 v+‘/p 7v y^ 7 P 
= -48 vJ , 7p-2y p y>, y 7 +4S>,7 y p (Using (iii)) 

= r 2 7p 7>. 7v. 

(v) 7p yv y>,+7>, 7v y^-^(2S ll .,,-y. 1 y,,) y%-h(2S v - A 

= 28pp y/,-f-23 v >, 7p—y v (7^7?,+A, 7 p> 

= 2?pv y>,+2S v ;, yp.—2^ y v . 

Problem 9. Show that 

(i) 7V (yp y v )=4» fv 

(ii) 7). (yp y v y,)=0 

(iii) T r (yp y v 7p)=4S (J . V 3 a p — 43p>, c>vp )-43p p 3 V \ 

(iv) 7p (y 3 y (l y v )=0 

(v) T r (y 5 yp y v y } , y p )—4rp7>,p 

Sol. 

(i) 7r (7p 7v)=--7’ r (y w 7f ,)=i P r (yp y v + 7v 7p) 

= §P7 Pr /=4S Vt .„ 

(ii) From y c y^+y^ y 5 =0 we have y 5 yp yA 1 ^- 

*’• ("A- y-‘ y*) ys" J = y5 Yf. 7j _i y 3 y v y^ 1 y 5 y^ 7' 5 _1 

=(~l) 3 y^ yv 7x 

Mow taking the trace of both sides and making use of the fac 
that cyclic permutation does not change the trace, we have 

-(l) 3 T r (yp y v y N )=7’ r (y 3 y^ y v y, y.-i) 

== 2 r r (75" 1 Yo 77 7v 

= 7’r (yp. 7v 7'x) 

T r ("/p y v yj,) = 0. 

This result can be generalized to the product of any od 
number of gamma matrices other than y 5 . 

(iii) Tr (yp y v y ; , y p )=26p v T r (y A y p )_r r ( 7v y ^ y, y p ) 

{’■’ Ye- yv=2Sp.j— y v y f 
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or 


=2fVv TV (y» y„)~ 2^> Tr (Vv y P )+7V (y.i •/) y*. y P ) 
“2^., 7r (y* y/>)‘ 28p A / r (y v yp)"b25 P p r l T (yv y>) 

— T r (y v y* '/<■ y P ) 

27V (yp yv yx y f )=2S (: v 7V (y, y,)—2Sp. x TV (y v y P ) 

+ 2Sf P T r (yv y,) { T t (ABCD)—T r {DCBA )} 


i « 


— 8Sp V S A/s - £v?, 

Tr 7'J 7 a 7c)~ ^'V'J ^AP — k’vp~l“4^W &A 


(iv) Let us choose'a 7 -matrix different from both y & and y v 
(It is possible because there arc four gamma matrices) i e. we 
choose y\ such that Ar^/.t ? v. Then \vc shall have 

Yp. 7a + 7x 7 f i = 0 and y v 7 ?.-[- 7 a 7v=0 ...(«) 


Also we have y A 2 =/. We can thus write 

TV (7o » 7/0 = 7V (7 5 7 h 7 V 7a 7a) 

= 7 V (7a 7s 7p 7v 7*) 

■ 

= - 7’r (y 5 )'* y P Y; r>.) 

=- - - T r (y b y h y, y v >*) 

=-7V (y 5 y„ y v ) 

=> TV (y 5 ')> Vv)=0. 

(v) We have TV (y 6 y„ y v y„ y,,)^-^,,, TV (y t 


[Using (a)] 


■ * 


""+ C t* vi t r; 
♦ 


Problem 10. '1 he Feynman's dagger or slash notation is defined 

as fellows : 

Ay = y f A =y. v4; (A » read as A slash) 

Use the results of the previous problem to show that 

(i) T r (A B)~4A-£ 

(ii) T r (ABC D) ----- 4 [(A.B) (C.D)-(A.C) ( B.D) 

+ {A.D)(B.C )] 

(iii) Tr (y» A B)~0. 

So!. 

(i) T r {A B)=Af. B, T r (y„ y v ) = /(,., 5,. 4S,, ; 

=4^^=474.71 

(ii) Tr (A B C )^A„B v C,D f T f (y„ y v y A y p ) 

*= A U B V C-,.D,, [48,t v Sxp—48„) 8^+48^ -% A ] 

4 A P,.C ( . /A x - 4.4„ B., Cf. D, -{- AA,B,a i D e 
=4 [(/(.i?) (C.D)-(A.C) (B.D) 

+ (A.D ) (S.CjJ 

0») TV (y 5 A B)—-4 ( ,71 v 7V (y 6 y p yv ) , o. 

Problem 11. S/ioir that 

(i) T r (AjAnA^.. A 2 n) = TV (A 2 «A^,. 1 ...A l ) 
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A 


/ 


A 




RELATIVISTIC QUANTUM MECHANICS 




Sol. 

Ci’i Wc have » y»+/v'// 

W , , s'- *, :!i 0& 

■/r :? yv*+Vv' X 


t " 

v.= 25p V 







r , 

C ' 
f 


/V *y + t_ Cflnic commutation 

Since the complex conjugates “ ,s 1 f mation 0 f the type: 
relation as y's, there exist a similarity t.a- ...(ii) 

B \ y* B=Vf 


Again, taking the transpose of (i), wc get 

ro ^ 


JO Uiv -- 

formation of the type 


r m u ,-c tion relation for transposes 

From n wc s-e mat f i 1(n - similarity trans 

p . a/ ! c T-T^ncc there exist anotn 
is the same as foi s. U-n a u,cl 

..(iii) 

Since the tfaccUj«7tI number and hence it is its own trans- 

pose Therefore, 

Tr (A, A 3 ...A 2 n) = ^r(Ai A 2 ...A a ») 

= !Tr (Ajn A 2 ji-i».Ai) rh r -n 

j; [C Aon C'^CA *n C J 

r ' — J r [C A 2 n A 2 »-i -Ax C j1 ] 

= T r [C“ 1 CA 2 n A j**i —1 * • *Ail 

= 7 r [Aort A 2 n-1»* • Ai 1* rr> /1 A A A y 

. . , V-^4/ Tr (As--.Aft) — Tr (A 4 A l A 3 ...nrn) 

(ii) 7j- (AjA 2 ..-An) r v 

To write it we have used . 

At Ao— — A 2 A x + 2 A x a 2 . , . n i t 

. 1 “ n,» tMc wr ret the requirea lesuu. 

SSI C„* ,/«/*»*« «, »/16 

yi» ^s* 7T _ 

/y 2 yi, /a A 7T ?/> s ^ 4 

iy{Yi?to OW/** 

To 

Denoting the elements of the set by Ta, A=h 2 >--> • 

that they have the following properties : 

r ii) °f any 1W0 eIeine " ts ofihe set ,s p,01> °' H ° ml 

, s> f nf tJlG SCt* 

to a 



(0 


i.e. 


r A r»=arc 
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r then r s can oilways be Jomul such that 


(' 


iii) 


0 


r ,^7, then T, IT a) 

(iv) ]S ihe T;s linearly i, 

(V) \ f a matrix c 

/yj) • . t pift JHtltll 

•pie of 1 1 . /j) to (iiO can be verified by direct calculation 

^ e | atl ^ut'ition rules of y’s. For example, with the 

COJT* 


,, . v ^ _ „ 'rulependent. 

U C 1 A A L 

. . c omtnutes with all the Ps t then it is a constant 
jf a main- _ 


* tbe 


u !Si°° s r ,=y 1 )'*r»r«“>'» wchavc 

n^ r r ' r rr=-y 


-f 73^/3 

yaYsr 


7h^- r : 


16 


we can prove (iv) very easily 

Us l!r r ( r.)==^ ( r B r A r B )^r r {r A r*)=T r (^)=°- 

For (v) we have t0 sh0W that 


lfi 


y 

^»i 




* + 4 


ffl) 


if,»» ,h= co^ci..., „/«=>, ;•."=> 

% taking the «a~ oft.,, and usin, the property (i.) we find 

th3t similarly, multiplying {a) by T, and using the relations 

Jp/ 2 — 3 , C & rr (P) - 0 ’ 

we find that cia^O for all values of A. 

we tad that ga . x 4 matrix which commutes 

For the last pan, ^ From the linear independence of 

with all the gamma matrices. Fiom ^ , 

the Fa s it follows that X can be written in t e onn . 

is >-*{b) 

x= x xa r A 

ides of it by r A and taking the trace we 


find 


Multiplying boto si 


1 


- 

* 


-V a — ~-j- Tr (Xr a) 


...(c) 
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Let us now write (b) in the form 

x=x B r B + z x c r c ; ru-fi 

Cf-B 




Since r^l, according to part (hi), there exists a matrix £ 
such that r A r B r A =-r B . Also, since X commutes with a ^ 


F’ s } we have F A x Fa = X. 




in 


a 


(cl) from left as well 


as from right by r A and making use of these properties, we got . 


X 


xnF b "h F Xc Fa FcFa 

Cf-B 

x b Fb+ F (±0 x c Fc 

CfB 




in this we have +1 if Fc and Fa commute, and l if tli ^ 

commute. If we multiply (d) and (e) by r B , and take the tr< , 
it follows that x B — —xb = 0. 

Since r B could equally well have been any one of the Amat- 

* / i j* n v -Tr^i i+iiqf the only norwvanishing coetli 

rices (excluding /), it follows tnai me omj * . th 

• ui * f\- \ ic pf 7 '] tcLCTv which CCiiVJ^lcS tllk- 

ents m the expression (b) is Liat or a uu. - 
proof of the statement (vi). 

Problem 13. Show that y, is a constants of motion for a mass- 

less Dirac particle . „ . _ 

Sol. The Hamiltonian for a zero mass Dirac particle is given 

by ■ _ 

//=—y 5 a'«P 


where 


0 


0 

-> 

a 


-V 




. H 


y 5 , — y 5 a »p 


—> 
a * p 


ince 7s commutes with a, therefor 

p"« i p iji 


e 


[75, tf]=0 

Thus y 3 is a constant of motion for a zero mass 
Problem 14 . Calculate the following trace : 

r r [ 7 m A (+) ( Pd y? A c+) ( Pi')] 
Sol. 7 V [ 7 ,<A (+) ( Pr)y,A(+)( />i')] 



A 


m - i pi m 

7,1 ~ 2 m Y>1 


'Pi 


2 m 
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1 


4j -T [ ,n T r(Vt-yJ-Tr (7, PlVpPl)] 


Here we 




... i 


an 


odd number of gamma matrices vanishes 


Now 


Tr (7,rJ=4 


and 



(7mPi>VPi')"(/^)v (pj )a (y^y^y*) 

= (/>i)v (/V), 7f * ( “ 

= — 8 S vA ( /;,)v ( a')* 

a &Pi - Pi 

Tr fy„A< + > (ft) r,A(+> (/;/)] = [/»- -f 2ft 

fit 


* * 


Problem 15. 77b u ? ihe Dirac invariants, 

S=\p&, 4p'=i'PybY tl ty and P-=?y s »A 

changes under the operations time reversal and the charge conjugation , 

M- 

Sol. The time reversal is given by operator B with the 
properties : 


Ey *B~*—y a ; 



ai 




(x f )=^(x) B - 1 J 


••O') 


I lie charge conjugation is given by the operation 
C with the properties : 



r^t 


o c 


Cy,C~> 




and 






- — bCN 1 

i 

Hence under time reversal 


•••00 


P’V 


fi r ' B “bE? A 1 *=if* A * ~ (if */,) * __ £# 




^ *y,L =Ofy^) * = V* 


A' 


^ K*v O^Vyv yv») t|/ 




-2 


27™ (>>5V“-y v >>) 5 $* 


A* 


2 i A* 
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Similarly, P'«/■>*, 




An*\ 




Io find the transformation under the charge conjugation we 

Hi st antisymmetrise the covariant and then find its transformed 
form : therefore, 




Similarly, we find that = —Ap 


Lastly we have T iiV ~$ & 



* 
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1 


2 i('t’MU'h-^ (y?y,) ?i ?y 

~~ [i? * (7#,.),.* ?„]} 

47«? w ^nifi 


# * 


T‘ 


1 


$ y^y„'!) 


■ (? yrf ]} 

m= 4 [ ® c vm y,y- t <i> e )~}} 


t?° ?' v » <l> e ~(<!i e y., t I/ c )"]} 

Let us consider the term 

? c >'t*yv(!'c=-? C' 1 y yy v c5 

=—f C -1 yf.C.C" 1 y.j CPj 


FW 


7v/^) 

Similarly, evaluating the other terms we find that 

Tp,y— — Tp. v . 

■ Problem 16. Find out bper, i-?-, b after applying successively 
the transformations T\ C and P, Hence show that the Dirac equation 


[ — fa. (V + feA) -\-pm—eA 0 ]$=—Eb 


changes into 


- 0 ) 


—> 


[~W a.(V *|*/^A)+^/k—- eA 0 ] ippcT—Ebpcr 

under these transformations , Interprete the results, 
Sol. We have 


‘•■00 




; bT={ytfsY2W i ancI i'c-fyr/!) */ J 


* <kpc 


* 9 


e ( l (y 4 y 2 ) y,i|'=-c t '£y 4 r J y 2 ?-=-e" ! ' £ y 2 ?' 


and hence, 

Ppct 


(nvsy-^-i-e^y^)* 

— 7475^2*^ (W* 


T 


= — y 4 ysy4 ^ {v 9=^ 7i=^P^y.i *> (<f')*=74W 

1 . 

— e^yop 

Taking the arbitrary phase factor e *f as unity we have : 

^cr=ys+ •••(hi) 

Now we find the transformation of (i) under PCT. Under 
(PT’)-transformalion, i.e„ space-time co-ordinate inversions, x* 
and A y , transforms as : 




















.i 

4 

"S 
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Xp 

A 


Xp 

AJ 


X^i 


A \ -Ov) 

p - -rtf* —Sip i 

while there is no change in x?. and A$. due to C-transformation. 
Also from (iii) we have ty=y&l*pcT •••( v ) 

Using (iv) and (v) into (i) we get it after PCT -transformation 
as : 


[ — /a.(— A')-f jSm+e^'o] 75 typcr(x') 

or 7 d [~i a.(~'\7 , —teA')+prn+eAo , ]y5'\>pcT(x') 


Ey 5 ^pcrty) 
Ey^PCTi*’) 


or [/ a.(-“ V ' ~ iek *)~ e/J 0 '] d 'pct{x*)——E $pct(x') 


»* 


...(Vi) 


or [ + / a.(V'+- f eA')+pwi—e^o # ] d pct (x')*=>E ^pc7- (*')• 
or deleting the primes, 

[* a (V'-hzeA)+p/n—e4 0 ] ijjpcr (x)=E d per (a) 

Comparing (vi) with (i) we find that a negative energy elec¬ 
tron moving backward in space-time is a positive energy particle 
moving positively in space time. This interpretation of the positron 

m "■ 

as negative energy electron running backward in time, forms the 
basis of Feynman's theory of positron to be discussed in the next 


c it a p ter 


A 


A 

i 


1 





FEYNMAN'S PROPAGATOR THEORY 

FOR SCATTERING 




In scattering problems we look for the solutions of the wave- 

equation which develop in time from some initial state in the 

remote past; /.<?., given the wavefunction for a particle in the 

iemote past, we want to know it in the far future after its 
interaction with a potential. 

According to Huygen’s principle, if the wavefunction i/> (xj, / 2 ) 

is known at a particular time t u it may be found at any later 

time t 2 by considering at time t x each point of space, x ls as a 

source of secondary wavelets, which propagate outward from x lt 

The stiength of the wave amplitude at any point x 2 at a later 

time l 2 will be proportional to the original wave amplitude 0 (x 

h). If we denote the constant of proportionality per unit volume 

around the point x, by K (x 2 , / 2 ; x l? t x ) y the total wave arriving a+ 
(x fl> h) will be . ° 


^ (^25 ^2) 


d * X l K ( x 2, h\ Xj, fj) d, (X 1} f,); f. 




1 ? 




where the integration is taken over the entire space from which 

the secondary waves are emitted. K (*„ , , is called „ le 

Green s function or Propagator ” for eqn. (1). Knowledge of K 

enables us to construct the physical state which develops*,, time 

from any given initial state, and thus, it is equivalent to a com 
plete solution of the equation of motion. 

The Propagator method due to Feynman simplifies very much 
the calcutions involving positrons and electrons interacting with 
an external field. Later, after developing the subject of fie’d 
quantization in chapter 13, we shall dearly see the equivalence 
of Feynman s formulation to the more standard field theoretic 
approach. We present this approach in some detail here because 
it will provide an intuitive understanding of the essentials of the 
field-theoretic results to be derived rigorously later on 

111. PROPAGATOR FOR A NON RE LATI VISTIC srnprt 

DINGER FREE PARTICLE : &CHRG- 

We have the Schroe.dinger equation in the natural units as : 










Ip * _ Iff 1 
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i c <!> (x, /) 


bt 


i'H (x, /) 


...( 2 ) 


1 ■» 

^'e now want to transform it into the integral form (I). For 
it we expand 0 (x, /) in terms of the complete set of orthonormal 
eigenfunctions n n (x) of the time independent Hermitian operator 
H with eigenvalues E„, 


En U n {x)-- H Un(x) 


Functions u n satisfy the relations (See prob. 2, Chapter-2), 
(x) Itm (x) d a X~Bnm‘, 2 U „ (x) U n * ( x ') = S n ( X ~ x ') 


...(3) 


(oi thonormality relation) (completeness relation) 

We can now expand <j, (x,„ t ) as (See eqn. (90), chapter-1) : 


l P ( x 2 > t«)~E a„ u „ (x 2 ) exp. (—/£’„ /,) 

71 


..(4) 


where. 


: — 



*/»* (x a ) tjj (Xj, /j) exp. (-}-/£ n /‘j) d 3 x 1 


Substituting the value of r<„ into (4), we get 
** (x *» = f // (xj) <£ (x 1; fj) exp. (/£„/,) d 



X 


J d 3 - Xl J £ ll n !> (Xj) tin (x 2 ) exp. [ 


tin (x 2 ) exp. (— iE n t,) 


iE„ (/, -/ 



>r> ( X X. C) 


... (5) 

In Older to compare this equation with eqn. (1), we have to 

incorporate the condition that / 2 S- t v We introduce a step 
1 unction 6 (/) defined by 


6(r) 


and write 


1 if/ 
0 if/ 




0 

0 


...( 6 ) 


■ 

$ (x 2 , tj)=jd 3 x 1 {£ Un * (X'i) z/„ (x 2 ) exp. [~iE„ ((., — / x )] <? (/ 2 -/j)} 


X 


^ (Xi» 4) 


...(7 


Condition / 2 > / x incorporated into (5) has to be for th 
conservation of casuality. The contribution to the wave A (x /, 
must come only from the waves <]/ (x„ /,) which were produce! 
earlier m time and not from the waves propagating in future time 
Comparing (7) with (1) we find the propagator 

^O's, h\ x„ ti)=£ ur. * (x^) //„ (x,) exp. [~/E n (U-tj)] 6 (h~h) 


...( 8 ) 









ADVANCED qu ^u„ Theory ANd FiaDs 
& . now a simple matter to derive the differential equation 

ft ,s g : 

y ) k (xs. x i> 'i) 

' a 


/ 


0/2 


f 



Mf * (Xj) «" W 0/ 2 ^ eXp - t-' £ » (fj-fi)] 8 (/ 2 -/,)} 


ft 


£ i/n* ( X 0 eX P* [— iE n (/ 2 — /l)] ^(/ 2 ~/l) 

It 


It 

(Xi) «»» ( x s) ^ exp * (^2 /j)l 9(h—tl) 

* f . 


+'S (ft-lj) exp. [—/£„ (/,-/,)]} 
2 M „* (x 2 ) £n u„ (x 2 ) exp. {—i£„ (;,— r 2 )> 6 (t,~t j 

n 


eft? (x) 




„ ( Xl ) z//i (Xa)- 1 ^ (*2“*i) ex P- [-^(/2~/i)] 


=s wj 


fi 


jS (r„ - f,) 2 «.* 0*i) «- (*J 

“ v “ n 


/Usina completeness of »n) 

t. * 


& -/S (fs-^i) 83 ( Xi! ' Xj ' • ...(9) 

~f?£C£iis the four-dimensional Dirac delta function. 

£fC O V' * 

Exactly similar to (9) we get 

f ,-i_ h 1 ) K (x 2 , r 2 ; x„ h)='-^ J (*>-*.) - (I0) 

Wc'low solve explicitly the equation torto 
reflW r. The Hamiltonian for a non-.elatmst.c 

■’s free particle is written as 

v. 2 - (ll) 

j?!’ 1 . . ( ) {Here after to be denoted 

Thus the propagator A (x 2 , / 2 > t 

A (a* 2 —.Vj)} satisfies the equation* 

' 3 • 1 


V 9f 2 ' 2m v 2 / . . ' , J-Ua function we 

raking analogy from the 3‘^' me ” S1 °”* tf , sra i 

epresent 6 4 (.vj—Ah) by the following 1 

(x l x ) = _L- f + " ^ «p. [!>• ."' 


S ' iXs Xl> (2-y)^ * J^v-x,), which we 

ntroducing the Fourier transform 0 

f/ 1 / _A r* 1 I_ 


c by A (/?), as fallow’s 
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K (*„ —xj = J—J dip e xp. [ip. (Xo-Xj)] K{p) 


(2 


dip exp. (;'p. (Xo-x^-to (/ 2 —/,)] K{p), 


...(14) 

and using (13) and (14) into (12), we get the equation for 

K(p) as : 


CO — 


£1 

2m 


K(p)=i 


K(p) 


l 


o>~p 2 j2m 
Hence, from eqn. (34) we write 

/ r 

d 4 p exp. [fp.(x 2 — x x )~~i<a (A 


...(15) 


■A. (A o A j) 


(2 r.y 


h)} 


1 


m — p“j2m 
...(16) 


m m * y X J 

The integral on the right lias got a singularity at u)=p~l2m 

on tlie real axis. According to “Jordan's lemma we choose the 

contour for the evaluation of (16) as show in the following 
diagram. [Fig. (1)]. 





Hence the w integral in (16) can be evaluated by using the 
Residue theorem as 


K (A*-X : 1 )= 7 ~Jd a p dm exp. [/p.(x 2 -Xj)— im ( 4 -/j)] 


( 


CO 


1 


■p 2 j2m 


i 


(2“) 4 J 


d*p exp. (/p.(x 2 —x,)] 


x( — 2-i) Res. 


OJ 


P 2 [2m 


exp. {-im (t 2 -M 


,}_ \ -1 

J to—p z j2m J 


* According to Jordan’s lemma, the function exp. (miz)f{z) can be inte¬ 
grated over a semicircular contour which must be in the upper half or the 
lower half complex r-plance according as tn is positive or negative, In (16). 
for the o-integra! we have m =—(/,— /j) which is negative for hence 

we have closed the contour in the lower half of the complex emplane. 



































524 


ADVANCED QUANTUM THEORY AND FIELDS 


1 


(2*y 


d z p exp. [/p.(x 2 —x^]. 

X exp. [(— ip 2 /2m) (f 2 4)]> / 2 ^ 4, 


or K (x 2 —xi) 


1 


(2r.) 3 J 


cPp exp/. [/p.(x 2 —Xi)] 


A 


& 


1 


x exp. [(—7p 2 /2/?0( f 2"”^i)] G (4—4) 

This is the explicit form of the Propagator for 
relativistic free particle. Since the 
propagator represents a 

free particle travelling from the point 
(xjJx) to (x 2i 4) in the space-time 
coordinates it can be represented by 
a straight line (fig. 2) in the space 
time diagram (Feynman’s diagrams). 

We could also get K(x 2 — x 1 ) 
by solving equation (10) and it 
is left as an exercise for the readers 
to show that'we get exactly the 
same propagator from (10) by taking H x ^{— v i 

11*2. PROPAGATOR FOR A DIRAC FREE PARTICLE : 


...(17) 

a non- 





((Et tit} 


SPACE - 


Fig. 2 



It has been shown in the last chapter that the complete set 

of the energy eigenfunctions of the Dirac Hamiltonian FT=cc. p 
+ fim is given by : 


For positive energy : 
1 


1 


^Yj l<r (p) ex P- {'P -X'— /£/?/ u r Qj) exp. {/p.x} (r=l, 2) 


For negative energy : 

—. v r (p) exp. {ip.x+iE p t) 


1 



V(V) 


v r (p) exp. fz'p.x} (r=l, 2) 


where the spinors u r (p) and v r (p' satisfy the eqns: 

(oc.p-i-jBwj) u r (p)—E p u r (p) 

» 

(ce.p + 0/w) V r (p) = -E p V* ( p ). 

Performing the steps analogous to steps 
the last section, we find that the propagator 
particle can be written as : 


(4) through 
for the free 


(8) in 



;ac 


K (x a -.v l )=T 


u r ip) If f (p) - v r (») „» 


J, 

! 


(p) lx 


r,P 


exp. {/p. (x 2 -x,)} 6 (t 2 “ O 


% 

I 

t' 


4 J 




k 


r 
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To derive the equations satisfied by K (x 2 —Xj) we have : 


• 8 FT 

7 a 7' h ' 


K (x a —x a )= / 


r^-—a.p 2 — Pm) K (x 2 —x 3 ) 

O /2 / 


jr \ {“ r (p) “ r T (p) vr (p) ,;r t 00} 


r,P 


xexp. i 



Xj)} £ (^2 ^j) 


Using the completeness relation 


> [w (p) u r (p) — v r ( P ) V (/;)]=1, 


/ 


we can write the above eqn. as : 


/ 


5 


3/2 


i cc.Vi - jS;;/ ) /v (x 2 —x 2 ) 


K 


y 




/> 


iy .1 8 3 (x 2 —Xj) S (to—b) 


* f 


If,.) 




1 XT' 

F 2v^(2r:) 31 " ‘ 
P 


f 


or 


/ -|r / a. V 2 - y 4 m) 


A* (a* 2 — x,)—7y 4 5 4 (x 2 —Xi) 

Multiplying its both sides by y 4 from left we get 
i y 4 -lr+ i ' "/4 072 -w) K (.v 2 -a- 1 )=/8- j (x 2 - at) 


f 

\ 


# * 


n 


r 


P=74j 


a/ 


or 


> 


y‘i_, 


3 


or 


y 

4 li 


e(.v 4 ) 2 


d 


y. V 2 — in ) K (x 2 —at) = /S 4 (x g - at) 


{V y/=-/y 4 a4} 


.’?! 1 


or (ft 
where 


+ •’» I A (AT—X,) = - 
'n-i 1 

= -/ ( 5 4 (at-at) 


/S 1 (at-aO 


2 +/») K (a 2 —Xi) 


...(18a) 


ft 


a 


2_y " B(a V ) 2 

Similarly, It can be shown that 


K (Xg—Xi)—/8 4 (x 2 —* 1 ) 


...(18b) 


These are the differential equations for K (x 2 —X 3 ). The find 
an explicit solution of (18a) (say), we write the four-dimensional 
delta function as : 


S 4 (X 2 ~Xj) 


1 


0*0 


d*p exp. {/p.(x 2 —Aj)} 


...(19) 
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QUANTUM TI'EORY and fields 


• trodu c * ns t * ic P° ur ‘ er transform of K (x 


*z)» which 


by 


-Xi) 


1 J exp- [ip. (x 2 -x l)} tf (p) dip 


(l9 ) and (20) into (18a) we obtain : 


( 20 ) 


U 5 ' 11 ® 

<ip+'”) K (p) 


I 


K{ P ) 


l 


ip+m 


s —z (m~ip) 


K O'* 


Xj) 


/ 

-VI 


( 2 ") 


^2 /n 2 

m — /p 

p 2 -f- m i exp ' {'/’•(x 2 —jtj)} d'p 


...( 21 ) 


'-mivenient to define the integral / (x,-*,) : 
IflSl ' -i f exp. {i p .(x, —x,)) 

W* J 


I (*2 


Xi) 


(2r.) 


p‘+m 2 


(l*P 


..( 22 ) 


K ( X .-x^Qn-ip) I (**-*i) 
7-A'(23) into (18a) we find that i (x, 

IllSeI ' (□„ s -m s ) / (Xo--Vj)=iS 4 (Xj-Xi) 

<5" 


...(23) 

•Xi) satisfies: 


..(24) 


v 


.here 


□ 2 


2 == 8 


y*> 


V 


2 


c?r. 


...(25) 


( 94 ) is an inhomogeneous Klein-Gordon equation and 
E we can interprete / (x 2 - xj as the propagator tor the zero 


lienee 

spin K-G. free particle. 


In the integral (22), there are two simple poles on the real 


axis, given by 


p 2J rin 2 


0 


or 

or 


P 


Er? 


\ 2 -\-?n-—po 

_jr? 0 2 =0 po 


0 


p — j-'u —^ r « ± E p 

To evaluate the integral (22) we first have to make a proper 
choice of the contour. The contour is determined by the term 
exp. {— ip 0 (/ 2 — ^i)}* Since / 2 > t \> title to causality conservation, 


the contour should be closed from below the real axis and as 
t 2 > t\ corresponds to the forward motion in time the pole at 
Po~ -{-E P should be included inside the contour, However, if 
^2 < *!, then the contour should be closed from above the real 
and this time the contribution will come from the pole at 
Pa^—Ep only, in order to conserve the causality. The two con 

lours are shown in Fig. 3. 

Hence by applying the residence theorem, for < ?i> we 


7 (*2^X0 


‘AT?/. 


V 

Z 


(2 it) 


X 


d 3 


P exp. (/p, (x 2 — xj}. 


Lim exp {- ipoihzl^l— 


Pn"> E 


V 


Ep-Pri 
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1 


(2tt) : 


°r I ( Xj ) = 


Fig, 3, 

d*p exp. {ip.(x 2 -Xj)}. 


exp. {iEptfs-tx)} 


2 E 


p 


1 


d 3 p 

(2--0 3 J 2 E 


exp, {ip. (x> •“*)}; 1 


/.and Pq=E p 


Similarly, we find that for ti 


,..(26a) 


< / 


I (X> — Xj) 


±1 

2 E n 


exp 


/ 

t 


ip.{x 2 -x ,)}; 


r 2 < /, and p ti 


E 


V 


..(26b) 


It should be noted that the change of sign in the exponential 
term of the integrand in the above eqns. does not change the value 
of the integral w.r.t d z p, since the integration is over the entire 
momentum space and E P is an even function of p. 

Using (26 a and b) into (23) we get the propagators for the 
Diiac particles of positive and the negative energies. We see that 

A (x>—xq) is not zero even for /. < t x contrary to the case of 

Schroedingers nonrelativistic particle. Here, it represents the 

propagator foi a negative energy particle moving backward in time 

(^2 < /j). Feynman interpreted it as the position propagator. The 

Feynman’s theory of position greatly simplifies the interpretation 

of the processes like pair production and pair annihilation, as 
explained below : 

Let us consider the process of the fig. 4 shown on page 528. 
It shows an electron originating at x and ending up at x\ Along 
the way, a pair is produced at the point x t ; the positron of the 
pair annihilates the initial electron at x 3l the electron of the pair 
propagates upto x 2 , where it is scattered by some potential and 
and theory propagates up to*'. Thus we see that it is not the same 
electron that starts from xr, but a different electron from the pair 
production which reaches at Thus in the Dirac theory, not 
only we have to consider more than one particle in the process, 
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but also the trajectory of the particle becomes discontinuous. 
On the other hand if we take up Feynman’s point of view, then 



Fig. 4. 

the electron travels front x to x 3 forward in time, then it is scattered 
front x 3 to x, as a negative energy state, it again gets scattered 
at Xj and x„ and continues to x'. Hence the same electron reaches 

*'• Feynman’s interpretation restores the one particle nature of 

Dirac equation. We can now talk of a single negative eneioy 
state moving back in time, while in hole theory, we have to con¬ 
st er the entire infinite sea of negative energy states. 



U1 " £r 

We have seen that the free 1 particle n FIELD : 

the D,rac satisfies the equation P Pagator ** C 

(%i+fn) K Q (x 2 ~ x \ 



Xo -A* 


TFe interacting with field a ^ 

- a, can be incorporated by repl! 
















A 


r— 


S9Q 

FEYNMAN’S PROPAGATOR THEORY FOR SCATTERING 

d bv f?u. - ieA ). Therefore, for a Dirac equation ' n ex ^ ern ^ 
electromagnetic field, the propagator A {x 2 -x } ), sno 

the equation : 

(?,—teAj+ffi) A(x*-*i)= -/o' (x a -*i) ' 

or ^ 2 -\-m)K(x t -x 1 ) = -i^(x a -x l )+ieA 2 K (xt a,) 

or (£„+/«) AT (x*-*i) = ~> &i ( x z~ x i) 




Also from (27) we can always write 

A'o (x 2 ~A'i)=— i (%z+ m )~ 1 81 ( x t~ x i) 
Using it in (29) we get . 

A' (x 2 - Wj) *>-»'■ 


...(30) 


(? 2+'”)" 1 ( A - 2 ~ 
~/cj i/ 4 x 3 As A(x 



o 4 (X, 


-l 5;4 —;c 3 ) 


Ao (x 2 -Xi) + ( 



r/ 4 x a Ao (x 2 -x 3 ) A 3 K(x 3 —x t ) -01) 


Eqn. (31) gives an expression for Ate *1) , 

free oarticle propagator. A„. The advantage of this ml » 
eauation lies in the fact that in addition to containing « 
boundary conditions, it can “-Jn> bv ■ the value of 

xi.nations. In the first approximation, we subsn u 

A (x a —x x ) into the r.h.s. of (31) from the eqn. (31) itself. 

(31) we write 


A (x 3 -x,)=A„ (x 3 -x 1 ) + (-e) 


d*x 4 A 0 (-^3 



Now substituting it into (31), we get 

K (x 2 - x x ) = K* (x z -Xj) 

J(/ j x 3 K q (Xo—Xz) A 3 [A"o (x 3 —Xi)+(— e ) j 




Ao (x 2 


{(A 0 (x 3 —x 4 ) A t A(x 4 —Xj)}] 
e) | if 4 x 3 Ao (x 2 —x 3 ) A 3 A 0 (x a —x 4 ) 

+ (_ e )2 fj d'x. s d*xt A 0 (x 2 x 3 ) A 3 Ao (x s -x 4 ) A 4 A (x 4 -xj 

Making successive substitutions like it we get the generalized 
result: 


A (x 2 ~x 1 )=A 0 (x 2 -xj)+(-e) j 


+(-«) 


^/ 4 .v a d*Xb Ka (-^2—*Ws) A 3 A y (a* 3 a 4) A* Ao (-^4 *^i) 











Fig. 6. 



, -jj e se cond term shows the propagation of the particle from 

where it suffers an e.nu scattering by a field A 2 . From ,r 3 
? jt ° pagates freely to point x 2 in space. Since the point * 3 can 
be^any where in space, we have integrated over all the space 

w.r.t. *3* 



Fig. 7 

The third term represents the situation when the electron surt- 
ers hvo scatterings, one at point by a field A 4 and again at point 
^3 hy a field A 2 . Here also we integrate over whole of the space 
' v - r -t. x z and * 4 , because x$ and x* can lie anywhere in the space. 























feynman’s propagator theory for scattering 


531 



Fig. 8 

Similaly, the /?th term represents the ?ith order scattering of 
the particle. At the point Xi the particle is scattered with a pro¬ 
bability amplitude per unit space time to a new volume to a new 
wave propagating forward in time with amplitude K (x^i—x { ). 
This amplitude is then summed over all space-time points in which 
the interactions can occur. We may say that the interaction at 
the /th point destroys the particle propagating up to x £ and creates 
a new particle which propagates on to x ii . 1 with ^ ti. 

11-4. FORMULATION OF SCATTERING THEORY INTERMS 
OF FEYNMAN’S PROPAGATORS : 


We have seen that given an initial state 4 (x 2 ) of a system at 
point Xj and time t x ; the final state & (x 2 ) at the point x 2 and at a 
later time t 2 is given by 



Here <Jj(x.) is a general final state. If we - wish to find the 
probability amplitude of the particle being in a particular final 
state 4>f (x 2 ) from a definite initial state <p ( (x 3 ), it will be proporti¬ 
onal to the scalar product: 


{ 4 f( X z)> ^(-* 2 )} ~\ 2 )? 



cl 3 


x t K(x 2 - A'i) Yi < j>i (Xi) 1 


J 


cPx 2 4 ! (^ 2 ) K(x 2 —x^) y 4 (x 2 ) ...(34) 


Now the propagator K(x 2 —x 1 ) on the r.h.s. of the above 
equation can be approximated by the series (32). Let us see the 
effect of successive approximations in the series (32). Suppose we 
retain the first or zeroth order term, then K(x 2 ~x^)^K 0 (x 2 —x 3 ). 
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In this case, the final state of the particle won’t be different from 
the initial state, i.e., there won’t be any scattering and hence 
Ko (x 2 —a-j) docs not contribute to the transition probability amp¬ 
litude. The transition matrix element for a transition from the 
initial state to the final state $/ (*a)> ln lhc zcroth orc cr 

process vanishes 


0 


-.(35) 

For the first order process, the transition matrix element is 
given by 


e) J ^ d 3 x x d 3 x 2 */>) (x 


) 


X j r/ 4 a' 3 Kq (x 2 — x 3 ) A 3 K 0 (*3 - x \) Ya$i ( x i) 


or Af (l) 


} 




...(36) 

To simplify it further, we write for the final state (p / (x 3 ), 
using equation (33), as 


* • 


9/ (*s)—j d^Xn A 0 (x 3 *,) y 4 ■/ < (xV) 

4 / (X3) — J d 3 X 2 (x 3 ) Ya ^0 (*^3 X'a) Yi 


...(37) 


Now, 


Ao (x 3 -x 2 )--r^~ r | d*p exp. (fp.(x 3 -x 2 )} 


111 —fp 
nr-\-v & 


(2 


Y {^ 


exp. {ip.(x 3 -x 2 )}- 


m—i y. P + Pn'/i 


iri a -j- /r 

fp • (x 3 —X*)} 


f 


A /4 K; (x 3 -x a ) [ cl l p exp. { 


X 


m — / y.p+poy* 
m 2 -}-p 3 

(^2 ^3) 


Hence we have 

?/ (*a) - 


c/ 3 y 2 ! (x 2 ) K 0 (x,—x'i) 


,. (38) 
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Using it into (36) we get 


e 


S 


Af™= 

' This equation corresponds to 
an electron in the initial state $•; 

(at 3 ) being scattered at the point As 

by an interaction with the electro- ^ 

magnetic field A, and then propaga¬ 
ting to the point x, in the final state 
6, (x 3 ). Since the point x a can be 
any where in the space, an integra¬ 
tion over whole of the space occurs. 

If we consider the second order 
term, then the transition matrix 

element will be given by . • 

ini „KrWSS-V. in«o .h= hna> s.o.e * 

!?s <S KUmERrORD'S SCATTERING OR AN ELECTRON 

FROM A FIXED COULOMB P0 TEN HAL : 

d fn' %Ts moment m "/the fiJSfitaJ" /^/er IntSacUon 

with an electromagnetic potential /1 (a), then the 

tion matrix element is given by 



i) = e J c!'x <}>t (a) A(a) <jn (x) 
In the initial and in the final 

states, the electron is at asymptotic 
distances from the potential and 
hence the interaction with the 

potential can be neglected. We 
can approximate these states by the 

following normalized plane wave 

solutions of the Dirac equation; 

m V (p) exp. {//xa} 


...(41) 


•. Ji i W 
and 4f( x ) 



E»V 



P 

m 


7 K Jur'Cp’) exp. {ip'.x} 



• 9 


Mi 1 ) 


e 

V 



m 


F F 


(p'/ exp. {— tp’.x} A (x) f<r (Pi 

X exp. {ip- x ) (l ‘ x 


t 
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e 

V 



m 


E P EJ 


« ' fp’) [exp. {i(p-p').x) 


c 

V 



m 


X A (x) d*x u r (p) 


r 



■ it"' (p) 


exp, {iq.x) 


fV( 


X 

,2 


'(A (*) d*x if? (p); with q 
m 2 \ -j- r 

E p E p f ) * 11 (P^ A (<7) llT (P)> 


p-/? 


..(43) 


where A (r/)« exp. {iq.x} A (x) d% 


. is the Fourier Transform of A (.v) 

Inonv the static Coulomb potential is given bv : 

A ( a - ) =. 0, Ai (x)~ — 





wheie Z is the number of protons in the scattering nucleus 
Hence we have 


A (q) — ieZ 


exp. {iq.x} — cPr at 


r 




• it 

First we calculate the space part of the integral in (45) ; 



ieZ\ exp. {/q.r} ¥±d z r=ieZ 

v r 


t .-,A ,-2 T 


i> 


d P 

0 d o 


f vt / 


r 


ieZ y 4 


X l exp. {/! q | /• cos 0} sin gdO 

+ 1 


roc 

rdr 

"exp. {/j q | /’x) ] 

*0 

' i q 1 r 


Now 


DC 


0 


~ie Z 2 ~, 

— ieZ y 4 ,4-. 

sin | q | r , 1 

■— — ar= 


' co 


di 


jx»-3 


o i q [ 

00 sin j q 


.2 sin ( j q j r) 


q 


q 


0 1 q 1 

00 . dx 
sm x -— r 

Jo ! q 1 


- ar 


1 


■ ~ • . a. w 1 ‘ii i q h jo - ' ' 

does not exist because the integrand is oscillatory. Hence to 
evaluate it, we play a simple trick that we add a converge, 

So" Thus '' m t0 ^ int ° Srand ^ latCr ° n ta ^ e the limit 


fnj. 


cxp.{/;r]< 


Im. 




0 


* • 


exp. {/a} dx=Im 
ieZ f exp. {ia.r}—d 3 r= 

J ‘r I of" 


exp. { / (£— 1) a*} rf.rUl 


•■( 46 ) 
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For the time part of the integral in eqn. (45) we have : 

03 

V' m- V . | * » m 
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oo 


J - - I- v v i » V I IUV £-v I M 1 4. M », V lit ^ ^ I it V LIU T V f 

exp. {— i(j 0 1 } di =--2- 3 (q 0 )=27z$ (E P ~E P ')= 2*3(0) ...(47) 

ntcr* P _ _ i , * , i 


Because h v —E p * for an elastic scattering 
Now 2nS (E p -£„’) = r™ o6 J*'^exp. {-/(£„-£„’) /} dt 


Hence, 2,S(0)=k™ f r/a , 

7 r _ l ^ 


*=7’ . • .,.(48) 

T-T rt-* j ~ 

Here T js the total time in which the transition takes place. 


So we get: 




— 03 


exp. {-?Y/ 0 /} dt - T 


Fiom (46) and (49) we obtain the integral (45) as : 


...(49) 


a (?) = . T 


Therefore, 


9 


.(50) 


_r' / \ 

(e;e„’Y~' " {p ) \|TT-) V ' 1 “ r 


.(51) 


H V(£l 

torn it we can get the transition probability i Ayci) 12 w n „, 

“• • *»*L. 1.i sip '.V 

... To T J ' lhc ,hr ee-climcnsional momemum chan- 
1',' it into account we should sum over ail the final 

final slides wm^^P robabi,it y over all the 

£ ! ;V/U> -2 

' - .. (52) 


final 
states 


as : 


Thus the transition probability per unit time can be written 


w 


T * 


final 


S I MW i 2 = 2 i Ml *. 2,3 (*), 


iinal 


-..(53 


where 


M 


states 

'vjE^’J ■ 


m 


slates 

-r 

it 


Cp'J 


kZ. 

1 q r 


i 


Vi « r (p) .. (5-: 


In writing eqn. (S3) we have used 

, . T2=i2,T S (‘7 o)] 3 =7'.2j T S (r^), 

which ,s perfectly justified for long rtr-.cn) r, ■ 

“ J” l h - s - »'(53) (■•« „,“*, n S, “ 

' ! M , 2 2nS (Po-/V) . ( 2 ^r| p' js dp’ dSl’ 
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M | 2 8 (Ep-Ej,') | p' I 2 dp' dQ’ 


~(2 

Hence the transition probability per unit time per unit solid 
angle is given by 


Sir 


V 


Mi' ~ (2 



Mr 3 (Ep-Ep) | p' i 2 dp’ 


V f 

I_I I TM \2 1 2 

^) 2 J 


(2 

Wf 1 M 1 


M i 2 | p 


dp’ 


t 8 (E P -Ep') dEp' 




p'i* 


dEp 

c JjL 

dEp )E p '=Ep 


...(55) 


We have evaluated the above integral by using the property 
of Dirac delta function S {Ep—Ep). 

Now. 


pz ' 

I./ m 


* * 


p' | 2 +/» s 

2E„' dE v * — 2 | p' j d\ p' \ 


dp* 

1E7 


Hence \vc have 


Ep f dp ' 

~~ and ' 

P 


E v 


dEp J Ed — E v ~~ j p' j 


S w 


V 


-— r —-— AY [2 ] 

dQ’ ~ (2tt) 2 11 1 


E- 


...(56) 


Since the incident beam of electrons is unpolarized and 
it is not possible to fix the spin of the electron in the final state, 

we average over the spin of the final electron and sum over the 
initial electron spin states : 

s,r _j v 
2 


SQ’ 



M 
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niL E 

4-,* 



« ' (!>') 7i u\ p) | 2 / 4 " 


e ' 2 
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r r 


E*E V ’ 


x( 


eZ 


V 1 p' 1 . E 
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v q i 


4 


ft 

At 

n 


.. (57) 


Now. 
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(P ) Yt u (P) l 2 —£- T, [y 4 (/>) y f ^W (p')j 
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r m to 0»-ip) y 4 (»7-/pi)] 
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1 


8m 2 


[i in 2 Tr (r* 2 )— T r (yi p Yi P’)] 


* l 


(58) 


{V the trace of the product of an odd number of gamma 
matrices vanishes.} 

We have T r (y* l )«=4,.and 

1 I 

Tr {Yi p Yi P') = (/WV) Tr (YiY.YiYd 

= ( pf. 4Aj,v) 

— 4 (2p iP i —Ps-Pf.')— -4 (p.p'+£,£•/) 



U 




(P') Yi » (P) i 2 = 2nP~ (" ,2 + P-P'+£*£*'] 


1 


2/» 


2* ['»H| I> I 2 C0S 0 + #?'] 


* t 


•(59) 


{• • [ p j=j p ' j and Ep=E p ’ for the elastic scattering}. 

Here 0 is the angle of scattering. 

Usine m*=E /-j p i s into (59) we write : 





! « 1 (p') >V' r (P) i 2 
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2/72 


2 [2£j 


P i 2 +1 P 


i! 


COS $] 


r i 


mt 


2 E 2 


2m 2 


1 


P ! 2 - 2 0 

Ep i Sm “ 2 



l—v 


.. 6 ) 
sin- | 


|v .» 


p 

E 



Hence we can write (57) as 
Stv E-n 2 r . . „ 0 1 / 4rC\ 2 


SQ’ 


E v H . .. . 2 0 ) ( 

-J l-rn'-j !•( 


o 

m- 


eZ 


V 


y i p’ 


EpEp' \| q I 2 


4n 


.E, 


4e 4 Z 2 £„ i p 


| q j 4 .K 


1 — v 2 sin 2 


0 


2 


{Y Ep—Ep & I p 


...(60) 
P* I) 


Form (60) we can get the differential scattering cross-section 
by dividing it with the incident flux. Now, 

Incident Flux=Density x Velocity 


1 

V • * 


1 


P I 


V • E 


4 

i i 


da 


v 


dii dQ 



Incident Flux 


4Z 2 e 4 


‘1 


e* / 

r Tr, 2 f 
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v- sin 2 ~ 
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;. ( 61 ) 
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Now 


q 


q=p—p' 

pj 2 +l p' 


=2 

=4 


O 

M 


-2p.jp 

P i 2 — 2 | p p cos 0 
P | 2 sin a 0/2 

Hence, we have 

da _ 4Z V 

16 | p | 4 sin r 0 / 2 ~ 


dQ 


E s 


1 


v* sjn 


0 


da 


or 


ZV * (] — 


dQ Av z I p 


I *'>* 

p jj 


r_sin J Hj2) 
sin 4 ti/2. 


V P 



In the limit when v >0,this formula reduces to the famous 


Rutherford’s formula 

da 


1 ZV 


] 


dQ 4 ///V * sin ' 1 012 



d:. 


Formula (62) is known as Mott’s Scattering formula. In the 
first order approximation, the positron scattering from a fixed 
Coulomb potential will be identical to that for the electron. 
Ho wever, in the second order calculations, there wiil be two terms 
, 4 ,'and A 4 and the interference between these will give rise to a 
change of sign in case of positron. Thus the two particles will be 
distinguished. 

316. ELECTRON SCATrERING FROM A DIRAC PROTON : 

In the preceding section we considered the scattering of an 
electron from a static Coulomb potential. Now we consider the 
scattering of the electron from the field of a moving proton. The 
matrix element in the first order approximation is given by 

M w ~e f ( a ) -V ( x ) h (*) < ‘‘ x ’ ...(64) 


here Ay. (.v) is the e m. field due 
the moving proton, at the site 
the electron. It is governed by 
e Maxwell’s equation 


□/Ip 


J 


...(65) 



ere > (.v) is the proton current. 

owing it, we can solve (65) to 
Af. (je). Treating the proton 
3 point charge, the expression 
the current can be written an- 

to that for the electron as: However, the proton 

Tended charge distribution, and if the charge dens.ty ,s 

, the total charge is given by 


Fig. 11 
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and the potential (at) is, therefore defined by : 
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...( 66 ) 


A (x) — 0 ; A 0 (x) 


. eZ 


i 


P(r) 


d'h\ 


The Fourier transform A(cj) of A(x) is given by : 

dKx A W e '"' x =/ d 3 '- * exp. (/q «r). exp.(- ig 0 t) A 0 (x) 


! 


cPr' p(r') 


2-i &(q g ) r r/V exp. (/q.r') p( r') f tfyf- P: [ ;( Kr-r') ] 


r — r 


277/§(^ 0 ) ZeF( f qj 2 ). 


4tz 


I Q 


2 J 


...(67) 

function 


where, Zc F ( f q j 2 ) — J p(r') exp. (/q*r') d z r* and the 

l\ | q j 2 ) is called the ;form factor \ For a point change, q=0 and 
hence 


Z<? F(0) — J P (r) exp. (/-q.r') r/V= Ze -- F(0) 


1. 


For an extended charge, the distribution of charge is contained 
in F ( j q p). Hence tile proioii current, corrected for tiie distri¬ 
bution of its charge, can be written as 


jp = H OV <i T(! q 2 ) ---(68) 

However, for the sake of simplicity, we shall ignore the struc- 

tore of the proton and take F( J q | 2 )—1. Due to the motion of 

—> —> 

the proton, there is associated a magnetic energy - p.B. where p 
is the magnetic dipole moment of the proton. We also ignore 
the contribution due to it in the current density. Hence we can 
write the expression for the current in the momentum space as 



• [/.<?. f/(K / ) u{ K) e iq - x ] 



e iq 




where j (cj) 





Substituting it into (65), we have 

O A,, {x) = -j, (q) e ,q ' x 

Q VI • >5 

/. /*/»(*) ==jv (?)-r 

Using it into (64), we obtain : 
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with M==ie 2 u (k') >v u{ k) s 11 (K ) V* H (-k) ...(72) 

Hence the transition probability per unit time summed over 
all the final states is given by 


w 


1 

T ' 

filial 

states 



MW 


For one dimension we have 2-8 ((h)—T. Hence in four dim¬ 
ensions, to include the space as well as time interval, we have 


(2~) a 8* (k-k'+K-K'^TV, 


...( 73 ) 


where T is the total time of transition and V is the volume of 
normalization, Therefore, 


w 


_l 

T 


r 



M i : " vr. (2ji)« V (k—k’ + K A"). 


final 

states 


v A 


x 


o 

nr 


__ M 1 
EtEi:' • EkEk’ 


Now the number of final states of 
momentum interval d z K‘ d a k’ is given by 

d :, K' d"k ' 

•( 277 ) a ‘ ( 2-) 3 


... (74) 

a specified spin in the 


...( 75 ) 
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Hence we have 
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1 m 2 M 2 . 

| M 1 2 .Vo 4 {K+ k-K'—k') ( 2 tt ) a . £ k EkE kEk 


final 

states 


X V 


dW .. d*K ' 
(2b) 


[/_ 

3 (2tt) 3 * 


the above into integration, 


Changing the summation in 

| M\ 2 _ m 2 M 2 ^ _L~ g4 K’ —k f ) d*K*d' 6 k ^ 
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m-M 2 1 
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...(76) 


Now, 


f 8 (Kc+ko-Ka - fa’) d | k' 
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r^+V V0« 2 +l k' | 2 )-\/W 2 + I K ' ™ rf ' k 
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dW(m*+\ k' \ 3 ) + V(M‘ + \ K' p)] 


{••■ 1 * 
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Ey.' Ek 
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Hence we have. 


8w 
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Ek E k 


y~" EuEV EkEk’' (2*) 2 ’ I k' i (Et:'+E t ’) 




■ 4n 


k' I rn 2 M 2 


1 


K • . EkE K -(EK+Ek) 


Eventually we have the scattering cross-section, 


I Incident Flux. 

dQ Sti I 


dx 


-i 


-(77) 


...(78) 


In the centre of mass system, if an electron and a proton 

, . . . Ilk! . 1 1 K | 

approaches each other with fluxy. '-y- and y 'y-' 
then the relative flux is given by : 


, respectively; 
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1 /I k 
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* • 


. V \ Ek 

clQ 4x 


1 




k Ek — K Ei: 


V E b E k 
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k' i m 2 M 2 


V E k E K 
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..(79) 


Now, 


k Ek -K & |=| k /C„-K k 0 | , 

= V{(k K 0 - K A'o) 2 } 

- V{ - i (hK-, - Aye,) 2 }. 

{'.* the spatial coordinates do not contribute in the centre 

> _ 

of mass system of coordinates} 


Hence, 

ch 
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4n 2 


1 , 


4tt 2 1 
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I k' | m 2 M : 
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k I m 2 M 2 
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Because I k ! 


scattering. 


I k' I, E k = E, 
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-Ay,) 2 } 
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AT, - 

-Ay,) 2 } ’ 

V— J 

Ek for the 



Foimula (80; is called the A foiler's invariant cross section The 
above treatment is, however, not exact, since we have neglected 
the proton s structure and its magnetic moment, 

11-7. COMPTON SCATTERING; 

from^n'dect^nkf 25110 SCattering of electromagnetic radiation 

f . ‘ , • . '• -known as the compton scattering. The transi- 

fon matrix element f or this process is given by : ~ 
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Fig. 12. 
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771 
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EFV / (2-)‘ r J 


d A q u (p f ) A v 


x J +$‘ A ' ( * _/0 * (p,) 


...( 81 ) 

The topological interpretation of this expression is shown in 
fig. 12. The initial electron of momentum p absoros the radiation 
of momentum k and attains the intermediate state of momentum 
cj. Finally it goes to a state of momentum p f after, emitting radia¬ 
tion of momentum Jc\ 

ITS. ELECTRON ELECTRON SCATTERING : 

Electron-electron scattering can be handled in a manner very 
similar to electron proton scattering. However, there is an addi¬ 
tional graph arising due to the identity of the electrons. The 
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Feynman s graphs for this process are shown in Fig, (13). For 

ig. (13) (a ) 3 the first order matrix element is written as. 

0 



k*(PrF}0 


(fi-j 





ic. 13. 


AfW 
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r 9i (-v) A O) <jn (.x ) cPx 


...(82) 


The field A(x) due to an electron at the site of the other 
electron is given by the Maxwell’s equation : 

OMx)=~ie 4>i (*) 7V <li(x) 



£>>')■ « (Pi ) Yr- «(Pi) e ' Ih Pl )" x 

exp. {i (P!-Pi).x 
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d :, x e 


i (Pi-Pi+Pz 


Ih') X- , 

11 (P? ) Y,, "(Pi) 



sHn-n’+p.-,,-) 

X ( u ( P *') Ye- u (Pi)1 [» (g.M y„ u 

(Pi ~Px'f ~ 

Similarly, for fig. 13 (b) we get the matrix element. 

* w »<» • *+*+*•> xxmm 

y » u 'Pi)] l>(Pi') y. u (p 2 )j 

(Pi-PYY 



Tl i VFl—p z)“ 

Thus the scattering amplitude for the electron-electron scatter 
uig, with spin labels suppressed is given by : M 

MP>=~ (2n¥ X 4 fn.4-n._T, v m 2 
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FEYNMAN S PROPAGATOR THiAmx 

The relative minus sign between the f irCCt f^ s amptuSde 
terms is due to the Fermi statistics, which req final elect rons. 
to be antisymmetric under interc mn 0 c initial elcc- 

It is also antisymmetric under interchange of the two 

trons as required by the statistics. . comp’ica- 

Thus the electron-electron scattewng ceomes e ] ec tron- 

ted due to addition of the exchange term compared to 
proton scattering where we had only the direct term. 

PROBLEMS . 

Problem 1. Average over the initial and sum'■ 

spin states of the electron and the proton to the hi- 


cross-section (80). 
Sol. We have 


Ml 2 


i7(k') y r n(k) Tv «(K) 


Averaging it over the initial and summing over the final 

states \vc obtain 
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7(k) yv M(Iv) J«(k) * 


. tt(k’) I 
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I 46 re of the product of an odd no. of y-matrices vanishes’, 
, the t f£l te the right hand side of (ii), we have • 

## fo eVt f T (m 2 y^yv)~4^ 2 8 r , 

f r (y f , k' Yv k)=k\ kit T r (y p y A y v y„) 

rttl Sv5T+4^ w S av -4S y ) 

** =4 (k; k v +k\ k,- 


A 7Y A 77 


i 


= —s [— &V Cv 


m 


k >,k^ -f-6 |tV (/c ’ • /< -f ur)] 


Siinilariy 


Tr 


m 

Y* ~2bi 


-iK' 

—V~t -- 


2M 


J 


1 


M 2 


[~K\ K,-K,K\+t„ x 


(K’.K+M*)} ...(iii) 


Multiply 117 ® (ii) and (ni), we gel | Mr averaged over the final 
nied over the initial spins. Using this value of | ,\f p i n t 0 


all< ^ S the required result. 


(SO) 


we 


problem. 2. Write down the matrix element for electron-posi¬ 


tron scattering, ■ 

Sol, Feynman’s graphs for positron-electron' scattering is 
shown in the fig. 14 below. 




+ 9 >) 



We can consider the positron as an electron of negative energy 
Moving backwai’d in time. Hence the electron-positron scattering 
e identical to the electron-electron scattering and the tran- 
ltj on matrix element can be written analogously ; 
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It is known as c Bhabha amplitude The first term repiesents 
direct electron-positron scattering and the second term corresponds 
to the exchange scattering. The relative minus sign between the 
two terms conies due to the antisymmetry in the exchange of the 
electron with positive energy pi and the electron with negative 
energy— 

Problem 3. Show that the propagator I (x 2 -Xi) for a free 
K.G. particle satisfies equation (24). 

[Hint: Do exactly in the same way as we did for a fiee 
Schroedinger particle]. 


— ■ l il ■ — 













We have seen that the transition from classical particle 
mechanics to the quantum machanics is doubly degenerate : We 
can develop the quantum theory from the classical particle mecha¬ 
nics, directly from the correspondence principle ; /.<?., byreplacing 
t le dynamical observables of the classical mechanics by their 
corresponding quantum mechanical operators. Operating these 
operators on the wavefunction, we can get all the desired infor¬ 
mation about the system. We can also develop a quantum theory 
in a straight forward manner, as in the case of Schroedinger’s 
\va\e mechanics. Similarly, we can also develop a quantum theory 
or u ds, either by using the correspondence principle or we.can 
a so formulate a quantum field theory directly from the quantum 

mechanics of the particles. Various paths to arrive at the 'Quantum 
iield theory are depicted below : 


CM.-^ Q.M, .. 

1 ! 

r 4 * 

C.F.-» Q.F. 

C.M. Classical Mechanics 
Q.M Q uantum Mechanics 
C.F. Classical Fields 

Q.F. Quantum Fields. 

H°wcver, we shall be developing a quantum theory of fields, 

uect y from the classical theory of fields, using the correspon- 

f ence principle, I lius, it will be useful to recall the elements of the 
classical theory of fields. 

12 WHAT IS A FIELD 

We are quite familiar with the word field in Physics. We know 
about the electric field, the magnetic field and the electromagnetic 
eld etc. The electi ic field is characterized by specifying the value 
of the field strength E at all points of the space at a particular 
time. Similarly, the magnetic field is characterized by the field 
strength H and the electromagnetic field is characterized by the 
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vector potential A and the scalar potential jJ.The values of E, H 
and j> foi the electric, the magnetic and the electromagnetic fields: 
lespectively, take on an infinite number of uncountable values. 
These can be considered as the degrees of freedom for these fields. 
The question immediately arises then, as to whether there are not 
othei physical systems which have a non-denumerably infinite 
numbei ot degrees of freedom. Indeed, there are a large number 
of such systems and these are known as fields. In general, the 
fields we continuous mechanical systems with a non denumerable 
infinite number of degrees of freedom. The degrees of freedom of 
a field is called the field functions and these assume the role of the 

generalized co-ordinates, q h of a mechanical system with a finite 

number of degrees of freedom. As with any physical system, a 

field is the carrier of energy, momentum, angular momentum and 
other observable dynamical entities. The field propagates in 

accordance with the field equations of motion and thus carries 
with itself the dynamical observables. 

12 2. TRANSITION FROM CLASSICAL MECHANICS * 

TO CLASSICAL FIELDS 

The tiansition from classical mechanics to classical' fields 
is equivalent to the transition from discontinuous to continuous 
variables. As an example, we consider to collection of TV particles 
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Fig. 1 
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connected with identical springs of force constant k and aligned 
in one dimension. By calling r lt as the displacement of the ith 

partLle fiom its equilibiium position, we can write the I a°ran 
gian for the system of particles as * 

N N 


L 


*=-1 i= 1 


-Cl) 


The first term on the right hand side gives the kinetic energy 

and the second term is the potential energy. W is the mass of 

each particle. If a is the equilibrium separation between the 
neighboring particles, we can write (1) as 
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> the linear 


..(3) 

Lagrangian 


jvjow, ' ve can transit to a continuous system from this discrete 
chauical system by making the number of degrees of freedom 
^ infinite in such a v-ay that the separation distance becomes 

infinitesimal : . 


jY-^co ; a->dx ; —■— > >i>, linear mass density ; 

''lirA ziUL ka->Y, Youne’s modulus 

' a ■ dx ' 

We thus have . . 

L=5 L dx 9 


..(4) 


where 


L 


3 


9 


• 2 v / <h \= ] 
^ 3 • 


...(5) 

We note that rj itself has become a function of the continuous 
parameter t x*. 

From the above mechanical example, \vc can label the field 
functions instantaneously. The Lagrangian in classical mechanics 
is written as L (cp (/), cf (/)). To describe the infinite number of 
degrees of freedom of the field, we replace the generalized coordi¬ 
nates (ji (t) by a continuous function 6 (a\ f)> x 


flf the force F exerted on a rod leads to an extension / per unit 1 •- 
n F= Yl, where Y is the Young’s modulus. Now the fcrce require to 
nch the spring of original length a is given by 


F=k —t ]i)—ka 


7 lnr Tli 


kal. 


a 


Therefore, taking analogy from the continuous rod, 
e system, ka corresponds to the Young’s modulus. 


here, for the dis 
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and t for a one dimensional field. The anaJogy becomes more 

apparent if we think * <*, 0 as +. <-), where the: d.serete label! n 
•r for the particles has been replaced by a continuou y * y g 
parameter in case of the fields. Thus 


a 


qi (I) -> </j (x, 0 


‘U (0 


—> - 


chj> (.V, o c Bl ( - y ’ 


-.( 6 ) 


dt 


ax 


c* * it _ t * _ flip fields are three dimensional 
Since m actual practice, the ncius cuu . . 

systems, we write the held functions as <1 (x, f), ^ crc x 

position vector with the components x, y and z. The ana o^y 

now becomes 

^(/)-*b(x, /) 

db 

^ (0 ->.~T = 

where x^ is the space-time four-vector with the components x 1 x , 
a' 2 =j>, x 3 — z and Xi— /c /. f 

Thus the Lagrangian for the fields can be written in analogy 
with L {q u qi) as 


l L f J V 




I \ 

yrry j f° r ^ 1C we can 


write 


L 


j 

Vj 


L 




8$ 
9 a* 


r/Tv, 


...( 8 ) 


where d 3 x—dx 1 clx 2 dx 3 . 


The action for the field can be defined, in an analogous man¬ 


ner to that for the classical particle mechanics, as 


/= 


U 

t 


L dt= 


r> i 

L I 6, f+ 


. . d :i x dt. 

OXp 


...(9) 


12-3. EULER LAGRANGE’S EQUATIONS OF MOTION : 

We can derive the Lagrange’s equations of motion for the 
fields from the Hamilton's variational principle, according to 
which the variation of (9) must be zero, i.e ti 


j*Thc sign convention will be used according to which the Greek indices 
v, A e fc - vv ^l he understood to take values from 1 to 4 and the italic indices 
/ / /v etc. will be understood to take the values from 1 to 3. There will be 

* * J % 

understood summation over the repeated indices (a, v, etc. from 1 to 4 and 
the repeated indices /, /, k etc. from 1 to 3. 
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8/=8 II Li']/ 


or 


e±\ 

’ to? ) 

|f d*x A y+-fb. 


d 3 x dt--- 0 


* * 


8'^ 


dx 


I 1 / J 


0. 


( 10 ) 

( 11 ) 


dX 


We can find the variation S 


■ m * 


in two ways: 


First, suppose $ varies by 00 and becomes 

0'=o-j-§o. 

.* sy _8<l> , 3 (80) 


dx 


cUy 


dx 




* # 


( 12 ) 


Secondly, suppose 


00 


30 


dx 


varies by o 1 and becomes 


O 1 t 

C?P 


d ± ux( d * 
0xUx 


eUy 


dXp 3 Ay 

Comparing (12) and (13), we have 

00 \ __d (SO) 


(13) 


S 


ox 




dx,,. 
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Using it and introducing the notation —we can write 

CXp, 

(IS) as v 



d z x dt 


[BL 

L 0 ^ £ 


0L 


5 (3,0) 


B, 
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o. 


...(14) 


The second term in the above equation can be evaluated by 
integrating by parts 



d 3 x dt 
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...(15) 


Here E denotes the surface of the four dimensional volume 

pofn"x X) IS thC 0UrWard draW " n0rmal t0 this surface at i 

• „ in 5) vanishes because the variation 

is zero at the ends ?, and / 2 . Therefore 'anation 



d'-'x dt 



8L 8 


0L \-j 


^ 8x t ; [d (8 it a.) ) _ 


*4>=0. 
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Since 8 <ji is an arbitrary variation at each point in space and 
hence it cannot be zero in general. Thus we must have 



Fig. 2. 

This is the Euler Lagrange’s equation for the field with field 
function 0 and Lagrangian density L. If the field function has 
many components*, these can be specified by a suffix with it as 

(a=l» 2, -AT), 

i,e. here A has N components. Each component of & satisfies a 
Euler Lagrange’s equation of the form (17), i.e. 

cl 3 l cl 


tya dx^ \<?(<^«) 


0 ; a = 1, 2, ..., N 


...( 18 ) 


To write (17) in a .more analogous form to the classical 
lagrange’s equation, we transform it in terms of the total Lagrang- 

ian L. We define the functional derivatives — and -rr . as 


8 L 


and rPx-*0 8t(t 3 x 
N o w. 


and 


Lim 8L 


U 5 


r/ 3 x-> 0 8. id*x 


...(19) 
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’ dx 




* * 


SL 


cPx I ~ Stjj-f — S -_8 


cif 


a (a. <f0 



The electromagnetic field is an example of fields with more than one 
component It is described by four potential A —A 1 ,A 2 , A s , it, (A ; =4), 

where A x , A s , a 3 are the three comonents of the vector potential A and t is the 
scalar potential. 
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= d J X 


3L.. , c L 

3(8 ti/i) 

dl , , _JL_ 
?i i ' v+ a (di <10 


8i (8<i0 + 


8L 


3 (W 


] 


C<!0 + ^ 


{V x a =/c/} 


In the above eqn. summation over the dummy index ‘i’ is to 
bc understood from /= 1 to 3. 

Intee ating the middle term on the right hand s.de of the 

,bovc equation by parts and noting that the surface term wdl 
Danish over the infinite surface of integration, we obtaion, 


SL 


d 2 x 


~ Si-,- 

c U GX!. 


8L 


o(3,i) 


' nj) 


where the variation in L is now produced by independent varia- 
tion in i and o. Thcicfore, 

0 L 3 1 cL 


dxt\8(di'!f) 

8c* 

* 4 
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...( 20 ) 


Using (20) in (17) we can write : 
cL d i 3L I 0 / 3L 


3'f ext 

fe 

%L 


d (84) 


dt t d (y) 
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/ 


or 


dt \?u>/ 


8 i 


or 


%L 

dt\$yl ^ 


...( 21 ) 


This equation resembles the Lagranges eqn. tor a system 01 


particles 


;t = l:2, 3, 


...( 22 ) 


r// \ 8(}i J cqt 

12*4. CANONICAL CO-ORDINATES FOR THE FIELDS : 

In classical mechanics we define the canonical momentum 

from the Lagrangian L (ft.tf*) as : 

8L 

Pi = T 

dqt 

Simiiary, in classical held theory we can define the canonical 
conjugate momentum density rr^ as. 

^ w r i 

cL 




•■•(23a) 
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For an IV-component field, the components of the mementum 
density are given by ; 

£L ; a.— 1, 2. N. -C23b) 


1Z 


0(a,+.) 

Since the Hamiltonian should represent the total energy, in 


real practice, it is useful to define the momentum density, only by 

the time derivative as 

dl 


77 


0^ 


,..(24-a) 


and 


0L 


— o 




; a — 1, 2,.TV. 


...(24-b) 


In analogy with the Hamiltonian p^-L in classical 


mechanics the Hamiltonian density for the classical fields can be 
written as : 

H—Tiyr—L, for a single component field 


and 


,7 


tt — 2 7vyj a —L, for multi-component field 

C£»l 


(25-b) 


The total Hamiltonian for the field is given bv : 
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H d z x 


...(26) 


m 

Also, the Hamilton s eqns. ot motion for the canonical vari¬ 
ables and r a can be written as : 
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-«(*, t) 
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...{21-3.) 
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(*> 0 


an 


Ctt 


tt 
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1 2 


A r . 


...(27-b) 


12-5. REAL SCALAR FIELD : 

As a particular example, we consider the real scalar field in 

th,s section. In the succeeding sections we shall discuss om, 
more examples of the fields. 1SCUSS son ^ 

The scalar field is one which remains unchanged under r 

: the ‘“ *m*m 6 ( X ,,) ,‘,» sfot " 

f (x', r)=^ (x, t) 


under a Lorcntz transformation. If the field f 11r w 

real we have a real scalar field. tions d, ( X) t) is 


In the preceding sections we have used th> ^ 

The Lagrangian, the Hamiltonian and the" t ovanant notations. 

the La gmnge’s and the 
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Hamilton’s equations of motion are all written in covariant 
notations. The field function ^ is also considered as a function 
of the covariant variable We did it with the presumption 
that the field equations, being the laws of Nature, should be 
covariant under a proper Lorentz transformation. However, the 
covariance is not sufficient to completely determine the form of 
the possible field equations. We also make the following simplify¬ 
ing assumptions in order to eliminate the complications : 

(a) We shall deal with local fields only; i.e., the state of the 
field, and the interaction of fields at a given space time point, 
will be completely known from field functions p (bcx) and their 
derivatives evaluated at the particular point, and won’t depend 
on neighbourhood of the point. 

(b) We assume that the interaction-frce-field eqns. are linear 

in the field functions and their derivatives. The non-linear terms 
are tantamount to an interaction. Therefore, requiring linearity is 

equivalent to forbidding a self-interaction of a specified isolated 
field. 

(c) We assume that the field equations are of the lowest 

possible ordei , i.e. y they arc at most second order differential 

equations. The higher order terms in the field equations have 
essentially the same effect as non-linear terms. 

We shall now develop the equation for the scalar field under 
the above restrictions. Due to the linearity requirement for the 

field equations, L must quadratic function of p and There- 

fore, p and (o^p) (c^p) will do for L. We cannot take p . (3 &) 

because it is not Lorentz covariam TTenrp r ’ ■ 

- auan ** -n-ence the Lagranman 

density for the scalar field can be written as 

L = Ap 2 +B(d u p) 2 ; 

where A and B are certain constants. 

Stpaiating the time part of (t^ip)^ we write 

L=Ap 2 +B [(3,0)2^21 

We have taken c=l here, and in what follows 
using the natural units. 

From (29) we have the momentum density 

“=— = —2 Bp a — 2. 

25 


...(28) 


.. (29) 
we shall be 


...(30) 


Hence the Hamiltonian density can be written 

" ~2& (?tP) a -f- 


as 


H = 7 Tp — L 
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...(31) 
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As ft gives the total energy density of the field, it should be 
positive definite. Thus A and B should both be real and negative. 
From (28) we can write the Euler Lagrange’s eqn. ot motion 

for the real scalar field, 


5 (J±\ 


cL__ 

l<p 8Xt\d?ppl 

2Ap=2B o\<p = 2Br} p; □ 


S 2 


V 2 


1 d 2 


C 2 Ct 


or 
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...(32) 


Dp 


This equation is of the form of the Klein-Gordon equation, 
/;; 2 c 2 


- o 

t. 2 r 


constant 


(A 


=0. Let us now investigate the significance of the 

here. It should be real, and positive because both of A 

and B are real and negative. Also, from the principle of homo¬ 
geneity for dimensions, it should have the dimensions of the in¬ 
verse length square. At quantum level, comparing (32) with the 
Klein-Gordon equation, we have 


A 
■ ■ 

B 


m 2 c 2 


1 


i.e., the dimensions of 


ti 2 

A 

B 


(Compton wave length) 3 
is/that of inverse length square 


A 


Hence, in terms of the natural units, can be recognized as 
the square of the mass at quantum level. With this speculation 
we vvrite^~j=»s 8 here, so that m can be recognized as the mass 

when we shall study the quantization of this field. 

' Now defining a new field functions $ = '\/( 22?) t 

write the Lagrangian for the real scalar field as : 


or 


L 
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L 




1 / A 


2 \ B 


02 


i (fLd>) 2 - im 2 $ 


..(33) 


For a multi-component scalar field we write 


L 


W-HW.®c-1,2, ...N. 


,.,(34) 


^Multiplying the field functions by some constant is equivalent io 
multiplying the Lagrangian density by that constant. As the field equations 
of motion do not change by multiplying the Lagrangian by a constant, defining 
the field functions as (J)= y^(— 2 B) p makes ro change in the formalism. 
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Separating the time part, Lagrangian density (33) can be 
written as : 

L=£ ‘tf-h (V0) 2 -iw 2 <I> 2 -.-(35) 

Using this, Hamiltonian density is given as : 

ft=750- L=n<P-4<P , +4(V<l>) ! +J»i a ® ! -(36) 

From (35), \vc have 

BL 


77 




r\ 

0 


0 


-..(37) 


Using it into (36), we get 

H — ~. r; — -o “ 2 + ^ ( V <I>)" d - y f ' 1 
= 4 [r. 2 +(V^) 2 +m 2 <D 2 ] 

12-6. COMPLEX SCALAR FIELD : 

If the field functions, 9 , of a scalar field are complex, then we 
have a complex scalar field. We can write 6 by splitting it into 

the real and the imaginary parts : 




and 




V(2) ! 

4\ ~ i<f>» 


V(2) * *.*(3$) 

where and <p 2 are real scalar fields. 

The free field Lagrangian density for the complex field can be 
written, not only as a function of <j> and but also as a function 
of and <j> 2 ; i.e., we may vary L (<£,'^<3, <£*, 3^*) independently 
with respect to 9 and \ which is equivalent to varying 
L (#n 9 2 , independently with respect to <£ L and 


From (38) we have, 


9i 


and 


^2 


i+t* 

V(2)“ 

V(2) £ 


As and 6 2 are real, therefore, using the expression (33) for 
the Lagrangian density of a real scalar field, the Lagrangian 
density for the complex scalar field can be written in terms of 6 
and (j>* as 

<£ — </>*\2 
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where m x and m 2 are the masses of the real fields (f> x and <f > 2 ; 
respectively. Jf then we cannot give any physical inter¬ 

pretation to the complex scalar field. Hence we take nii~nn=?n 
(say) and write 

L=— — (?,,<£) (39) 

for the Lagrangian density of the complex scalar field in terms of 
4> and . . 

The Euler Lagrange’s equations can be obtained by treating ^ 
and as two independent fields : 


ei_ b 

dd> 
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\d (d^) 


□ $ 


i.* 


o f s'- r\ 

0, 


and 


Bl¬ 


oc/* dXp Id (3,/*) _ 
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ei 


D / - m 2 /=0. 


...(40) 


The canonically conjugate momenta are given by 


7T = 


£L 


* .r. 


; 


% 




81 


a * 




8<p ' ' ctf/" 

and hence the Hamiltonian density can be written as : 

L 

«(* «?* + ** TV?*. 

= + (V/*)-(V/j-{-m 2 /* / 

Clearly, it is positive definite. 


o) 


...(41) 


For a multicomponent complex field, the Lagrangian density, 
the equations of motion and the Hamiltonian density can be 


written as 


L= 


'*U4>* a -mH* ~ 0 


...(39') 

* 

...(<0') 
...(41') 

What is the physical significance of a complex field ? To see 
it, we observe.that the Lagrangian density (39) is invariant under 
the transformation 


and 


~ ™ W 

□ &-ro 3 /«=0, 

H = 7. ■V„ + (■V *«*). ('v a A* 


and 


t j i —> / e * 




/ (1 + *0 


e 


2 £ oo' 


<4* (1 — is). 


...(42) 


where e is an infinitesimal real constant. This is called, after 
W. Pauli, the gauge transformation of the first kind. 

From (42), we have 

80=/«4S, 

for the variations in <j> and $*. 


...(43) 
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The change in L ($ , </>*, d^*) due to variations of 1$ and 


tty* is given by 

sl= 4 ^ + Hh) * s ^ + 


3 (dpt*) 3 

' = e^ s ^ + s7a (l f) ^ ^* + W7d^*) 9 " ^ Sfl ^ 


{v « (Sptf)~8p (Sf)) 


dxp\d(dpt)J s h 0 (cW) f<i 
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3L 
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SL 
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is h («**) {Using (40)} 


dXf. \ 8 (8 pi>) 


Si 
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«\ Sj> 




Since the Lagrangian density is known to be unchanged from 

our earlier argument ; SL must be zero. Thus we have the impor¬ 
tant result 
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d M*) 
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where, 
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{Using (43)} 
... (44) 


Jn ~ le 


31 
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dl 


9 (8pi) Y 0 (dpi*) 


=r r 


l£ [(^9^) — (a^*‘) <f]-=ie 


...(45) 


can be interpieted as the conserved four-vector current associated 
vith a complex scalar field <j). Eqn. (44) is the continuity equa¬ 
tion satisfied by the four-vector charge-current density We 
have 


Jt=i 


H ,* d<t>* 

P~ 9 —cfi 
OXj; OXfc 


j ‘1 ~ it — <p*$) 


...(46a) 
...(46b) 

Eqns. (46 a) and (46 b) express charge and current density for 
the complex field. 

Equation (44) defines a constant of motion J j 4 (x) d*x. For 

the gauge transfonnation of fiist kind, this constant corresponds 
to the total charge Q . 
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Thus we see.that a complex field describes the charged system. 
Therefore, it is also called as a charged scalar field. A real field 
cannot describe the charged system. Because, 4’ *=S 5 for the real 
field and hence, we get 


J 


0 


Thus a real scalar field describes only the neutral systems. 
Therefore, it is also called as the neutral scalar field. 

12 7. SCHROEDINGER’S FIELD : 

The Schroedinger’s wave mechanical equation of motion is 

given by 

8 ' ! ’ -=-~ V^ + Ffr, 0.4- 

2m 


ih 


dt 


...(47) 

The field described by satisfying eqn. (47) is known as 

the Schroedinger’s field. 

The free field Lagrangian density, from which the field equa¬ 
tion (47) may be derived, is given by 

L=-ih 4-*4--~ j V4'*-V 1 /'—^( r > 0 W 


...(48) 


From (48), we have 
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’ 3 (0/:-/-) 0(V4 I ) 

Hence the Euler Lagrange’s equation is found to be 


i. h 4»* 
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Ti 
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...(49) 


which is the complex cojugate of Schroedinger eqn. (47). 

Similarly, variation of gives the eqn. (47). ■ _ 

The “canonical momentum density” u conjugate to 4 1 * s 
given by 

«r=4b iH* 

So 

And, the Hamiltonian density is given from eqn. (25) as : 

H=*v>-L=/h 4-*4--/Ti^4-+~. V4»*.V<!»+W 
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Hamilton’s cqns. of motion (27) are : 

ill 

2m 




Ti 


‘ + ii y =4,; „ - — Vn 


2m 


ti 


V 2 7T 


...(51) 


12 8. DIR4C’S FIELD : 

The Dirac field is described by the spinor wavefunctions 4> 
and $ satisfying the field equations: 

' (y,, dp+m) ^=0, 

* 

and vJj ( — y,i9 M +w)“® •■•(52) 

The free field Lagrangian density, from which the field equa¬ 
tions may be derived, is given by : 

— 

L = — if (» dp + m) 6 

= — 4>« {(y (1 )a3 ...(53) 

which is a Lorentz invariant scalar density. In the Lagrangian 

formulation each of the four components of ^ and <5 * s be 
regarded as an independent field variable. From (53) we have 
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and 


0L 
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0 


3 1 ) 

Hence the Euler Lagrange’s equation is given by 


1 




( y „ 3„+"0 >!'= 0 

Simiiarlv. variation of 6 gives : 

^ ^ 4 W- 


...(54a) 


dl 


6^ m, and 


dl 
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(Wp 


Therefore, the Euler Lagrange’s eqn, is : 






or 


^ (“7; 


C p* 




m )—0 


...(54Z>) 

Eqns. (54. a) and (54Z>) are exactly the Dirac eqn. and its 
adjoint : respectively. Thus the field eqns. can be derived from 
the Lagrangian density (53). 

The “canonical momentum density” n conjugate to is given 




. 7T f 3 


81 *7 , ^ .»t 

(^4)aJ3— 


06^ 


by 
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$ 


■ # 

The canonical momentum conjugate to ^ vanishes. 


The 


Hamiltoian density is now given by : 


H ® — L 

. . f. 

Kb V/- 


34' 


/*!> 


by 


Thus the total Hamiltonian of the free Dirac field is giv 

h 


H 


f b r (-h. 


V +m£) ^ </ 3 ** 


...(56) 


12 9. MAXWELL’S FIELD : ; 

We shall consider the Maxwell’s electromagnetic field in t e 
absence of source,.charges and currents, i.e., we study free readia 
tion. It can be described by the electric and the magnetic ie 
strength vectors E and B, which satisfy the Maxwell s equations 

V «B=0 
yE=0 

w 1 cE r57 ^ 

\7xB--— 


and 


V xE 


c dt 
1 dB 


c dt 


The electromagnetic field, in the relativistic foini, ia repre¬ 
sented by the four potential The antisymmetric field tensoi 
is defined by 


F..\t ~ 


dAv 8 A 


f,v “ dx* 0x 


...(58) 


In terms of the components of the field strengths E and B, 
this can be written as 


0 B z 


B, 




-B z 0 B x 
B % -B x 0 
\iE 1 iEi iE-j 



• •(59) 


The Maxwell’s equations (57) can be written in terms of A 
in a very concise form as 

0 


...(60) 


where satisfies 


84 

dxt 


o 


...(61) 


This eqn. is known as the Lorentz condition . 
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The electromagnetic field equations are invariant under the 
gauge transformation of the second kind, defined by : 

Ay, A'p—Ap — d fl X, ...(62) 

where X is an arbitrary conmplex scalar function, restricted only 

by 

□ X=0, ...(63) 

so that the new potential Af can satisfy the Lorentz -condition. 
Therefore, the potential Ay. is not an observable quantity and it is 
introduced merely to simplify the computations. Only the field 
tensor F„.j is an observable; i,e .. only the electric and magnetic 

jr # 

fields arc observable. Only those quantities have a physical mean¬ 
ing which are invariant under the transformation (62). This is 
called gauge invarance, 

Now we write down the expression for the Lagrangian den¬ 
sity for the electromagnetic field from which we can get the Max- 

.■f 

well's equations as the Euler Lagrange's cqns. The Lagrangian 
density for a real scalar field with mass is given by (34) as 

Hence the Lagrangian density for the Maxwell's electromag¬ 
netic field (a real vector field) with vanishing rest mass can be 
wiitten as 


L 


2 (9>i -T;) 


... (64) 


Klein-Gordon equation with m — 0, i.e., the Maxwell’s equa¬ 
tions O Ay.=0, for each of the components Ay. follows from 
(64). If we add a four-divergence term to (64) the equation of 
motion will obviously remain unaltered. Hence we can write 

L =-£ (Mv-M,J ^=4 {E 2 ~B 2 ) ...(65) 

This form of the lagrangian has the advantage of being 

“gauge invariant”. Using (65), we can derive the Euler Lagran- 
gchs equations as follows : 

■ ~~i l(^i^\>y~r^vAy.y ,i —2(dy.A v ) ( 3 v ^ t )] 

BL. 1 


L 


HdzAp) 

" 2By,A\) 

— [4d eL Aj’—4dfiA a '} 

Hence we have 

8 ( cl \ d 


2d\jAy, M 




dXy. \ d (dpAy.) ) dx 
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Also, we have 


51 

BA* 


0. 


Thus the Euler Lagrange’s cqns. for (65) are given by 


3/>v 

dxp 


0 


• --(66) 

With the Lorentz condition cqn. (61), this reduces to the Max¬ 
well’s eqns. = 0. However, the difficulty with the Lagran- 

gian (65) is that the momentum canonically conjugate to a. 
vanishes, 

7 


3L 




J ZAt 
V ( 't 


w 

1 -S 


8 L 


0 (a 4.4,) 


f Fa = 0 , 


Therefore, Fermi wrote the Laarangian as 

/> v /> v -i 


L 


x 


..(67) 

which is relativistically invariant but not gauge invariant due to 
the presence of (d^A^) 2 term. 

The variation with respect to A^ yields 

BL 7 3‘ 

[ 7>v 0 


± r 


C’.V 


ft 


0 r n — % d \A X + 8 v d x A A = 0 

or DA=0 

The Lagrangian (67) actually correspods to (65): the two 
differ only by a divergence. 

The momentum canonically conjugate to A?, using (65); is 
given by 


i* 




D 

oL 


d 


BA 

Bxa 


if. 


» 0 


"i = 0 and TTu—i 


d At _3 A, 

c-Xi dxi: 


SAi: , 8$ 

3/ + dxk 


— -Eh {■: in natural units, E=A- 
Hence the Hamiltonian density can be written as 


va 


4 


H 


=y", k - 


L 


/*=! 
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• i 


3 


y ( 

e it mfry 


E k ) 


El; 


d<!> 

■r 

I wmH- -m 

'OXk 


L 


k =1 


=£ 2 +E. Vd>—L 
=£ 2 +e. ya >—\ (E 2 —B-) 

* =H^+£ 2 )+E*V<D 

And the total Hamiltonian is, therefore, given by : 


• ■ •(6S) 


//=-[ (Px H =: 1 1 (£ 2 +JS 2 ) rf°A-+ 
Integrating the second term by parts. 


E• V <b d-x ...(69) 


E»V <P d ?, x 


(V*E)r/ 3 x-bi d 3 x V • (E0>) 


From the Maxwell’s eqn. VE=0, the first term on the right 
hand side of above vanishes. Also the second term vanishes, 
because it can be written as a surface integral using the Gauss 
theorem and the field strength E and the scalar potential 4> vani¬ 
shes at infinity. Therefore, 


H 


*) 


(£ 2 -f B~) d a > 


... (70) 


this is clearly positive definite and gives the total energy of the 
field. 

12T0. PROCA’S FIELD : 

T IP 

A vector field with nonzero rest mass is known as Proca’s 
Field. The Laerangian density for this field can be written as 


L= — l m-V^Vp —i (0,. F,) 3 


...(71) 


'v T/' 

0'i y v 


We can write a more appropriate form of Lagrangian density 
by taking analogy from the Maxwell's Field. We define the 
antisymmetric field tensor 

and write 

To find the field equations, we have 

cL * T/ dt . 

V„: — — 


...(72) 

..-(73) 


ev, ^ sfrVvj 

Hence the field equations can be written a& 

m 2 V, 


Wv 




.. (74) 


Differentiating (74),. we get 
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Now 9 V d lt is a symmetric tensor and P,< v is an antisymmetric 

tensor, therefore, their product vanishes, and hence we 

get :. . 

S v V, t “ 0 (V m-jk 0) • ...(75) 

Ihis condition is analogous to the Lorentz condition (61). 
This must be satisfied by the free Proca field. 

llic Quanta of the Maxwell’s field are the zero mass and one 

spin well known photons. Their behaviour is described by the 

Maxwell’s equations, Around 1935 it was believed that the 

Pi oca s field, on quantization, describes some sort of mesons. 

Lunently, however, we have no evidence for the existence of 
*■ 

spin one particle with a nonvanishing rest mass. 


PROBLEMS 


by 


Problem j. The energy momentum tensor for fields is defined 


L t\ lV 

a 




Show that 

(«) 


B Irl 

OX,. 


-0 


where it is assumed that the field satisfies the Euler lagrange's 
equation. 

(P) Each component of the four vector 

P v (0 = —z J T 4v d\x 

is constant in time if vanishes sufficiently rapidly at infinity . 

(c) Whai is the significance of the components of the vector 


Pv? 


Sol. (a) 

a n, 

CX, L 


From (i), we have 


8L 


f dx,. \d (rl„4«) 

a 


d 


v4'a + V f 


cl. s 


3 (0„'!•'«) 


(W 


a 


SL 

?x 



ci 


tz 




0 


Using the Euler Lagrange equations (18), we can write it 


as 


dT. 




0 X 



a v4'a + 



9L_ n n t \ cl 
3 (S A)' " (C vW 9x v 


...(H) 


Now the Lagrangian density L is a function of ih 2 and 3 ih 
Therefore, M ^ a ' 


* - - 
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2« s * + 2 

it 


Since c* v 3„ is symmetrical, therefore 
Hence we have from (ii) that 

d 7>, 


3v ( c VVa) 


n 







e* 


o 


(Hi) 


(b) Eqn; (iii) can be written as 


+ =o 

CA'a 


Integrating it over the finite space, we get 

(Px+-- f r ( , cPx o 


a 

3a*,. 


T 
* <: 


3 a:/ 


The second integral on the L.H.S. of the above eqn 
written, by using Gauss Theorem, as 

Tt , iPx = 


•••(ivj 

can be 


dXi 


V -Tv 


T v .rfS, 


...(v) 


surface 

where the surface of integration is the infinite surface bounding 

the entire space. Since the field o K vanishes at infinity, therefore. 
T v vanishes over the surface at infinity. Thus the right hand side 
of (v) vanishes and hence wc can write from (iv) as 

(! f y;,, d*x=Q (V .V.■= it ) 


V>i 


Defining P v — —f J TV, r/F\\ we can write from t as : 


0/ 


0 => TV is constant in time. 


(c) From the definition .o{ T /iVs we have 


r 7 « 


/4 V) 

OiYa 


J 44 — 2? 7T a V h ~ L “ H , 


a 



> i* r* 


c 


the Hamiltonian density for the field. 

/> 4 = - f J H 

where E is the total energy of the field. 

The first three components of P v correspond to the conser¬ 
vation of the quantities 

Pv--i J 7V: 

These are the three components of the total linear momentum 

p=r=f Vd>, cPx . ...(vu) 
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Hence the vector P v is the total four energy momen um vector 
for the field. Its first three components are the components of the 
total linear momentum of the field and the last component gives 
the total energy of the field. 

Problem 2, The orbital angular momentum for a pat tide 
system is defined by 

Ltj—Xi Pj—xj pi "'V' 

Taking analogy from it, define the orbital angular momentum 
for the fields. 

Does the orbital angular momentum for the fields r emain cons¬ 
tant in time ? Explain . 

Sol. From the last problem, we have the total linear mo¬ 
mentum for the fields as 

P — l / pv, d^X = J* 7T a cf'Va fPx, 

Hence, we can define the density of the total linear momen¬ 


tum as 


• ••00 

cap write the orbital 


Pfc=—/ T 4 J: = nfi^a- 

Thus by taking analogy from (i), we 
angular momentum density for the field as 

lij=Xi Pj — Xi Pi 

In the tensorial form, it can be written as 

/ (x £ Tu-xj T u ) ^ •’•(iiO 

Total orbital angular momentum of the field can be found by 
integrating (iii) over the entire space. 

As a generalization of (iii), we can define an angular momen¬ 
tum tensor for the fields as 

• ••(iv) 


-J i ; 





x? r,v—.v» 

r,. 

(iv), 

we have that 



aL>„ 


7\ v+ X? 

®T ^ 

Pv ‘" VA 

Tu- 

cx* 


C'A i 





r 

P nn 

cTm 


— T llV 

{• 

3-v a " 


X 


8T 


Ah 


«9.v. 


0 


9^0 in general. . •••( v ) 

From (v), we see that L/, -^constant in time for the. field. 
This is so, because the spin of the field is not introduced and only 
the orbital part of the angular momentum is considered. But, if 
the energy momentum tensor T (lV is symmetric, i.e. T^—V^, then 
the orbital angular momentum will be a constant in time. 
Although from the definition, we can not say about the symmetry 
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yet it is always possible to symmetrise the energy momen¬ 
tum by making use of the f?ct that-the addition of a four diver¬ 
gence to the Lagrangian does not affect the field equations. Thus 

we can say that the orbital angular momentum for the classical 
field is constant in time. 

Problem 3. Show that the Dirac equation in the presence of an 
electromagnetic field A tl , 

m 

[TV (^V ie Af) m] 6 — 0 ...(iV 

can be made invariant under simultaneous gauge transformations on 
V and A , and find the connection between the two gauge functions. 

t>ol. Under the gauge transformation of first kind, 6 
cnanees as 

Ip —>* = (^) 

To find the transformed equation, we multiply (i) bv A i*> 
from the left K} 3 


e‘' (I, [M0,-ieA)+i»] *=0. 

Now for an arbitrary function f(x), we have 

t/W, 3,-] 4> (x)^f(x) o e 6-d, [f(x) 4(.x)] 

— dfb—f(x) 3 h v(x) — 0^f(x) 4(.v) 


...(iii) 


8 y fix ). ll(-Y) 
tfi X ), f(x) 

(I \ 0 P ]= - ie* (e„ a ) 

TT • . e ‘ = 
nig i tj \\ c can write (iii) ns 

bi- (3y ~ ie A„ -/ cys.) + m) e fI <^=0 

Ap — i dp.y)-\-m] tb’z= 0 ([ Y 

Thus the Dirac eqn. (i) is not invariant under the n«c 

variance. 1 1 e,.* spoils its m 

Applying the gauge transformation of second kind 
to (iv), we obtain ' A 

For thJi' 1 (8 f~ !e +ie d r y -~i3 P o.)+ fw ] iV=0 

or the invariance, we should have 

or ^ dp 7. — i t^oc^O 

«= eX. { 

the simultlneouT'eauoe “r-T' ( ° iS inVariant ^ 

the ss b r i - d ^ 

ke ^Srangian density f or the Diyac . 


Oy / 


...( 
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interaction with the e.m, field is given by 

L = (d„-ie A,)+rn] f 

Show that it can be made invariant under simultaneous gauge 
transformations of the first and second kind. Also show that the 

charge conservation follows from the invariance under the combined 

gauge transformations . 

Sol. Exactly on the lines of the last problem, we can show 
that for a-eX ; L is invarient under the simultaneous gauge trans- 
formations of first and second kind. 

Now, to see the consequence of this invaiianco ^e w rit^ th 
Lagrangian (i) as L (</», 5, A 3 ^ 6 , Tl\e_ infinitcsima 

elements of the gauge transformations are given as- 

_ m * i 


A 


Afj. — df/, => — 0ji.X, 


ih exp, (ieX) <|i=(l+/c)0 V 


86“ 


ieX’f 


.nd 


t};=exp. (—/<?x) 6=(1 — icA) 6 Sv 


-00 


by 


The change in L due to these variation ctj, <>6 and o/4yis 


r\ I I ^ I 

tfL r)| 


ci v *“ ^ t t ^ 

8L =8* + W 


r S/4 V + 

f - * 3 A 


c 


L 


5 M) 




s (3,70+~T-;— 8 (M*) 


3 (V h i//) 
8 / cl. 


0x 


(>■ \3 (3p-<W 


80 


V l 


9 

3 / 3L 


86. 


4* 


5 


4* 


8 a> \0 (3,6) 

£k_ ) sA,+-.% x 3,(84-) 8 “ ( S £> 

dx,,. [a (hf.A,) / o (CfV) 3 wcv) 

81 0 (SA y ) {Using field equations} 


c (3,,/lv) 


0 


C/A 


A 

fj 

3 A 


cL , EL ,_ j-L,., 

LW) S - + 3(P) V+ 30,^) 


/* L 


ie 


8 L 


d (0 P 0) 


X6 


3L T 

6 -/e X 6 


3L 


n v 

— 


3 (3,5) 3 (0,4) 

• (Using eqn. (ii)} 

Since the Lagrangian L is is invariant, SL must be zero. Thus 

We have 


8 r ie 3L v.. 


0X> L (3,5) 




0 L 


X6 


3L 


dj. 


0 ...(iii) 


Noting that (3,4 V ) occurs only in the free e.m. part, — l />v 
F (tVJ of the Lagrangian, we have 
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cl 

d (dp. Ay) 




Thus the last term in (iii) gives 


£ [-/VAX] 


a f 


it v 


0.V 


(3vY)“^» 9 ,A X 


li 


Since F lV is antisymmetric and (S ; A) is a symmetric tensor 


therefore, their product vanishes, Hence we get 


0 

dx 


[ - ivAx] 


dR 


*«v 






y‘v (0 v z) 


• * 


the current density / y 


Using it, we can write (iii) as : 

dl 


W? 1 

ox. I 


(o ( ."/.) + 0 ie y - 


or 


J, 


te 


e O ,<!0 

8L 




• y SL T 
ie /. ~ ~ ~ - ? 

o (Spip) I 


—-0. 


_8L _ r_ ^ , 

3(0,*) V 3(<U) V 


d„X 


d, 


ie 


r-v 

C 


9 (<>,?) 


L t 


c 


L 


Since X and d^X are arbitrary, it follows that 




6 


X=0 


./fi. — /e 


! cl - 


and 


a 


* 

re 


w(3,?) 

SL T 

~ U 




cL 


5(9,?) ' 5(5, 


5(5,?) > 

W > # )] 


• • (iv) 


5 ,yV — 0 


•• (v) 


Lqn. (iv) gives the current density y, from the Lagrangian 

density L and the eqn. (v) shows that this current satisfies the eon 
or continuity, H ' 

Eqn. (v) defines a constant of motion for the gauae trans¬ 
formation J./ 4 dKx. This constant corresponds to the total 
charge of the field. total 


Q^e 


5L T _ 

5(5 4 ?) v 


£L 


5(S 4 ?) 




cFx 


Thus the charge conservation fhllrtu/e op o ^ * 

b ^'^^'diion ronows as a consequence fthe 
invariance under the combined gauge transformations. 

Problem 5. Show that the invariance under translation leads to 
the causerva ton of energy and the momentum for the scalar field 

defined by the Lagrangian density L (p K , 9^ s ’ * 

Sol. A translation is described as 


x 


x 


x + a 


•■■(0 




i 
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The Change in the Lagrangian under 0) is S' ven b y 

Por an S «K 

infinitesimal constant. Thus expanding \J 

series and retaining only the first order tci 

, dl 


. 3L 

* dx. ^ to. 


.(ii) 


Also, the change in ?« under (i) can be written as: 

Spa = Pa (V+ a i.) — P* 

?Pa 


r 


dx 




f ( 


(iii) 


Therefore, the change in L can also be written as: 


SL 


(f^ Spa+T . /p L 0 'T 8 ( 9 rPa) 



K 


z 


0 


0L 


a 


gjc„ \3 (? f Pa) 


Spa + r, -/ o *1 ~ S(3^Ps) 


0 (0p-Pa) 


0 


cl 


Y ; t „.. 

i/vp«) 

a 


{Using Euler Lagrange eqn.} 
• av 3 vPa+ g ( gjp a -j S . MvPa) 


or 


SL 


0 



{Using (iii) and 8 (B,.pa)—^ (Spa)} 
cl Q 

$vp a 


0 (B^Pa) 


...(iv) 


a 


From (ii) and (iv) we have 


, 8L 

6,v*v dx 




&y 



d 


dl 


o (?yp«) 


T* BvPoc 


K 


or 


0 

dX 


\ 


0L 


ZJ> ( 8 rP«) 


"v B'jpoc L ^ 


ft V 


0 


a 


SJpy 


or 


dx 


-0 


7 is the energy momentum tensor. 


ft. --.(v) 

We have seen that eqn. 
(v) implies the conservation of energy and momentum. 

Problem 6. The following one dimensional Lagrangian density 
is appropriate for a continuous acoustic field 

“ Vl dt) * 1 \8xj ...(i) 


L 
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where $ is the deviation from equilibrium position andp and Tare 

positive constants. Calculate the Hamiltonian and obtain the equation 
of motion. (Assume the length of the medium to be L). 

Sol* The equation of motion is ctivon by 

81 d / 8L 


(be 


\ 




0 


=0 


■■■00 


1 / 

For a «ne dimensional field, it reduces to 

SL_ 3 f g 

c<p dx 


From (i) we have 




3/ 3L 

3 t _ tdi\ 


V \8tV 


0 


...(iii) 


cl 8L 

and 


8 


dl 

iU 

dx 


-T 


di 

dx 


Putting these values in (iii), we get the eqn. of motion as : 


dH d 2 <j> 

1 — — p = 0 


ox* ' ...(iv) 

Now, the canonical conjugate momentum density is given by 

dl ( 3$ 


3 <f> r \dt 

Therefore, the Hamiltonian density is given as 


’K 


p<i> 2 - f-J T 


H 

cU 


And the Total Hamiltonian is given by 


II — 1 


-iP 


<i > 2 dx+lT 


[ l (H\* 


o 


0 


dx 


dx 


...(v) 

Problem 7 . Find the Hamiltonian density for the free Proca 
field and show that it is positive definite . 

Sol. The Lagrangian density for the free Proca field is given 
by 

l=-l P>f-hnW»V„ 
wh ere v — 9 ^ V v —d v V tl 

The conjugate momentum density is given by 

_ ol _ 

8{y f ) H . 

774 = 0 and ni: — — iPi :4 


...(ii) 


• * 


Hence the Hamiltonian density is given as : 


* 


ft - v k ~ L= - iP H Vn +i P,. vH w Vf 


...(iii) 
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Now 


Pp y 2 — Phi 2 ~\~ Ppl 2 ^ P 2 

=2 (V x V) 3 +2 (Phd 2 


{V ^44=0} 


r 2 


• 4 


tt =—iPmKH- 1 (VxV) ! +| (Pi:iY + l'iWr- 

=Pm ~ +i (V xV)M-i (-Pm 

0^4 



1 Pm 


-}■ P/, 


o 3Kt x p 

2 -f- j m 

OXi 

2 3 Vi: , 


-Li 


J (V xV^+i^fV 


8K t 


0A" 


=4 


8\\_ %n 

6x k dx.\ 

3^' 8 

L \ OXji 

2 Ux* j 1 2 


3aT; _ 

dVh . 5 K 4 


+i (V xV) 2 +y^ 


0A\ ' 3A'/: 


+HVxV)HK^ 2 


x 

2 


ii(VXV) 5 -H-m 2 F, 


2a 4 j 

8 ^V+1- wxv) 2 +|/«v;. 


It is clearly positive definite. 

Problem 8. The Lagrangian density for a massive vector field 
interacting with a four vector density j? is given by 


l 


1 


84v j A m 21 j j 

8iydVj + *”‘ **’ J 


4 \dx h dx 




P * 


obtain the field equations . Also show that 






0'S 


0 0 / 1 /y if d^j^ — 0, 


Sol. - To find the field equations, we have 

0 ^ 01 1 * 


d<j> 


md 


aL 


0^y 


dXp ca* v 


3 (S> v ) “ 

Hence the field equations are given as 

d I \ 3 1 


dXv \0A> dx s 
Differentiating (i); we get 

' d 0 (dfa B<£ 




f> \ _„«* 


0A W 0A\) 


m 


0a> 


d Jl 

dXi 


m 


2 3^ S/V 


3* f< 


0A 


f 

l * 


The L.H.S. being the product'of a symmetric 


...(ii) 
and an 
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From (ii) it is clear that 3^—0 only if 3 M yV“0. 

Problem 9, What quantity is conserved clue to invariance of the 
fields under infinitesimal rotation. Explain the significance of various 
terms of this quantity . 

Sol. Rotations in four-dimensional space are proper LorcntZ 
transformations and can be characterized by the co-ordinate 

transforinatio ns 


x h ~> x ; x.j — a^x fl 

where the transformation coefficients satisfy the relation 


...(0 


..(ii) 


4 ■ ■ 



a ,,v ctf i>.—£v/> * 

Similarly, the field variables transform as 

Vs (*^) y 'i 1 a (.X )~b''p ’Jp (x) 

For infinitesimal transformations, a tlV will deviate only slightly 
from the unit matrix and we can write 

■ a (J v = o fj. .j “f* Cf ft. y , 

« f ., v is infinitesimal. Using it, eqn. (ii) can be written as 

(3,, V "b ^*,:v) (3fi,\ : ^ V A • 

Retaining only the first order term in a, it can be written as 

3v;. + Kav + yVA = on => a AV - t«va=0, 

j.c.. a is an antisymmetric tensor. 

* V 

Analogously, for (iii). we can write 




a*’?? 


A 


:0 


WV 
i np 


X IC y « 


• • * 




the tr 
and p. 

Thus, the change Sd> a in T 
written as 


tc in the indices a 


under the rotation (iv) can b 


n 


% = (x')—iba (x) = Rl p.a 


below : 


<3 h. j ' v Vp- • ••(v) 

In case of rotation. 3 and 3^ do not commute as shown 


* (x')-drf x (a) 


0 


dx 




dx 


dx 




N 


”[^« + 5 v (8& a )] (5^+05^) —0^ 
-f 9 )( (50 a ) +«,, V 3,.<1> G — 3p.0 a 

A 8 (<Vn). 

For an infinitesimal rotation, the chance 

O ? 

Lagrangian density is given by 


31 


...(vi) 
in the 
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3L 


SL 


- + y S (drf') 


0L 

dip 

-£ c a ^+ 


i 04 


3L 

0 (0i6,) L 


,7 ^ v 


as M*) 1 


£ 


l/'y. + 5x 
{using (v) and (vi)> 


a 


8L 


bx% \3 (SA) 


,,v . , __£L _ 

/ a p ‘¥v','f>+g . J 


X 


a M ?•;>/'« (^3 ^ ] _ 


{Using Euler Lagrange eqn.} 


3 


3L 


3x> t \9 (0>,W 


if*''; 1 

4 s a ^vV(3 


-f"#pV [7>v + ^ 


As a is an antisymmetric tensor, its piopuct with the sym 
As v.f.’i is n c. > . rev momentum tensor 

metric tensor 8.v vanishes. Also, tim energy 


r pv can be 'written as 


7 


f( y 


7Vv + ^vp • 
“2 


' h_ 2 


_ t 


The first term on the r.h.s. is symmetric and therefore, its 
product with <v vanishes. Thus the change SL can be written as 

d f 3L 


3 


a “ v 3 .v 


X M 1 Xy 


Xy*Ap 


j 


SL_2 ?A,.Le(3-A) “^''T 

Since the Lagrangian is invariant under the infinitesimal 


rotation, this change in L must be zero. 




3t 


/ . -p v T. ^4-9 _/F 1 J.p 


0 


...(vii) 


(V is arbitrary} 


From fvii) : we see that the quantity 


/),pv “ (xxv7}.p) - i 2 ^ , 


r. * 

oL 


<Z 




...(viii) 


b (3>.O a ) 

is conserved. The term, in the bracket on the i.h.s. is the orbital 
aneular momentum density L>,p y . The second term 

c _o _ r. uV 

V cj / \ ^n H ^^ 


» (tVM “** 




in independent of any point of reference and it is related to som 
intrinsic property of the field. We call it the spin angular momen¬ 
tum density. Thus J> t p v is the total angular momentum density of 
the field which is an invariant quantity. 


*VYe have change the index ^ by \ in order to avoid the repetition of the 

indices. By changing a free index by another one whichdoes not appear 
already in the expression, the expression remains unchanged, 
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Pioblcin 3 0. T lie matjix I for the Dime field is given by 


— (a. 
4 v 


} 


7 / 




Fi 11 d the total spin For the Dime field. 

Hint , The Lagrangian densitv of the Dirac field is 

■v - - 




L=- 

Jl 

> Cv*) 


fa (n^-fm) <j/ a . 


rr-7 , 

4 , V3 


—9 at, 


(f7 ? .) 




/ 

4 


(SvJaP fp 




f'/ 


1 fj ^ I 


the total spin of the Dirac field 


S 


, cPx z= i 


is now given by 

'r -> 

11 


1 I fT r i 




V 














QUANTIZATION OF FIELDS* 



* In the last chapter it has been shown that the classical fields 

arc dynamical systems described in terms of the field function 
if(x. /), which play the role of the generalized coordinates for the 
fields. Like any other dynamical system, fields possess the energy, 
momentum and angular momentum etc., which arc built up 

from the field function 6 (x, /). Similar to the case of classical 

particle systems; fields obey the Euler Lagrange’s equations of 
motion, which are exactly similar to the Lagrange’s equations for 
a system of particles. The role of classical canonical variables 
qi and/?* is played by the field function & (x, t) and canonical 
conjugate momentum n (x, /), Therefore, like classical particle 
systems, fields should also exhibit quantum-properties, if we want 
to study them on a micro-scale. Hence we must develop a quan- 
r turn theory for the fields. 

Now we know that the quantum mechanics can be developed 

from the classical particle mechanics by replacing the canonical 
variables qi and p t by the corresponding hermitian operators, in 
accordance with the correspondence principle. The equation of 
motion for these operators is the Heisenberg’s eqation. The 
operators qi and pt satisfy the following commutation relations : 

to, &■]==!>> and to>/L\M^ 0 , 
which in terms of natural units (h=c=l) can be written as : . 

to and to,/>*]=/&«* ..,(1) 

Making use of the above analogies between the classical 
systems and the classical fields, and that*between classical canoni¬ 
cal variables and the corresponding quantum mecanical operators, 

3 we can develop the quantum theory of fields by defining quantum 
mechanical operators for the generalized coordinates dj (x, i) 
and the canonical momenta ~ (x. /) for the fields. The analogy 
of qi and p% with (x, t) and n (x, t) suggests that we can choose 
the quantum cordinates for the fields as; 

*The quantization of fields follows directly from the classical field. 

Hence the readers should master the elements of the classical field. 
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A 



t'Kx. 0. M*'. 01=Wx, 0, *(x', 01=0 ...(2a) 

[i//(x, t), "(x', I )]=/o"(x—x') ...(2b) 

Thus we sec that in the quantization of a field; the space¬ 
time field functions d/(x. /), describing the classical field, become 
operators. While operated on their eigenfunctions, they give the 
dynamical observables of the field as the eigenvalues. Thus the 
field quantization is also known as the second quantization. 

In the commutation rules (2), the time parameter of all the 
variables is the same and hence these are known as equal time 
commutators. Since the fields arc continuous system, therefor 
we have used the three dimensional Dirac delta function P (r— r r ) 
in place of the Kronecker delta 8^. 

For the case-, where the field have more than one component 
wc write the commutation rules (2) as : 

[Va (x 3 0 ; Vp ( A s 01“[ r: a (x, 0s (x j 0 ] = 0 ...(3a) 

bpt (x, Os ~p (x' s o 3 (x-x') 

We shall see shortly that a quantized field represents a system 
of particles and tne interaction between two system of particles 
then becomes the problem of the interaction between two quan¬ 
tized fields. As an example, the scattering of photons and 
electrons (Compton Efict), in field theory will be a problem of 
interaction of a quantized Maxwell’s field and a quantized Dirac 
field. In many interactions, particles are created and destroyed. 
Thus we need to develop a theory in which these processes are 
accomodated. Here we shall he quantizing the free fields only i.e., 
the field without any interaction . 

13*1. QUANTIZATION OF REAL SCALAR FIELD : 

We have introduced the commutation relations, the field 

operators should satisfy in the quantum limit. Now we study the 

consequences of imposing these quantum conditions on the real 

scalar field 4>, since it is the simplest of all the fields. We shall 

work in the Schroedinger picture so that our field operator are 
time-independent. 

Tile Hamiltonian density for the real scalar classical field is 
given by (cqn. (37) of last chapter) 

H=Hfl a +(V0) a +w s ^ 2 ] 

Hence the classical total Hamiltonian is given by 


H 


d '* x t i [TV 2 -j- ( V + /?Z 2 s ] 


...(4) 
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Ill order to find out the physical consequence of the commu¬ 
tation relations for the held operators, and to perform practical 

m 

calculations, it is most convenient to use Fourier expansions of 
the held variables 4( x ) and r,(x) in the in omentum space as ; 




i 



Q •: ? 


/k.x 


1 


y 


■ "(^) 


V(v )<w 

k 

] v-' —/k.x 

k 

The system is assumed to be in a large box of Volume V~U 3 
with allowed (discrete) values of the components of k given by ; 

^77 f hr, 


< 

j 


kx 


L 


etc. with n x integer. 


Summation in (5) is taken over all the allowed values of the 
vector k. The choice of minus sign in the exponent of '-(x) is 
deli bra tc; it leads to a simplification, as we shall see shortly. 

Since 4 and v are real functions at the classical j cvel, the 

corresponding operators must be hermitian, 

= and i>f(x) = r.(x) 

Using (5) we get from these conditions that 

1 /k.x 


4_\ 

V(k) dCj 

k 


/ k.x 


q, : je 


_v 

v(F)Zw 

k 


q/ v c 


1 


k 


—/k.x 


q-h e 


...( 6 ) 


^ cj!■;]■-(]a: and similarly pu\~P-n 
The coefficients qu and ph arc the dynamical variables on the 
same footing as the position and the momentum coordinates. In 
fact, assuming the commutation rules (1) for cj; : and we can 
easily compute the commutator of tj> and tc : 

/ k.x- 



[4 (X), 71 (X')]= > > [q^Pu}e 

k k‘ 



1 

l A *A 




■w 

l 

k 


fk. (x—x') 


{V dk, p k ']-=ihi:’} 


which in the limit V->co, yields 


[0 (x), n (x')]=» s (x- x') 

It it exactly the commutation relation (2b). 


...( 7 ) 
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Alternatively, if we know the commutation rules (2), the 
commutation rules for q^s and /Vs can be obtained by a proce¬ 
dure which is inverse of that which led to cqn. (7 ). 

Multiplying the first and the second of eqns. (5) by • 

] _J ^ 

s , respectively, and integratirg over 


1 — ik.x . 

e and 



v’W 

the volume V we get the inverse formulae 

1 

qu~ 


Pu 


V ( V)i 

1 

v(n\ 


rf'lv </>(x) c 
cPx v (x) e 


/k.x*) 


(li.X \ 

J 


..( 8 ) 


* * 


[q^Pk] 


i_ 


cPxd 2 x' [<!> (x), 7t (x')] e 


zk'.x'—/k.x 



d 3 xd\x r P (x—x') e 


zk'.x'—/k.x 


i 

V 


! ff 73 ?(k'—k).x ... ; 

r j J d 3 x e J =ihk 


... (9a) 


. Similarly from the rules (x), $ (x')]=0(x), 77 (x')]= 0 . we 
obtain 

fe, qk']*=[pi: t /V]=0 ••■(9b) 

Now we express the Hamiltonian H for the real scalar field in 

terms of the canonically conjugate variables qj : and p . For it we 
have. 


JV 2 (x) d\x 


1 

V 


d*x y y 

tofcW r/ 


/k.x , /k'.x 

cjk e q,- e 



k k ’ ■ 

, 1 f „ i(k+k’)x 

qi/jt -p -1 d 3 x e 1 


k, k‘ 



06?*' Ok,-!:' 


k, k ’ 


y c M-k = > ?f?*t {Using cqn. 

Tl,.;- 


(6)1 


,.,(10r/) 


A: 


Similarly, 


| (x) 





W/:f 


k 



Ph j 


12 


. (10b) 


k 
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and 


f (W) 2 d 3 X=~f sM V Jk.x _ , Jk'.x 


■ " I 


.ik'.qf e 



k, k ' 

0.: 0/ (—k.k') 5/:, 


A', /c' 


^ J;2 ^ 


(10c) 

/c' k 

th/> ^ u * >s ^ tutin S cqns. ( 10 ) into (4) we get the Hamiltonian for 

me real scalar held as : 


H £ i (o>,? I q t j 2 +jp l . j‘) • where = (m 2 fk 2 ) 


•••(13) 


mn f | 1C HamiIton,an lor a Simple harmonic oscillator ofunit 
niass can be written as 

n . (w 2 q 2j rp 2 ) ...( 12 ) 

/• / • °. mparing P {) wi£h (12) we sec that the Hamiltonian for the 
1(1 .t° a m ls similar to a sum of an infinite number of harmonic 

°-atLn l0 f S t i °"C '!*? ordlnar y Wantum mechanics. Hence the quail ti- 

“ ion of the field is equivalent to the quantization of these harmonic 
oscillators ‘ " 

f r .n^! eat '° n - Anni,iila£ion a,ld Nembcr Operators. Taking analogy¬ 
'll . 1C ' a)Slng and l° wer ing operators of the simple harmonic 
i ator (see matrix theory of harmonic oscillator in section 3-11) 
we define two operators a h and af for the description of the field 

3S 




l 


V(2 W) f) 


Oh y 


i 


-v/(2w/:) - ipk) 


...(13) 


It will be seen presently that the description of the quantized 
field in terms of these operate s can be given a particle interpreta¬ 
tion, and using these vve can also explain the creation and the 

destruction of the particles. Moreover, the Hamiltonian for the 
field will be diagonalized in this representation. 

First we develop the algebra of the operators an and from 
that of the opei ators Qp : and pj : . We have, 

[ah at fJ=o..-TW {ukOjf [q k , q k '-j]—i mk [q k) p,/] 




iW [p k f, 0:'t)+[p/ ; f, p k ']} 


\ 




4 — ■ 


v» 
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1 


2 y (tuj;a )k) 


— ?>l;h 


.. (14a) 


0 


...(14b) 


/« [a,:, fffcf] — 1 

Similarly, [>,v, a,/]—a*t, flfc't,.1 
Now wc express the Hamiltonian // in terms of the operators 
a k and For this wc have from eqn. (13) that 


cjn 


1 


Pa 




Oil: 

~2 


(at + 




1 (a/:f “«-/;) 


Substituting these values in equation (11) we get 
H = -y ^ o>;? . y— (a*-f- a_h\) a -v) 13 


k 



1 

0 




-y (tf/.-tfA j 4" -f- fct) 


k 


L 


OJj; 

2 



ft «■« 



- iff — n 


-ifcOt+fl-na-st) j 




/< 


_L 

1 




From (14b) we have ff.jsffl/jf—'0 and 
Therefore. 


// 



<*>/; 


4 


: (ata^ + a_ } ,a-t\+a_i?\a_ k 4 - 


K 


Since there is a summation over the index k, we can change 
it by —k in the second and the third terms without altering the 

* —H* 

value of the summation, and hence we can write 


H 



C01* 

■ 4 - (lauatl+lahja};) 


k 



ft} 

X (4«»t«ft+2) 


ft 


27 (iij: 

ft 


{using [a k> a,.f] = 1} 
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...(16) 


Difining an operator N k =atfai h we can write 

k 

Using the commutation relations (14), it can be readily seen 
that the operator AC satisfies the following relations, 

[N ?:> AV] = 0 

[cii :, Nk]^a }: 


For example, 


[0*f, Nk] 


Ch: T 


...(17a) 

...(17b) 

...(17c) 


[a,:, MJ “[«*, ff/sfad 

<7; : f] <7/; + tf/eT 

b ■ 

— <7/;. 

Similarly we can prove the other relations. 

We have seen that the operators Ah: corresponding to different 
k values commute. Therefore the observables corresponding to 
these operators are simultaneously measurable.. Thus the operator 
Nk can be represented by a diagonal matrix. The space in which 
AVs are diagonal is called the Fock Space. Now we find out the 
eigen-values of operator AC in a representation in which it is 
diagonolized and observe the effects of c<k and cii{\ on th 
states of Nk. The eigenvalue eqn, for Nk can be written as : 

Nt | Vi:}—th | ?i/ c y **-(^) 


e eigen- 


Using (17b) we* have 

Nka I: | Ilk} = (a k Nk ~ (Ik) I «*>== (/>/: -1) (Ik I «/:> 
Similarly, using (17c) we get 

N k a h j I = (//*-1-1) a k t | 


...(19) 


...( 20 ) 

From (19) and (20) we see that an | u/ : ) and ci k t ] n J: } are also 

the eigenstates of operator AC with eigenvalues (u/ ; — 1) and (/i/ ; +1); 
respectively. Thus we have, 

(k: | /?/;> = C_ j //ft— \y and a a t | «*)=C+ | m + 1) 
where C_ and are constants and can be found as follows-: 

CL i 2 -— 


i 


1 C, 


and 


IC- F 


I w/s+O— Oh t [ I 

= <«ft I («Cte-rl) | >h:> 

■ =<«/; | (Ah: + 1) | /?;:> 
— Oh: +1), 

= m. 


= Oh: | Clk\dk | ??;:>- 

Choosing the arbitrary phase factors as unity, we can thus 
write, 
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a k I tiny — I Wft—1)> 

a 4 | f 1) I n,:~\-\y j ...(21) 

Now^ we show that the eigenvalues n k of N, : can take only 

positive integral values. For it, we can write for the norm of 
state a k | // ;: > as : 

| atfaii \ n k y ^ 0 

or <»k | N,. | ^ 0 

or * nj : > 0 

The equality sign holds only for the state | CT>. for which 
at: I 0>==0. Thus the lowest- eigen-value of N„ is zero. Stanina 

10 m tie state | 0)>, we can build up all the higher states bv 
lepeated application of the operator at. We have 

i l>=<7fet | 0> 

2 > =cr *t I 1 > = (aI 0> ■ 




• **«■** f. 


such that 


ny=(a k y)n | 0 ), 

^ i i>=i 11> 


N 




i 


/ 


A?- | | u y 

TJ ^ Thus the eigenvalue ° f AT takes the va , ues 0 , 0 - 
huieiore, the eigenvalue of the Hamilinn* * 5 ~ 5 . 

/1£ " r —'• - — . tamilionian operator H (eon 

itten nq 1 1 


w fc'' nui<ui ' oi tne Ha 
(16)} for the field can be written as 

E=E a,J:l ’" i + 2 ); n, : = o, l, 


2, 3, 


/ ► *7 " ) ^ j « ( ■ ^ i '*j| ^ 

The zero point energy for thp fini i • . 

"7° ” d " is ' q "' »*• 

isl j :- -.« no PhK : 

the eqns. of motion are not chan-ed -nulT’ 1 ‘ C Ha n lilt oni; 

JS" T be “*«««' from ■(£) ‘Vt “• " ro P»i 

held can be written as : K ' 1 u s ^ le Energy f or p 

^_ y 

^ w «k O) 

The stationary state of the^w « , . 

as it there existed n, number of pin cl leret ° re! the s ame ener 

common rest mass m ; each ™ ^ , SS Wlth momentum k a 
quantum” Wk =-x/(m a + k-) Thus th^ 6 contnbuti ng an “enei 

m imo I m,mber °Pe™tor'\ The otT^' Nt Can be calle, 
* ,n,0| »*+ 1 >i-.. its opS', e ti0 T r 1‘’*t a >’*»S«th“ S , 

wedges one mrt' i 

uue Particle and 
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operator a k changes | /;»> into | / <?. its operation destroy 

one particle. Therefore the operators a, : and a k f are named as 
destruction or annihilation operator and the creation operator; 
respectively. The operator Nk, on the other hand preserves the 
number of particles. The operator N~2 Nit is interpreted as 

7 : 


the operator for the total number of particles. Operating on the 
eigenstate of the field, it yields the total number of particles 
present in the field. A state in which no particles are present is 
called the vacuum state , it has no energy and momentum. 

We can express the field operators <£(x) and ?7(x) in terms of 
the creation and annihilation operators. For it we substitute 

eqn. (15) into eqn. (5) : 



■ zlox , 
a k e + at T 





k 

Using these relations we can very easily find out an expres¬ 
sion for the momentum of the field in terms of ch: and a -,-j as : 


P = 


J d*x 


r.{x) (x) 

L k aicjGfc" £ k A j; 


...(25) 


/: 


B 


13‘2. QUANTIZATION OF COMPLEX SCALAR FIELD : 


As we have discussed in the last chapter, the complex field 
describes a charged system. Therefore, in the quantized theory it 
will describe the charged particles. The quantization of the 
complex field can be performed in a manner similar to that for 
the real scalar field. It was first of all carried out by Pauli and 

Weisskopf.y 

The classical complex field is described by the field variables 


2 . 


* V(2) ’ c U V{2) ’ 

where cf> 1 and j> 2 are real (see eqn. (38) of last chapter). On the 
quantum level, $ and become non-Hermitiaii operator 


s 




fa 


l ' 


V( 2 ) 


— * Q 

* a 


nd ; tett- 


-j*W. Pauli and V.F. Weisskopf, Helv. Phys, Acta, 7, 709(1934) 


* 
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The real fields and <j. 2 can be expressed in terms of their 
creation and annihilation operators as (see eqns. 24) 

k I 

^ ^ ^ ^ n (2)J k 'X | (2\' — 

dir } c 4 c 




m tk»x , , n . ”/k*x\ "1 
cuS > e e 


4*> 


'v 


• * 


\/(P) 4 V(2wjtj 
k 


<Ji (x) ~ 


...(26) 



(l)J- in.XV 


J 



wo* 1 *' —/k*x 
e 


» 


<?t (,) f+/o fc (! > f -/k*x 


and 


v'(2) 


£7 


ff (x) 


I 


1 /V 1 )- 

V(n 4^ V (2a>!:) \ V(2) 

k 



i k * x 


ICI J( 


<n, (2)t 


zk*x\ 


Introducing the following notations. 


V(2) 


J 


a k i±> 




we have 


V(2) 


* « 



^ (>:)-- - 


and 


_ 1 _ V 1 1 

V( V) Z, V(2w*J 
/,- 


(. 1 ) /k»x , f x 
a ' e 4-^ t_ > 


r e 


/k*x 



/ * 

0 i 



3 


1 




V( V) 2 V (2«*) l 4 _> e 

k 


i k * x 


+« 


(+) 


fk • x 


...(28b) 


The creation and annihilation operators c/\ ] -j- and n (£> f or 

each field />, 0=1, 2), satisfy commutation rules similar to these of 
eqn. (14) 


0) 


CM 


» «;/1 


(i) (j) 

u k J u k‘ 


hk ; h y—1, 2 ) 



a 


(OT n U)-i 

It 9 U k> I 


0 


...(29) 


Using these we can find out the commutation rules for $1, fl¬ 


uid n ( ) anc j their adjoints. We get 
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a 


(=) 


9 a i:' 


(±)t 


% / 


tkk 


...(30) 


with all other commutators vanishing. 

[<p (x), fr (x')]=i'S (x-x') 


....(31) 


Since the operators ^’satisfy the commutation rules similar to 
these for a (t) ( 7 = 1 , 2 ), \vc can describe the complex field in teims 

of instead of the creation and annihilation operators of the 

k 

real fields fa and fa. The operators ami 4 +> f can be interpreted 

i* 

as the destruction and the creation operators for a positively chatged 
field and <7 (-) and i _) f are the corresponding operators for a negatively 

V ' fc /v 


chawed held. 


Now we express the total Hamiltonian for the complex field 
in terms of the operators a l *\ For it we have from eqn. (24b) 


and from the fact that tt 






l r, ; 


V(2) 


— where 77 j and ^2 the ' 


eal 


momentum densities corresponding to the real fields fa and fa 

\ ** / / fi \ t, \ . / t > \. — 7 k * X 


77 (x) 



T ) f (°I +)t e 


e 

I: 


Hr 

7k* A 


...(32a) 


and, therefore, 


rc t ( x ) 


J_V 

voo^w-v/U/ l■ 

k 


(-> 
a,* c 
/: 


fk*x 


...( 32 b) 


The total Hamiltonian for the quantized complex scalar field 
can be writen from the Hamiltonian density for the classical field- 


given by eqn. (41) of last chapter, as 

H—’] d 3 x H=J cl z x (jifff+(V^t) (V faftn-fa'if) 
Using equations (28) and (32) we have, 


...(33) 


,, ., , , w _XT V («*“*’) 

d X 7i *j (x) 77 (x) -- rr 

* ■ fl&CTOV 


A:, /c' 


2 




7; 


(-) ?’(k+k')- x 


4 +) ^ ) t^ (k_k ' >x -4' ) t<: ,e ' ,(k k>x 


a 


( _), (+) —/(k+k')* x \ 

. T« ./ T c J 
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V( t “ft'"*') 


r/ +) fl'-> S, 

/j i: > 


'a -k 


k, k 


„<+) J±h r <> t 

a u Q h > \ ®kk 


a 


'ST' ™k 

-Cv 2 


k kk t Uj, ) (l h f ! 6/ 0 _ /,- j 


<7 


V 1 ^ fl f J —//+U 


fc -/; 


a :; # a, 

ft ft 


vt‘r+^i<?t 


/c 


...(34) 





y ji 

-/ ^0)/ c 
k 


< +) «i; ) +a' +> c/'t 


. Cl 


i -> t «*-’ 




und 


,/t a< /;.t) 

...(35) 


(Veit) (V?S) rf s *= V—ffl'' 

2ty/ v \ /: 

k 


<+> //-> _,/+> A (+>* rt (-) -j- „(-) 

a * \ ! “ fl fc 


(”U „(+) 4- ^ 


Substituting (34), (35) and (36) into (33) 


1 1 1 j...(36) 


H 


y?[ 

k 


we get 


r 4‘ } fl -* + ^t-K } t a[r } 


a 


(-)' (+) • 
« T < T 


T 



<k) J c _ /) 

2"~2 


,2 


* 


-40)/: 


^ «-/+<£ > *<:> t+^t^’ + ar 1 


- (4" ) * 

ft l°- t T 



-k - 

2 CO ft 


k 


,(+) Q (“) _ (+) (+) , (_) 




c/ 


ft 


a 


(-) 

ft 


ft 


t «(-> ^ J+ul 
k I ftTl 


or II 



(V 


?n 


O)/, 




2 ==Wfc 2„ /c 2) 


k 


r «;r> 


+ 



/c 

to fc 


/c 



a*:^ „<+) 


ft 


-/:« Q ft T G _ftT 


of a ( ° 

/; } 


Using,l, t definitions (27) for «,<*> and the Hermiticit, 

'/ (,= 1 ' 2) ' “ VCrs ' mil » >* s “” after a little algebra that 

Therefore, S> oi the above equation vanishes. 
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H 



CO'- 


rv 




k 



cox a 




k 


...(37) 
[Using eqn. (30)] 


Defining the particle number operators 


(+) =a ( ,. +) f an ^ 


7: 




(-) 

/: 


1 fljr* for the positively and the negatively charged 


particles; respectively, we can write : 


H 



m. ( N^+^ + l 


...(38) 


k 


It is left as an exercise for the readers to show that the 


momentum/ 




P 


d*x[v(x) V^(x) + nt(x)'it(x)]- 


for the complex field can be expressed as : 


P 


■'v-S 

\ l 
k 


N^+N' 


(-)\ 


1: 


7; 


) 


...(39) 


Now we -derive an expression for the total charge of the field 
in terms of the number operators and The total 

charge operator for the complex scalar field is defined by (classical 
charge density is given by equation (46-6) of last chapter) 


Q^h ^‘W)t=^ 


d 3 x{rr j '/t'—**$) 


Using eqns. (28) and (32) in it we can easily show that 


O 



I: 1 k 


a 


<_) 


iv 


^Classical momentum density for the complex seal ar field can be obtai¬ 
ned by using the eqns. (i) and (vi) of prob. 1 of last chapter. Lagrangian 
density L m fi) vve have to use expression (39) of last chapter. 
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...(40) 


k 


Thus the positive and the negative 
units of charges, respectively, 


quanta carry 4- e and 


We can now say that ^ , a ]+>f ar ,d are annihilation, 


opci atoi s for a scalar particles of 
electric charge -f e. The operators 


creation and particle number 
energy a > k momentum k and 

k ’ ° h ' l anC ^ aie the corresponding operators for pariticles 

^therf-f W j C f n ’ dcntify 1,16 c ^anta with positive charges 
particles t CS 3nd t l0Sewith ne S atiy e charges as their anti- 

The Hamiltonian, the momentum and the total charge ope¬ 
rators arc all expressed in terms of and <-> and hence these 
are diagonal 

13 3 t , QUANIIZATI0n °F SCHRODINGER’S FIELD • 

bating tie Can be <* uantized by 

«, com, mtation ru!« (2) 

cal Schroed.nger field is given by (eqn. (50) of last chapter) 

h 2 


H 


2m 


V</j* . v 


written r ; thCt ° ta! Hamiltonian for a quantized field cax be 




! d ’ x (sm w 


It is a Hermitian operator. 

In order to find the consequences of th 


V ~h F 


...(41) 


e quantization of the field, 


we expand the field variable -i(x) j n tenT1<: nft , 
ot orthonormal V ,s °‘ the complete set 


mal eigenfunctions 
Hamiltonian, ( — Jlfos i. 

2m v 


" k ( x )'of the quantum meahanical 



<Rx)=£ 
/“ 


* a 


.(42) 


where 


h 2 


For the quantized field. 

* 

cuts a k are operators and 


2/71 V + F (x) ) ll k(x)=E k u k (x) 

X) is an operator, and hence coeffici- 
' rVe as the dynamical variables of 
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the field, while h,(n) are j« st a 'S cbric funCtionS - ThUS fl '° m (42) 


we have 


i * * 

V! 


t + ' 



X ai/ni k *i*) 
k 


...(43) 


Cn* 


/t *- nrp thp destruction and cieation 
The operators a, and n e the dcstr^ ^ their 

operators for the Schi oedinge s 1 c Otfx^ 

commutators from that for the field operators *W and v.W- 

We have, , fc ,* 

[d-(x'), i7(x')]=itift*(x- x ) 

[di(x), ihi/itix’)] -• /h8 3 (x—x') 

• ftiji'x'i ==S 3 (X"X / ) 

{ . • classical momentum density is given by u(x)=j 1 u)‘; sec 
section 12'7^ wt c „ fmd lhc value of commutator 

lot. Fo, it, we muitiply ( 42 ) by »«* W and ( 43 ) b, and 

integrate over the entire space. We get 

a,- f rf 3 .\-HA.*(x)^(x) and £tj:t=I cPx w A-tX)vj( x )- 

■ [«„ *u*-j 1«*>• > 


= '| rfa.v f d 3 X' § 3 (X X') Hfc*(x) 

=j r/ht «**(x) »/;'(x) = hi- " 

Similarly it can be shown that all the other commutators o 
of a k and a k t vanish. 

Mow we express the total Hamiltonian H in terms of a, and 

For it we substitute (42) and (43) into (41). • 

1 tv 



H 



Qk\ «J 5 


2/7/ 


t?H fc *(x). \7n*' (x) 


A', fc' 


+ f d 3 xVu,r{n) Ht'Cx) 


Evaluating the first integral by parts and noting that the 
second part vanishes for the infinite surface of integration, wc 
can write the above equation as . 

^ f H,.*(>:)v 2 »Ax 


H 



a k '\a k 


2m 



Vl <; t *(X)U/:'(x)rf 2 A- 


J 


k. k' 


% a !; '\a,- ( ti‘k{x) 

teW » 


la 


2/72 


M/c 



O 


v 

V-fl 


fc. k' 



flfcl a* 


zi/<*(x) E k 'u k '(x) (Ex. 


k, k' 
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V a/:\;a k 'E'/fikk =- 

7 


/c' 


k 


Defining the number operator N^afia*, we have, 

% i T *' i 1 


H = Z Nt z E<i 

I: 


...(45) 


It can easily be shown that the number operators corres¬ 
ponding to different values of k commute with e-ch off c.. 

Hence we can diagonalize all the Nu s■ and positive 

diagonal representation ^ bas eigur^ 1 ‘ we see 

integers and no other values. When N l; s diagonal 
from (45) that the Hamiltonian will also be diagon. - 

53-4. QUANTIZ4TION OF DI about the difficul- 

Before quaDirac wave equation, 
ties of the relativistic m q r t u e lin quantized tfteorv 

»ot P~«* >» 
«■» proau “ ion ” 

pair annihilation. ^ Phenomena like pair production 

Though we descrioed tl <- P of u3in „ the language that 

and pair annihilation, <■ ‘ ‘ , %ve said that the number 

the number of electrons is not con- " ( ns fc just the esca- 

of electrons ,s actually ,o 

lation of a negative-eneigj tion with the single paiticle 

the phenomena hwe In doing so, howeve, 

interpretation ot tne Dik the single particie theor> 

« tod '» depart . I'ff “troduce the concept of Dit.c »», » 

"nfinite mimber of negati’e’ e " cr8 -[ i ' 1< ^ l ° h ” S ih ct that the electrons 

The success of the hole theo,> e. o ^ lllhol , gh electrons 

satisfy the PttttFs E » ““ annihilated, the 1" 

nd positrons can be create ^ difference between tile 


I 


a 


electro-dynamics is of positrons 

of electrons and th ^^ ( g-)-N(e + ) 


s 


conserved. <herc are oon electron,agn=tie pheno- 

However, in the M< ’ j n j3-decay 

!na which do no. conserve 


p->» + e++v> f th j n the final state 

3*2 smrrss e, “ ,ron '“ the 


T 
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Dirac sea. But where is the electron; which used to occupy the 
new vacated negative energy state. It seems that the probability 
of finding the electrons is no longer conserved. In order to resolve 
the above difficulties, we have to quantize the Dirac field. We tiy 
to carry out the quantization of the Dirac field in a manner similar 
to that for the Schrodinger’s field; though at this stage we donot 

know exactly whether this method is a legitmate one. 

We expand the field variables tp(x) in terms of the complete 
set of normalized plane wave solutions of the Dirac equation or 
positive and negative energies as (see eqn. (ii) of prob. 4, chap¬ 
ter-10). 


<K X ) 


V(V) ^J\ 


m 


b n) (0 « r (p) e 


W 


* j 


b' rp (/) « r (P) e 


rp.x 


r,p . -(46) 

In the above expression b TP and b' rj) are the coefficients of 
expansion: u r (p) and v T (p) are the positive and the negative 
energy spinors: respectively, and they satisfy the Dirac equations 
(see eqns. (73), chapter-10) 




(—i «• V+/»3) lir (p ) = E P u r (p) 


. • ■ (47) 


and 


( —/ a* V + m ( S) v r (p )= — Ej)V r (p) 

The Dirac’s spinors satisfy the following orthogonality and 

normalization relations (see section 10*5) 


u r (p) u r ' (p) —— v r (p) v r ' (p)=& ( * r \ 

iT r (p) v r ' (p) = v r (p) if (p)—0, 


1 


V 



ll r 1 ( p) Jl r ' (p) = l> r ’(p) V r ’ (p) = ~ ?rr' j 

For the quantized field, where ^ (x) is treated as operator, 
the coefficients b rp and b* rv behave like operators and serve as the 
dynamical variables, of the field; while u r (p) and v T (p) are just 
algebraic functions. Thus we can write from (46) that 

m 




bht)-u r ' (p) exp. C-fp-x) 


u 


/7 


+ b\ 1 (t) v ‘(p) exp. (/p.x) 


...(49) 

j. J. 

The operators b rv , b' TP bj. p and b' l rp are the destruction and 

he creation operators for the Dirac field, and we shall explain 
heir significance, shortly. First we express the total Hamiltonian 
?r the field in terms of these operators. The classical expression 
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for the total Hamiltonian of the Dirac field has been derived in 
the last chapter (eqn. (56)) as: 

//= [ <b' (~ i a. • V + wP) 6 d : 'x. 

■ 

mM 

In order to get the Hamiltonian operator for the quantized 
field, we substitute eqns. (46) and (49) into it. We obtain 


H =— 

y 


d 2 x y y 


m 


r, P r , p' 


.u 

b 


rp 



/p.x) 




v 


rp 




.x) 1 




v, / 

A 


fa. V + wjJ 


V/ W r ' (p') exp. (/p'.x)+i' ,.,f 


r' 



J 

:p.( 



' f , A 

/p . 


1 

V 


in 




/a, // ! (p) exp. (-/p.x). 


UF r, p 

-b’l^v ’(p) exp. (/p.x) 


^ l— 


b/p u r ' (pO exp. (/p.x) 


b'f/pi v CP") e xp- (-fp'.x) 


■'Using eqns. (47)) 


Using the relations (48) and 

y | d 3 x exp. [±f (p 
?/e can write the Hamiltonian as 



0 / 

r 




V 




v 


^^V(EpEp’) 

v,p r\p’ 


b\ v bv't‘ u ! (p) u r '( p') S PJ / 


■r * - 


b ! b‘ 

rp r r p f 


v ' (p) H'(P') 




mE , 


* > — = 



*SiW 


r) 


% V* n '(p) » r ' (p) 


/) r' 



b 


,( T p* 

j U f El \ r 

rn P 0«*j- 

/ Z 3 })2 


b 1 b 

rp . r'37 ^7 


C (p) u' ( P ) 

o A 

Oj> p 1 





2/ 

r,P 


E, b 


t . 

L brv—b by) 


X 



. ..(50) 


s 


Now we see that the quantization of Dirac field in a manner 
jmi'lar to that for the Schroedinger’s field posses two problems : 
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t 



Firstly, if we interpret b f b and b'^b' as the number operators, 
respectively for the positive and negative energy particles, the 

total Hamiltonian (50) can be negative also, since E P can nega¬ 
tive. The negative Hamiltonian makes no physical sense, 

because the energy should be positive definite. 

Secondly, the Dirac particles should obey the Pauli’s 
sion principle. However, the quantization using the commutators 

lead to the Bose-Einstcin’s statistics. 

The second difficulty was resolved by [Jordan and Wigner*. 
They developed a quantization scheme which is equivalent to th 
Pauli principle (i.e. antisymmetric functions). In this scheme the 
operators, instead of satisfying commutation rules, st 
“anticommutation” rules: 





i 

6 (x), d(x') 
A (x), 0 (x') 


J+ 


>!> (x) f (x') + 6 '(x') (x)=S 3 (x-x') 


J, T (x), 0 T (x') 


0 


y 

l 

l 

j 



* * ■ (^ ) 

the anticommutators for the 


Using these, we can also 
creation and the annihilation operators. Multiplying ( 6 ) by 


1 


/■f 


V( V) 


it (p) exp. (“/p.x) 


and integrating over the space, we obtain : 

1 r/ "' ' r 


bry (0 ~ 


m 

v(n VI* 



U 


cFx 6 (x) it (p) ex p. (— /p. x), 


p 1 J 


Similarly from (49), we have 

1 


b x (/) 

ry v J 


m 


V(FTv \ E t 


, 1 


J 


(Fx 7 (x) u r (p) exp. (/p.x) 


Hence the equal time anticommutator 


broi 


__ 1 m 
~ V~ W ‘ 

-f Y I -'P J 


d s x 


cPx' 


1 m I to rr 
VE I UXU CP') ex P- [-*(P-P').x] 

37 V 


J* m *1 t 

0 (X), V(X'), » r, (P) " r '({>') 

i 

■ T 

Xexp. ( — /p.x+/p\.x') 


* * 


0 00 > 0 


V) ] 

J+ 


or 


bry 5 b mf/nt 


rp 


O 3 (x 



+ 


m n\ v 

y.U , (p)tir'(p')t ’ 

1^7) * * 


• P, Jordan and E. P. Wigner, Zeits. fur Phys., 47, (53] (I97S) 
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m E 


— P C\ / ^ t 
j7 * * ( >rr Qpp 


m 


5rr ftp/ 


...(52a) 


Similarly, 


b'rp) b 


I 

/T 

rtp' 


^ t ^ / 

°rr vpp 


.u 


...(526) 


In order to see the consequence of the anticommutation rules, 

we define the number operators for the positive and the negative 
energy particles; respectively, as 


N r p~b _L bm and A r/ ro =£'L b ' 


r V 


rp 


rP~ u r p v r P 


...(53) 


Then 


N 


TV TV 


P- b rp bi br,=*bl 


1 


TV 


bjp brp ) b rp 


(Using 52 a) 


.L *% 

> - r 


6.!_ brn— b/ 6' 6 f n 6 


rp 


rp rP 


Using (51) we can also show that 

f t * 

& T . 6' 

[ rp’ r'P 


[6f^, /vV]-r -i 6,, 


0 


• 4 


b 


brn~b L 6 h.— 0 


rp u rp 


TV TV 


and hence, we have 


o 


-f 

T 


A r ~ =6 brp—N 

TV TV 


TV 


or AAp (A r f p—1)—0 ^ A/V p—cr 1. 

Thus the possible occupation number jfor the state of ths 
Dirac field can be zero or one, in accordance with the Pauli’s 

principle. 

The first difficulty was removed by Dirac himself. He defined 
the vacuum state as that state in which all the negative energy 
states are occupied, i.e. N' r p=h and all the positive energy states 
are empty, i.e. N fp = 0. Now the total energy of the Dirac field 

is given by the Hamiltonian, 

H = yTiig [b[p brp — b'^ b'rp j (N r p—N T p) 

r^p r > P 

Hence the energy of the vacuum state is given by 

H'w"—£ Ep (1 )rj7 

TV 
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It is an infinite quantity and for it Dirac gave the hypothesis 
that it is an unobservable. Only the difference e c 

is the observable value of the energy. There ore, 

H obs — //_ . •_= > hr. t h/rn-t { i—N'rp)}. • • '(54) 


I 


/', p 

Since, N’ rl> can take only the values zero and one, the obser- 

vable energy of the field is always positive. 

Now we derive an expression for the chaige operator foi the 

Dirac field in terms or the number operators N rv and N F The 
classical expansion for the total charge of the Dirac field is given 

by 

.t- 

= £ J efix. 


Using (46) and (49) into it we get the charge operator for 
the field as 



r,P 


It is an infinite quantity anci hence it is not an obscivable. 


According to Dirac’s hypothesis th 


observable charge is given by 



Qo’js = O — Qvac — e {A 1 r 3> (f rp)} 


...(56) 


r, p 

It is clear that the observable value of the total charge of 

the Dirac field may be positive as well as negative. 

Equations (54) and (56) are the mathematical statements for 

Dirac’s hole theory. These eqns. shows that the negative energy 
states contribute to the total energy and the total charge only 
when these are unoccupied, i.e. N' rv = 0. The contribution to the 
charge from an empty negative emergy state is of opposite sign 

(-e) than that of the positive energy state. On the other hand, the 
contribution to the energy from an unoccupied negative energy 
state as well as from an occupied positive energy state is positive 
/_l Ef■ Thus the absence of a particle in negative energy state corres¬ 
ponds to the presence of a positive energy particle of opposite charge, 
called the “positron” in the case of electrons, while in general it is 
called an “antiparticle”. Thus the operator N" rP ={\ ~N' rp ) can 









600 


ADVANCED QUANTUM THEORY AND FIELDS 


be referred to as the occupation number for the antiparticle. N" rp 
can have only the values zero and one. 

So far we have given a negative aspect of the antiparticles. 
We can also give a positive definition for the antiparticle by rede¬ 
fining the operators for the negative energy states as 


«* 
i • 


/ d 


TP 


b'r 






* * 


(! rv ilnd b 'l v = C >rv 


■—&pp 


// h’ I 

u TV- V / / 

r p 

rt 


C KlP dr' v 


6 


9 “ * ' 


VP c 'rr 


...(57j 


*h 


•1 ~ r/j- p d 


rp 


l-b' 1 b' r 

TV T 


V 


(1 — N' rp )=N 


if 


rp 


Thus, & d rv is the occupation number for the antiparticle 


The 


operators d ] and d rP are now the creation and annihilation 


operators for the antiparticles. The 
can now be written in terms of the 
operators for the antiparticles as : 



m 

operator ?/; (x) and 6 (x) 
creation and annihilation 


<Kx) 


WSa/IXW 0 ,,r (p)c 


V(V) £~~! 

r, P 


,'P-X . 


l-" n , (0 v r (p) 


X e 


;p.x 


1 


i i 



T 

<!< 1 (*) 


l 


V(V)^ 

r, P 



in 


V 

T 


p 


IK;>(0 lf r 0 >) ? 


/p.x 


-drpO)*' (p)e ,p,x ] 

It is seen that 6 (x) involves the creation of an antiparticle and 

t 

the destruction of a particle, while iVx) involves the creation of 
a particle and the destruction of an antiparticle. 

13 5. QUANZITATION OF MAXWELL’S FIELD : 

Maxwell’s Radiation field is a real vector field with zero 
mass. It is described by the field variables A f . = (A. where A 
and <!> are respectively the vector and the scalar potentials. It can 
also be described equivalently in terms of electric and the magnetic 
field strensth vectors E and R. ° 
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For the quantized Radiation field, A M and becomes opera¬ 
tors satisfying the commutation rules of the form (3). Now, the 
component of the momentum vanishes identically, therefore, A 4 
will commute with all the other components of the field operators 
and hence it will just be a scalar and not an operator, in contrast 
to the space components A% (x, /). Thus the quantization proceduie 
is not manifestly covariant. Gupia and Blculerf gave a covariant 
procedure for the quantization of the e.in. field; but it abandons 
the notion, we hava cherished so far, of a positive definite norm. 
We donot go for this method and follow only the historical 
procedure of canonical quantization with the conviction that out 
starting point, Maxwell’s equations are Lorentz covariant, 
and though we shall encounter along the way many expicssions 
which are neither Lorentz nor Gauge invariant, the results at the 
end are Lorentz invariant and are independent of the Gauge. 
For the equal time commutators of r H (x, 0 and Ai (x, 0 we 
are led by the canonical procedure to write 


[Ai (x, tK A$ (x' } /] = [m (x, t), tcj (x', /)]=0 
[Ai (x, /), tt; (x\ / )] = /$»* 3 s (x-x') 

Since (x f , /)==—£; (x\ /), we can also write (59b) as 



...(59b) 


[Ai (x, /), Ej (x\ t)]—i 3 


A O 

>.* 0 


l 0 


(x-x') 


« t 



Now, from the Maxwell’s equations we have A a: 7 * E (x f /)=0 


3 


i.e. 


> 

4 VtoTWXrJ 

= 1 


3 Ej (x'.f) 


-T\ t 

OX 


0. 


Therefore, divergence of the left hand side of (59c) vanishes. 
For consistency, the. divergence of the r.h.s should also vanish. 
However, the divergence of the r.h.s. is not zero. To be out of 
this screwing difficulty, vve should either change the commutation 
relation or we should modify the equation of motion. But the 
equations of motion are the experimentally verified results and 

cannot be changed. So we modify the commutation relation. 
The 8-function on the r h.s of (59b) is defined by 

1 


3 


0 8 8 (x-x') 


(2jt) 


ts 

0 


to 


c IUK ~ X '\pt 


We mollify it to a divergence less 5-function, called the mm■ 

verse ^-function, defined as : 


Helv 


f S N. Gupta. Pros. Phys. Soc.(L^d^,). A63 68 j ‘ 195 g „ ' “ 

. Phys Acta,3, 567 (1950) ’ l ‘" 4) K ‘ " leuler > 
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Jl\ ✓ j -v 1 

S, (x—x )=-, 


(2vY J 


, ktk,\ ik.fx—x') 

0 /1 -r— le rt 3 A.' 


...( 60 ) 


The divergence of it is seen to be zero as : 

IdM' Im(*-«*v** 


X') 


7=1 


7=1 

-0. 


lc J 


dVc 


Thus we modify the commutator (59b) to the relation 

[At 0? w (x j 0]~^\-j (x~x() 

It should be noticed that the condition, 


•N 


...(61) 



d 


dxt 


[A t (x, /), (x, /)]=0 


i 


requires 


8 A t 


6.x > 


0 


oi A • A—0. It is known as the transversahility 

condition and the vector field satisfying this condition is termed as 
“transverse field” or “radiation field”. For such fields we deal 

only with the transverse components and forget about the two 

longitudinal components. We can write A in terms of the trans¬ 
verse and the longitudinal components as : 

A= &iran$ 

Then V*A^ flT , g =so and V XA ;onff . = 0; /.<?., only the transverse 

components satisfy the transversability condition T!vk f tL 

freedom of the field, but it Is L J de S rees of 

Taking analoav from the - 1 CC< ? S ,°7 l ie Corentz covariance 

the real vector field A f\ t\ T Ca dl IC ' d e< ^ n ‘ ^4*0. here for 
soace a, • A (X ’ °* WC Can wr ' te in the momentum 


A (x, 0 


1 


V-1 V * f 

f-.V(2^Z / %\ [ a k, A (,) e ) 

+4,, »«“' kx 


ik.x 


...(62) 


6 E /c, A (A 1j 2 ) are thc unit polarization vector and e 

k - • k, 1 k , 2 


and k 


A 

e 


k 


form a set of orthogonal vectors a, shown in the fig 

« _ .. A A o* 


0). From the orthogonality of 


c ' A 

A:, 1, ^ 2 ant ^ ^ we have ; 
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i. 
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jj 


'B 


I 


i| 

i ( 
Jl 


i 




ana 


i,,, . 

A= 1 ’ 2 • it will be convenient to write the iw*e 

Porfuitnei ai - tly v/e have 

dependence of A (0 ' ^ 


, \ /> \ » kikl 
\ e k, >M /c ’ A '-I k 


>. -(63) 


a 


Therefore, 


A (x, 0 


k, A 


(0= fl jfc, A (0) * 



I 



WO A ,7 

t, V( 2w ^> \ k ’ x 

*— ■ a— " 

k, a 


(0) e 


;k*X— i^kt 


■ 1 
I 


1 ■ 


+fiy, A ( -°) e ) •••C 64 ) 


,V J ” * 

. - n ii fl and cl , ns the , 

_ nre vious experience, we ca k, A 

From P t . nnentors and define the follow- ; 

annihilation and treat,on ope.aton | 

P ‘ c„ n,notation rules for then, 

•' 1 - £ ...(65) 


1% A, ®k\ A' 


S /c/c' S AA'’ 


o n d al , as vanish 

r commutators between « M ‘ 


k, A 


re verity that the commutation rules (59) 
We ca0 ’60 °For example. 

r^iinvvs from (65)- 


ing 
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Mi (X, /), 7Zj ( x ', I)] 


A, (X, I), 


dAj fx ', I) 
dt 


7Tj 


dAj , 5^ 


and ^ =0 for the “radiation field” 


Gt GX.j 


6 


- r u: xi 

k, A /c', A' 
v e d: X—/ W—ik' •x , +/tu & 7 



A 

e 


_/C' ;_A' „ 

2'\/(a/ < 0)1:) ' l0)l: 


j. 

| 

7 v a' j 

k. A, /c', A'J 


X <? 


/ k • x /w / c t -\-1 Ic 


al . , a 


/c, A 5 


«x 




+ 


X e 


ik • x+to*? - /k'»x' + to*'/ 


A V ] 


a 


T 


f 


A ’ a Jc\ A' 

j-- 1 


1% A’ V, A' 

ik.x-to*/-|-/k'. x ' 


X e 


itofc't 


Using the commutators (65) for 


a 


k, A 



O T 


a 


k A WC ^ iave 


( x * 0 , ^ (*', 0 ] 


1 

V 



x .—> 


iw^siai; 


, A 


A% A L- 



A 

6 


k, A A . 


/c, A k\ A' 
' k • (x - x') 


2 V 


* / W/* 


X Vkk e "'^ +S / ,,8 // ,e~ /k -( x, -x) 

^ A /c/c 

€. I -ii^-(x-x') , --/k.(x-x’) 



+ e 


F ^ A ; "TT I —■ i* e“^ x T j_ „—' k • (x—-x')} 



_*£*J \ * J /Iv.(x-x') 

/c 2 f 2 { +e 


This in the limit F->oo 5 yields 
[Ai (x, !), T,j (x', /)]=/ 




{Using eqn. (63)} 


1 

( 2 ?i) s 


Sp'Tc»(x—x') 


/c 2 


r/ 3 /c 


/5 ii (x - X ') 


Similarly we car, verify the other of the rule- rat 
Now we find out an evnr«c- 1 u le& (d9). 

the /ield |n ^rms of the creation and th ^ ^ hamilton >an 
The classical expression for the tnt i e anndldat i°n operator 

[eqn. (70) of last chapter). Hamiltonian is.given t 
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/07/ ( - 


a n d 
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V (2w /; ) 

A. A 
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x h.A (/)e 


• # 





I 
V 



<u k w /: 
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..( 66 ) 


ik • x 


f ,, —ik-x 
% A (/) C . 


X 


cPx ia., n e 

K A k\ X 


J (k-k')-x 


+a 
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/ (k' - k) «x 

j \ t \, G — ® i ci P 

k, A k , A' k, A k', A' 


7(k + k>x 


J 7 — i (fc+k>x 1 

a 7 r? ' * 1 
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r 


K A /cVA' 
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^ J r v -* t r ~l~ & i \ Cl , , ,1$. -t , 

k 9 a k , A' k, k r k, A k\ A' k.k' 
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k, A 


m, y% -k~ a k, a °/c', a4, 

"A / ^ f . f . 

Ct * \ ft. . j — ^7 ^7 . _ 

A k, A k } A k, A k, A — k, A k, A 


k' 
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T 


a 


AIsOj we have 


AvV 

...(67) 
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2 \/(w/f a//) 
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f f / k 
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Using the vector identity (AxB)*(CXD) = (A*C) (B»D) 


(A*D) (B*C) we have, 


0 L X e;., I ) — (k«k') (**, >/) — (k.ejfc, >/) (k'.e*, ■>) 


(k * k 0 S u ' 


(Using the orthogonality of k and e* s >,} 


'V( Jt,k ') s- >.< >/ 


2v 2y 2V(‘"1 2'J [°k, A V, A' *k,k' +a k,\ “k'Xkk, 


a,, X ,S 


/c, A /<', A 


% A °/c\ A' 5 /c, 


b- ri 

I 


k' a k.X a k', A' 6 /c, -7c 


_,1 



T 


“k ,A fl /c, A A °/c, A +fl A*. \ a —lc. A + **, A 0 -- A, A 


...( 68 ) 


when Ic f =k, then k • k'=/t 2 
when k r = —k, then k*k # = 


co k 2 and 


/c 2 


OJh 


Using (67) and (68) in (66) we set : 


H 


1 



0>?; / 


2a a: .+2aj .a, . 

2 ^ 2 \ A, A k, A /v, A k y A 

k, A 


( a *, aVa + * 

At, A 



4 * 


% A% A 


I 


a, .a. 
k, A At, a 


l 


Defining the particle number operator N } 

k 3 A 


i 


a. a. for the 
k y A /v\ A 


Photons, we have 


II —\ co l: (A r j; } A 4* J ) 


ky A 


...(69) 


The number operator jV ft , * A has the eigenvalues 0, 1, 2, 3,. 

^ he creation and the annihilation operators can be interpreted in 
the same manner as that for the scalar field 


a >->a | = \f («*,*) I 1) 


a 


/: A 
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...(70) 


u 6. QUANTIZATION OF PROCA’S FIELD : 
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As we remarked in the classical theory of fields, the Quantized 
uica s Field describes some sort of mesons of spin one and non- 
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vanishing rest mass. However, there is no evidence for the exis¬ 
tence of such particles and hence the quantization of Proca s e 
is of theoretical importance only. Proca’s Field can very easily 
quantized by the usual method of canonical quantization. In 
PROBLEM-7 of the last chapter we have seen that the component 
T.i of the momentum vanishes identically, therefore, V 4 will com 
mute with all the other components of the field operators an 
hence it is just a classical number and not an opeiator and there 
fore, it is of no physical significance in the quantization of the 
field, y A is the redundant component and it may be eliminated 
from The equal time commutators for t:, and Vi can be wiitten 
by the canonical procedure as : 


r f- * 


[Ki(x, /), VAX’, /)]=MX, r), r,(x', 01=0 
[Vi(\, t ), 77j(xh 01" 


i$u S 3 (x -x') 


...(71a) 
...(71b) 

We can proceed without ever bringing in the components Vi 
and , because they play no role in the field dynamics. The 
quantized field V can be expanded in terms of creation and anni¬ 
hilation operators as : 


A 

% 


J 


v (x, /) 


1 



1 



V (V) 4 ^ w \/(2u/ c ) 

k A—1 


Ck • ?L 


a k .x (/) exp (fk-x) 


ITT 1 

I 


~ra’ (f)(exp. (— /Iv*x) 


■i ■ # 



T 

r 


where the creation and the annihilation operators a hl (/) and 


a k ^(t) satisfy the following commutation rules 

a k,\(0> a lt \ f (0 ]=Sjtjk' S A / 


1 


. (73) 


with all other commutators between «/ oA and cr. as 

i i. A 

J 

A 

The polarization vectors e are normalized such that 


vanishing 



Ce k . x )i (e s ,j)j 


m * 
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(ek-x)i («/.-, a')i 
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a solution may be written in the form 

V^-s a) / = 

+yJ<ik x ) (8j x + akjk x ) = ch ; --f 
2aA' ( kj+c^ki k tic- =J~i 


k\ k 


..(75) 


m 2 


-1 -Jy 


or 


2a-fa 7c® 


] 


o 


m* 1 


• 4 


a 


I 




or 


] 


■ta-* i^--^ » l i it* ■ 


Taking the positive sign, 

(ck.,0i = R ' kiky 




$ * • 
l • 


(Zj; . 2 ^ 




1 hough we have eliminated the c 
Broca’s field, yet th 
write 





r* 

w 


component V t in 
sake of Lorentz covariance, 


...(76) 



it is better to 
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] 


V(2 CO,) 





v- °*u(0) exp. (//c, ,v) 


A = 1 


.j. 


a 


' in 'd the polarization s 


r 

k, A (0) CX P' ( 


ik . x) 


b u m 


■•(77) 
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\ 


X (<?£>/, V . ( C!: ,, ) v 


5) _L 
°pv ~ 


k,J;„ \ 


A =---1 


m" 


T . ---.a-iELDS : 

the free s^ate^T.e.^‘Z!,Z!'Z Q ““" tized the vari °«s fields 


* * a 



.o ih'ose ' fmm * 


in the free state vv n ho „ f • 1 antizecl th e various fields 

A theory of free fields alon-Ins no J 11 1 613011 ! 0 ' 1 With ° ther ficlds ' 

tanceof the quantized , ZZZt “T' ^ 
actions between th* r,-,„ „ eaLd to us trough the inter 


actions between the free fVirk \n i ■=.—* 

gee field represents a svstein of Darfur . SCen ' that a . qua,nized 
ie,d represents the electrons #b h qUant ' zed Dirac 


field represents the electrons Wi - - 

quantized represents photons. The inieraction'to" * fidd " l,e " 

“ acll,al| y «>« interaction between the two sys eTof'o'’ ! -1* 
reprerented by those fields t hn t • ^ slem of partieles 

- -- 












X 


v 


...(79) 


OF FIELDS 

■ 

Of both the he Ids. Thus the Lagrangian density for a system of 
two interacting fields can be written as: 

L=Li“H-2+L/nf. 

where L x and L 2 are free field Lagrangians and L/»n is t | ie * nter ' 
action term which depends on both the fields. Hie explicit form 
the lint* depends on the type of the fields and the nature of the 
interaction, however the general conditions to be satisfied by it 
are : 

(i) should be Hermit Ian. Since all physical variables 
like energy, momentum, etc. arc derivable from the Lagrangian. 
and since a physical observable must be real, thus necessitates the 

i 4 V ■ r 4 

Henniticity ofL and therefore of L/n*. 1 ' 

(ii) Lim should be invariant. This guarcntces the LorentZr . 


* %■ - . ^ • 





covariance of coupled field equations. . 7 ; j ;V 7;?V : . A 

(iii) L mt should be local , i e t) it must be determined by 
the field variables taken at the samekpoint x* r . A non-local inter;- 
action can be written as ; -7-- L • bfvL a. 7\:'w7'; 

L;n(.=J F(x, x')f^(x), <p(x')} dx' ; :.(S0). 

where F (x, x') is a form factor characterizing the spread out of 
the interaction zone. For a local theory there is no action at a 
distance so that F(x, x’) — 8(x—x f ). When L/«/* is local it satisfies 
the condition of causality . The instantaneous interaction at a 
distance being absent, there is no violation of the principle that 
a signal cinnot propagate with a velocity greater than that of 
light. 

The general form of the interaction between two fields is 
written as f{x) g(x), where j\x) stands for the contribution due to 
the first field and g{x) for the contribution due to the second 
field. If none of/(jc) and g(x) involves the derivative.of the field 
functions we, call the interaction as c Direct one’.and if derivatives 
are involved, the coupling is known as c Derivative one\ / . 

Our field functions are normalized, by virtue of the expression 
for the lagrangian of the free fields. The strength of the inter¬ 
action term in the lagrangian is measured by the magnitude ofia 

real multiplicative factor, called the Coupling Constant . 

Using the above guidelines, now write the interaction term 
fot the interaction ol the Dirac field with other fields. For the 
intei action with the scalar field p(x), in the direct type of coupling, 
we set f(x)~<p(x) and lorm a scalar covariant g(x) — Jt(x) tW.v) so 

that the covariant interaction term becomes: ' 
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Gifs(x) pCx) 

For the derivative type of coupling, we set f(x) =--0^ ? ( x ) and 

for g(.v) we take the vector covariant «#*) y^(x)’ formed from 

<A(a) W e use F/m for the coupling canstant, with m as the mass 

rr ^ partide of the field p(x), and F is then dimensionless, 
licncc the invariant interaction term becomes : 


F 


m 


<!>(*) y e <l>(x) p(x) 


, T . ...(81) 

. °" wc ' vnt0 the interaction with a vector field AJx). In 

c"v«Z in f, W f. ll " TOl “ '«» vector 

./(.\) y fL >I(-v) and obtain the interaction term 

°’K X ) y, <Kx) A,Xx) (Z2) 

irnnlJ? . Usl ^, ‘ eIat j vistic convention of summation over „ is 

implied m ( 81 ) and (82). In the derivative coupling, the into- 


action term involves the derivative 


3x 


We assume that the 


vector field A„ is of the type of the Maxwell’s fi-ld and th« fi id 
equations involve nrai,* 11 b llwl ' J ancl the field 

useful to introduce f' v in the dwtof'™ F "’ HcnCe k is 

For this purpose wc" combine FST* ® ^ ^ f ‘ Cld - 
covariant and obtain 1 antis ymmetnc tensor 


F - 


F - 

V (Va7v - y v y M ) 4, F 


2 ini 


13-8. 


UNEQUAL TIME COMMUTATORS * 


..(83) 


V.'c have quantized the free fi»id«' i.jc- 

commutators for the field parameters" T1 ^ definin g equal time 

time commutators docs nnt 1 ’ le quantization by equal 

free fields are concerned '^BmTor 7 in . form «‘ ti °n as f« asV 
commutation relations are not adequate 1 " ; ntera ? ,ng fie!ds > these 

have to consider the uncaual time 3, ? ^ lnteract 'ng fields, wt 

by introducing the interaction repST 0 ”* ThlS iS p0ssibh 
m brief. 1 '- n tation as discussed belov 

real scalar fiei.d * 

Fiist we consider the case nf* ft ^ , 

the Schroedinger representation the tin {Boso,t ^ ek <- I 
rator ^(x) has the following exoansin ie ' lnde P ende nt field op 
and annihilation operators ^(/) andV^!™ ° fthe 
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^00 


1 

In 2, 


vin^vv 

k 


-yk-A «*(0 ex P‘ ^ /k,X) 

v\^°k) L 


+a\k (t) exp. ( 


/k.x) 1 


where 


t 


[a k ( i ), a l h ,(t)]=% kh " 

[ > ( JL ^ 

4 (/), "n (0 


o 


■ • ■ (84) 

...(85a) 

...(85*) 


In order to .find the field operator ^ (x, /) of the interaction 
picture, we need to find the explicit time dependence of the 


JL 

l 


operators a k (t) and a k l (t), For it we have, from eqn. (83) of 
chapter (3). as 

a k (/)~exp. (iff u t) a k (0) exp. (~iH Q t) ...(86) 

(In what follows we shall be writing ci k for a k (0).) 


with 



i/o= 7 Nit <-°k 



Q k o) k 
k 


...(87) 


k 


k 


* 

Since a k commutes with a[ t a k ' for k£Id, therefore, it is stiff! 


cient to consider 
a ]: (f)=exp. 


iaj 

u 


c t an exp 


id}. GkCOjit 

JV 


To simplify this expression we write 
Gi: (A)=exp ( iat \ a k exp. ( —iaj : a k wi : tX 


...( 88 ) 


so that 


an (l)=a/; (0 and a h (0)=«/;. 
Differentiating (88) w.r.t. A, we obtain 


dan (A) 
d\ 


exp. (iNnojkt X) io)at [Nn, an] exp. (— iiVhOJntX) 


...(89) 


A 


or 


= — icojJ an (A) 

[It is left as an exercise for the readers to verify this relation] 
Integrating (89) with the initial condition ff*(A) = ajt(0) for 
0, we get, ffjt(A) ==fl*(o) exp. (—/o>; ; +A) 

•\ an (1 )—an (0) exp, (—joint) 

a* (t)=a* exp. (-;W) ,..(89<j) 

A similar computation for the creation operator yields 

JL 

' " ' ...(89/A 


a h (/) = «;.■ exp. (iwut) 
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Using (89fl and b) we can write (84) as : 


<!> (x, 0 


1 


V 


1 


v(n^v(2 

k 


—\ a* 

:oj : ) [_ 


exp. (ik*x—iwi:t) 


1 


+a . exp. (—*fk 


:k*x-f -iiorf) j 


1 


V ( V) V (2uj J:) 

k 


/ _ , ?k'X * f 

\C?1: C “f- Cl/. £ 


r.. - / k 


' * 

r*- 




..(90) 


. From the equal time commutation rules (85) we can easily 
derive the unequal time commutators 


representation (90). We have 


s, using the interaction 


W (x, 0. 4 (x', r')]-L^--^-L L, ;> tf,/]exp. [/(*.*+*'.*')] 

/c. k' 


*7” 


I «*»«,!' 

exp. [2 (fcw—&'.*')] f- 

•* 

tV 

-1 

J 

I 

J 


exp. [—/ (/c x — /v'.x')] 


+ 


r T *r 
< . a] ; , 


exp. [-2 (k-x+k' .x')> 


1 'v* If 

V 2^* 2a ex ^ * ■ (* — *’)] — exp, [ — ik . (x—x f )]} 

k 


) 


Putting 


(x—we can write* 


{Using commutators (85)} 


& (x, 0» 9 Hx' 5 /')] 


i ^ Nv -*-*■»] 

k 


...(91) 


^ C3n Cl ; ange , the summation on the right hand 
(91) mio an integration by the standard prescription 

(dj« { ^/00 


side of eqn. 


F 


k 


...(92) 


/, iV> (x,/) (x', /')] 


1 


(2tt) 


<1 


tf 3 /c 


2^7. (e' ! '--2')—e-ifc-i/) 


„ _ _ J f 22% 

(275)3 J 2o) fc exp - (' k *y) [2i sin /c 0 j- 0 l' 


If we define the quantity AO’) by 


AGO 


i f cPk 


(2jt) 3 J 2^~ *) 
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A 


d 3 k 


exp. (ik*y) sin k 0 yo> 
then the commutation rule (91) can be written as 


(2tt) 


...(93) 


[c h (x, t)> </> (x' } /'IMAO'WA (*-*') 




...(94) 


The function A0’)> called the Pauli-Jordan A “function has 
the following important properties : 

], It is Lorentz: invariant under all ordinary Lorentz trans¬ 
formations (without time reflection). 

a 

2. A (x—x') vanishes for x 0 =*'o /.<?- for equal times. Thus 
we see from (94) that the equal time commutators of two field 
amplitudes vanishes, as required. This property of A-function 
easily follows from its definition (93). 

3. A 0 ; )=0 for y 2 > 0 (space like distances). This follows 
from relativistic invariance ; since by a suitable Lorentz trans¬ 
formation we can always transform to a new frame in which 
y Q ~0 : i.e. x 0 -x , 0 = 0 or x Q =x' 0 . It then follows from 


property 2. 

4. A (y) is an odd function, i.e. A (“>’) = ~ 
property follows readily from the definition of AO)* 



This 


5. 


MO) 

oyo I; ’o=0 


(y) or 


dA (x—x' )\ 

C/Xq Lx — x'q 


To show this, from the definition eqn. (93) of 



S 3 (x—x') 


we have 


3 A O) 


1 


Since 


Vj’Q 

(2 ,T ) 3 J 

8 A O’) 

1 


i 

3j’o 

Jo = 0 

(2 

77)3 

e j’= 

= .V—A‘\ 

we can 


c/\(x 

- X 9 ) 



cPk exp. (ik. y) cos /c 0 j ; o 


{.* 7Co = CW/c} 


exp. (/k.y) 


s 3 (y) 


9x 


o 


A' 0 


,.. —T -^ 3 (x — x') 

Aq 


It should be noted that our equal time commutation rule fc 

7i (x) and v(x) (see tqn. 7) follows from equation (94) using th 
property of AO)- We have 

_ / ( x > O f . ( . 

71 dx 0 i •* in natural units} 

Hence we can write, 

W (*)> (x, /), 7r (*', /'XL/ 

^0 (x, o, tv o', nu 
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^ v x > 0> <t> ( X ^ oik 

Vo J' 


o 


A 


0 


. 8 A O' - x' ) 


— -4' ' 

A o — A o 


*0 

— iS 3 (x-x') 

6 A(v) satisfies the Kiein-Gordon equation, 

(Ck—»<*) A O’)= 0 . . 

This can very easily he proved from the ff.ct 
variable d>(x ) satisfies the Kiein-Gordon equation, 

(□»-«« a ) A (x-x:') ; 


that the field 


as follows: 

(□*-/» 2 ) A O')= (□ ® A (x-x') 

=(n I -«' 2 ) \.m, *(*')] 

=[(□*-»«*) ft*)’ '/'(x')] 

=[ 0 , *( x')]=0 

Since AO') satisfies a secand order differential equation, it 
can be uniquely determined from the two initial conditions at 

Jo=°: 




Oand^,. 0 
■ cr c J , o=o 


»(y)- 


From cqn. (90) it is clear that the frequency dependences of 
the creation and the destruction parts of f/>(x ; t) are different, 
because ai*= v /(k 2 -f m 2 ) is positive. Thus we can decompose 6(x) 
into a positive and a negative frequency part as 


<p(x) = 6^ ( x ) 


...(9 5) 


where 


■/>(+) 


0 



] 


ViV)<£* V (2cO|:) 

1c 


■at e ik ‘* 


,..(96a) 


and 




1 



1 


V ( V) /L< V(2wa) 
k 


T 

a.! e~ ll: ’ 


& 


...(96 6) 


From these eqtis. we find that 

[p ( ~> (x)]f= ^ + >(x) 


...(97) 


The operator <p< + > (x) is a destruction operator and $<-> (x) is 
a creation operator. 

The vacuum state which was previously characterized by 
a . | 0">=0, for all k, can be defined, now, as 

<£<+> (x) | 0>=0 


...( 98 ) 
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In our later work we shall have situations to use the commu¬ 
tation rules between ^t+) (.v) and (x). These, by virtue of (35) 

and (96), arc 


a n cl 


(at), f ±] (x')]=0 

[«M±> (X), (AT')] = ik \i—c±*** 



(2") :i J 2<ok 

(j;) ...(99/?) 

In the above, cither we take the the upper or the lower Sign 

throu CT hout. ' , , , 

It is clear from the above definitions of A (+) and A tlla 

a(j')=a (+) (;)+a i ' ) W ••• (100) 

We also define another invariant function, A 1 wnicn 
satisfies the Klein-Gordon equation but which is an even function. 

A (1) 0) = A (+) O) 


l 


d s k 


(2 *> 


off- 


exp. (/k-y) cos A'oJ’o---0 01 ) 


The function A (l > occcnrs when we take the vacuum^expeem- 

definition of the vacuum, Eqn. (9bl, ana u.c £ nij . i - 

we find that . Jf ^ 

<o i w), ^ i °>=<° 1 { + (x) 

V « 6 t+) (a-') W r) (x )$■ 

w" * m mi+w ;%, i o> 


<0 

<0 


(A) 1 0> 


<0 


{iA (+) (a—a') + *A (+) ( x> I ^ 


==<0 


r a (+) (a-a') -*A ( 1 (*-*')) I °> 

' | A <+) = (-!’)> 

—i {A t+) 00} 

. n W \ ...(lb-1 

A (1) 0) 

HRAC’S FIELD : u tators for the Dirac 

Mow we find out the unequa in ^ ' ofthe creation 

eld. The field functions are expanded m tern . 

nd annihilation operators as 


<p (x) 


W) 


1J 

r> P 


m 


- . [bn, (0 « r (P) ex P‘ ^ P * X) 
£ 


' v 
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As in the case of the Boson field, the explicit time depen¬ 
dence of the operators b rp (t) and d rv ( t ) is given by : 

b r p(t)~b rp ( 0) exp. {- E#t}, and d r p{t)=d riJ (0) exp. { — E p f} 


Hence we can write, 


<K *) 


1 

s/(V) 



m 


E 


P i L 


b r v u r (p) exp. [ip.x} 


r, P 


-\-d\ p v* (p) exp. {- ip. a-} ...(104) 

Here we denote b r „ (0) and d rp (0) by b rp and d rp .p is the 

■B 

energy-momentum four-vector the components (p, iE p ) and 

B>=V(P*+m*)- 

Equation (104) can be splitted into the positive and negative 
energy parts as : 

iKx)--=4 w + ^-> 

where 


...(105) 


!,(+) 


] 






V(Y 


b r „ n r (p) exp. {ip * A'} ... (106a) 


3> 


r,p 


is the destruction operator for a fermion , and 


V(V). 


\ 


■? / 


d v r (p) exp. { — ip.x j 

V 





P 


is the creation operator for an 
From (104) we have, 

r,p 



muon 


b u r (p) exp. {— ip,x } 


TV 


where 


-)-L }^( + ) 


4 -d r7 >v r (p) exp. { ip • .v} 

...(107) 


B(-) 


1 V l m\, f - , , 

VOTZVtrJ 6 r / <p> i-m 


... (1 OSa) 


r, P 


is the creation operator for a fermion , and 

\7 W)XJ& T9 * (p) exp - 


0<+> 



...(103b) 


is the destruction operator for an antifermion. 
From eq. (106) and (108) it follows that 


47 and 




























I 
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The operators b TV and d r7 > satisfy the following commutation 


rules, 


A 


b 


r 

r ' 2 J ’ 


JL 

I 




^rr / 


...(109) 




with all the other anticommutators between these operators as 
vanishing. Using these anti-commutators we find that: 


[f+X, *< +) (*')3+-o 

0 t+, (*). ^ (+, (*')k=[i? <_, (*)» ^<->(a-')]+=o 


...( 110 ) 


whereas, 


tU+hv, ^ ( - ! M] + = y T^-exp. {//>.(*-x’)} 


^ /> . 


X 


r b r T „ 1 t/ r a (p) u r p (p) 


where A (+J (/?) 


I V~ A m v ■ 

-7> > -FT- exp. { ip. (x-x')\ u a r (p) «p r (p) 
P r. 

^-X^-^exp. {/>. (x-x’) A< + > oi! (p) 

P 

ni — ip . 


2m 


is the positive energy projection operator. 


Changing the summation into the integration we can write 
the above eq. as : 


LV +J (x)> >(*'))+ 


i 




(2-) 3 j 2 E f 

or where we have put (x~x')=y, 
or we have, 

[<! ! « <+) (-V:l5.i ( ~ ) ( A '')]+= pj—rs (m -rby) a? 

- V~'V 


exp. {ip.y} (in-iy.p ) aP 


2£ 


exp. {ip.y} 


l> 


i\m-y3 r ) a>i A H) O') 

W+w* O’) 


where we define. 


...(111) 


■W +) O')= On-ys v )„ i> a (+, (j) 


...(112) 


...(113) 


A similar procedure for the antiparticle operators yields 

fe (-) O'), foC+> (*')]. =/S aJ5 <-> (v) 

w here 

V'fj')*(«-y8r),|iA w W ...(114) 

Using eqn. (105) and (107) and the anticommutators (110), 
(111) and (113) we can derive the anticommutator : 


DWV), <M-v')]+ — iS„-, (x~x‘) 


...(115) 


t 
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where 

=--(«i-y9) a? A ...(116) 

As in the case of the Boson field, here also, the equal time 
anticommutators can be derived from the equation (115). We 

have 

r 


(*)» l ~h ( j O 


■U 


X 


0 


0 


, (7<i)a3 ^oA(A' a ) 


= (74)ap 'T 5 (X-X') 

(Using property 5 of A function) 
Multiplying (117) throughout by y 4 we get ; 


*o*o 


...(117) 


^ GO 


+ 


0 


v , = S 3 (x-x') 

Ao 


which is the required equal time anticommutator for the Dirac 
field. 

Analogous to the scalar-function A 0 J ) of the Boson-field, 
the scalar-function S (y) of the Dirac field satisfies the Dirac equa¬ 
tion as shown below : 

{m+yZv) s (y) “=(/H+y0y)O» • v'ty) A 00 

=0» 2 -V) a oo 

■ . =-(Dy-«f) A (j)=0 

Thus we see that the discussion of the Dirac field is exactly 
parallel to the Boson field. Therefore here also we find the 
vacuum expectation value of the commutators. 

The vacuum state which was previously defined as cl \ 0)=0, 

* i 

b | 0)=0 and (0 | cl =0. <(0 | fr =0, can now be defined by : 

>1> { +) W | 0>=0, f ■+> (x) | 0>=0, <0 | (x)=0 and 

<0 ! ^-) (0)=0. 

<0 ! [i[i X (x), x], :i (x')] | 0)=(0 ! (x)}, 

l^ (+> (x')+W > {x')}] 1 0> 

= <0 I {*«<+> ~>W +) (*')W -) (*) 1 0> 

= <° i l r i« (+) W> (x')] + -[^ (+) (x') s W _) (*)]+} 1 0> 


* * 


=<0 I (x-x')--/S ai3 (-) (x-x') 1 0> 

■ =/5 ai3 (1 ) (x—x') 

where (x-x')=S 3? <+> (x-x')-S*^^ (x-x') 


...(113) 

..,(119) 


Hence it is clear that all the equations of the Boson field and 
that of .the Dirac field are analogous. The only difference in the 
discussion is that the role the commutator and that of the anti¬ 
commutator is interchanged. 


r 














QUANTTlZA'l'ION oh fields 


619 


* ** TF U k./ JL XU A—J IS p 

To close this section, we now discuss the unequal time 
cominutato :s for the MaxweWs E. M. Field. For it we note that 
the ejn. ;c ’ " D ~ — «/ith rret mass /h = 0. 


.. . is a Boson field with rest mass /w=U. An argu¬ 
ment, similar to that leading to equ. (94) for the Boson held, now 
indicates that the covariant unequal time commutators fox the 

e.m. field are given by : 

[Mx), A v (x')l=it!^ D (x-x') .'..(120) 

D (x—x f ) is equal to £(pc — x') with /;?=0, 


where 


D (y) „ 


i 


cPk 


(2 rrYl 2 | k | 


[exp, {/7c,y}~exp. {i(k.y}} 




/ 


(2 n) 


) li j cl | k | dQ [exp, {(/k. y - k 0 yk) 


exp, {/(—k. y— A'oJ o)}] 


Carrying out the angular integration we get : 


D(y) 


1 

2 


l 


■ (2 77 ) 


CO 


J 0 


k [ cl | k 


x 


2tz (exp. {/ | k |i y I —exp. { — i | k || y 


/ j k Ji y [ 


exp, {ikoVo} 


2- (exp. {/ | k 1! y ] }-exp. {/ | k (| y j}) 


i J k H y 


exp. 



1 


oo 


y 


T ’ 2 '0 


d | k | [exp. {(/ | y I —iy 0 ) | k 


exp. {(—i | y 


O’o) I k 


iy v ) | k 


} — exp. {(' | y , T >;» 

. +exp. {(---/ [ y I H-0-’o) 1 kj] 
Here we have replaced /c 0 by j k | because m— 0. 

In order to evaluate this integral we use an arbitrary damp¬ 
ing factor exp, { —k | e] which vanishes in the large momentum 
limit. Hence, 


D(y) 


l 


y [ 8« a 

exp.{(- 


co 


0 


d | k | exp. {- | k | e) [exp. {(/ 1 y 1 iy 0 ) | k 


i 


y 


-%) I kj} —exp. {(i | y ] +/>* 0 ) | k 
+ exp. {(-/ | y | +iy 0 ) i k j] 


1 1 

i 

l 

■ 

1 

y 

CO 

n 

rc 

J 1 y 

- b 0 - 6 

i \ 

y 1 


O ; o 


1 


i\ y i + iy 0 e 


- + 


1 


1 


i . y t / 1 1 , 


0 


1 


yl 8ff z L i y 


2i 


y 



J ; 0 T e) 




2/1 y 


iy.+(0’o-«) 2 I 
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Now using the relation 


1 


a±k 


P-^in 8(a), 

a 


where P stands for the principal value, we have : 


D(y) 


i 


4^f(-~2 in 8 (| y i 2 )) - ~AgP- 


...( 121 ) 


Thus we see that D (; j ) has a ^-function singularity near 

I y | 2 - 0 ' 

13*9. NORMAL AND TIME ORDERED (CHRONOLOGICAL) 

PRODUCTS : 

Now we discuss some mathematical preliminaries which will 
be needed in the later work. We start with by defiing the “Time 
Ordered product” of two operators. 

The time ordered product of two Boson like operators A (x) and 

B (x') defined at two different space-time coordinates x and x is 
dejined as : 


T {A (x) B (x 


0) = ( 


...( 122 ) 


T {A (a) B (a")} 


A (a-) B (a") i f x 0 > a- 0 ' 

_ , . k B(x-)A(x) ifx.Cxf 

Foi fermion like operators A (a) and B (a-) it is defined as ■ 

• A (a) B (a") if a - 0 > x 0 ' 

- - B (a-) A (a) if x 0 < A 0 ' 

In geneial, for Boson like operators : 

1 {A (a-) B (*')}=£ [A (a). B (a-')].,.-H [A (a), B (a')] e (x-x’) 
where 6 (x-x’) is the signature factor "‘ (124) 


.. (123) 


V ' 

* A o 


...(125) 


(a--a')=U if /'° 

— 1 if A' 0 < x 0 

Similarly, for fermion field, 

T{ A (x) B (.v')}= A c (x-x') {A (v), 5(a-')], + 4 (A (x), B (a')] 


The idea of th 


...(126) 


° “ NormaI Product” comes from the operation- 
ot the creation and the annihilation operators: viz 1 * 


a | 0) = 0 and <0 | a‘ =0 


...(127) 


Thus, ir we are given an arbitrary combination of the si 
operators, the one which provides the maximum mathematica 
simplification is that in which all the destruction operators lie oi 
the right of the creation operators. This type of product of th 

jrce particle creation and destruction operators in which all the crea 
tion operators stand to the left all the destruction operators calk 
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|...(128) 


as the normal product. If A is a destruction operator and -D is a 
creation operator, then their normal product is given by : 

N(AB)=N(BA)=BA for Boson like objects 
and N(AB) — — N(BA) = —BA for fermion like objects 

As an explicit example, let us consider the real scalar field. 
Then 

+ {i'\xyS»(x) ...(129) 

Also, for * 0 > xf we have 

nm Kx')i=i(x) +*"{*}] 

=d,W(x} 4<-V(x')+<l> ( +K x ) ^~ } (x')+<P { ~Kx) ) (* 1 

+ ? ',<-)(*) &~Kx') --(l 30 ) 

Similarly, for x 0 < x 0 ' we have 

T[<j>{x) <Kx')]-$<-*\x') f< +, (*)-fV> (+) (*') 4 ><--\x)+j> ( -\x')V^{x) 

+^~Kx') 4 > ( 'Kx) -( I3l > 


# * 


T(fh')-N(<j>P) = <f> l - +) (x) jf--\x')-i>'-"' ) {x) ^{x) 

= [v (+) (-v), ?i<->(*')]=<> <+>(*-*') • 

for A'o > xf ...(13-) 


and 


T(4>4>') N($f)=<t> M (x') fi~\x)—^-\x) a (+i (*') 

= ~U(-I(x), i< + >(x')] = -»A (_) (*-*') 

for ,v 0 < xf •• (I 33 ) 


In cqns. (132) and (133) we have used the notation j>' for 

<Kx')- .. 

The difference of the time ordered product and the norma 
product of two operators is known as the Contiacthc Piocluct, 
because it represents the contraction between two factors to icpre 
sent the commutator or anticommutator which arise in going 
from a ^-product to the A r -product. We shall denote the contiac¬ 
tion symbol by a line joining the two factors. Thus we write 


, liA tw (x—x') f 

T(W)-N(m= <f£= (x — x' 


(x—x') for x 0 > .Vo’ 

) for .v 0 < x 0 ' 


(134) 


It is left as an exercise for the readers to show that for th 




Dirac field : 


T(fc V) - <h h‘ 

I_l 


lS ( - } (X - x ') for v 0 



V f 
-'0 


iS%*(x -x') for x 0 <.v 0 ' ...(135) 
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and 


T(tya $p)—N(tyct — ijtp’ 

l_f 


SS ( a + ) (x — x') for x 0 >x 0 ' 
iS l ~\x — x') for x 0 <x a ‘ •••( l36) 


Since the function A and S in (13 ), ( 135 ) and (136) are 

classical functions and not the operators, it is clear that a con¬ 
tracted pair of factors is a c-number. To this end we prove a very 
important theorem relating the T-product and the yV-product due 

to Wick : - ' 

Wick’s Theorem. This theorem states that a T-product can be 

decomposed into a unique sum of normal products as ; 

T(AjAo . AtA = N(AiA 2 --- ■ A«)+£ N(AjA 3 . AiA^x . An ) 


4-JT S 

i r 



,A» . Ai Ati,i . A x A r +i.‘*Ar.)-\- .0^ ) 

1 “ ■ j 


■ the Second term on the r.h.s denotes allpossible one pair connrac- 
tions, the third term denotes all possible two pair contract,ons and 
so on till all the possibilities are exhausted. 

Proof In order to prove the Wick’s theorem we nee . 
f0 „JL aoxiiary res.,!., which we states as a lemma .0 ,ne 


theorem. 


Lemma. 


If B is an operator labelled with a ti 


me which is 


JLjCliliiJ*** — 

earlies than that of Ai, A 2 .. An, then 

. a .) ww. a - *>* • 

where the line joining A, and B denotes the contraction of 4 
with a and/. < U f , " l ’ 2 ’ co ' rdj ’ n , „ t0 , b e definition of the 

norma, prodaoh the^lemma issirll^ . done „ h 

he sides of the equation. W a j rea dy in normal order with all 

.perators A,. A,. ,„A. ^ |rft of all deslrnction operators. 

reation operatois slant » . 

fo V e B • ^-h^^Sora. Here we can have ihe 

««-*» oper !' or - ir; 


1C /I J .. A \ R 

fj (A, A., . A») B-=(AlA . A »! 
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> 


— . An 

-^N(AxA.> . An B) .. (138) 

A\so , the contraction of a creation and a destruction operator, 

with the time label of the destruction operators earlier than that 
of the creation operator, can very easily be seen to vanish. We 
therefore, have 

N(A X A, . A r . A n B)~Q for T, 2, . , n. -.(139) 

[ -3 . f 

From (138) and (1*9), we can see that the lemma is true loi 
this case. 

(b) Some of the A’s are creation and some are destruction 
operators. Let A X A S .. At be the creation, and Ai +1 . A /+ai • A r . 
be the destruction operator. Then, as we have assumed that all 

the A's are in the normal order, we have 

N (AA . Ai A u .!. An) B=(AiA s . A, A l+1 . An) B 

-(AiA -2 . At Ai+i . AnB ) 

=N{AiAn... A n B) ...(140) 

Also, from ihe argument of the previous possioility, 

N(A,A 2 ..A,.,.A n B)=Q for r=l, 2, .... / ...(141) 

l_i 

and from the fact that the contraction of two destruction opeia- 
tors vanishes, 

N{A x A,...A t 

i 


An B) = 0 for r=/H-1, /+ 2. n ...(142) 


From (140), (14t) and (142), the lemma follows at once. 

(c) In case all the A’s are destruction operators, the lemma 

is trivial as a special case of possibility (b). 

(II) B is a creation operator. Here also, we can have the 

following possibilities : . . . 1Uf 

(a) All the A ’s are creation operator. The lemma is trivia > 

proved in this case from the fact that the contraction of two crea¬ 
tion operators vanishes 

(b) The proof of the lemma in the case where some or the 
A’s are creation and the others are the destruction operators is 
somewhat difficult. The worst is the case when all the A s are 
destruction operators. Thus it will be sufficient to prove the 
lemma in this worst case. We do it by induction, For n 


we have 


N(AJ B=A 1 £ 


T (AiB) {V t B 

[T (A y B) -N (A j ■>)] + # (A X B) 
,a,ha-n (A,b\ 


tj T for all /•} 


• • 


.( 143 ) 

























* 


624 


ADVANCED QUANTUM THEORY AND FIELDS 


Since A t B is a complex number, therefore we have 

N {A x B)^A l B. 

Using it, from (143), we get 

N (A l ) B=N (A l B)+N(A 1 B)i . • 

Thus the lemma is proved for n= 1. 

Now we assume that the lemma is true for /c-factors i.e. 

x (A^-.-A,:) B=N (AlA, ..A,B)+ 2 N(A 1 A i ...A r ,..A,B)... (144) 

r a l i * * 

* i I . ■ ■ . I . ■■ 

If we show that the lemma is also true for {k +1 )-factors, then 

from the principle of induction it will be true in general. For it 
we multiply (144) by another destruction operator A a from left 

side, the time of A 0 is assumed to be later than that of B. Then 


AqN (A,A 2 . Ak) B=Ao N (A X A Z ... A :i B) 


1: 

rA {) X N (A l A 2 ...A r ,..Ak B) 

• _i 


* • 


.(145) 


Now L.H.S. of (145) can be written as : 

ha A o^ (AjAo ... Ai : ) B—N (A 0 A]A 2 ...Ar : ) B, 

'-cause A 0 and all the T's arc destruction operators. 

Tiiot term on the R.H.S. can be written as : 

where R • r A ° N(A ^ A > B '> =§* A 0 BA 3 A z ...A i: , 
factors 0 "' 15 6 Sign faCt ° r ° f the P ermutat i° n of 


the fermion 



A {) is labelle 



time which is later than that of B 


we 


—T (A a B)A*B+N (A 0 B) 


AoB+S u BA 


0 


* * 


i A 2- A ^)=Sk(AoB+S 0 BA u )A 1 A 2 ...Ak. 

= hN(AoB A X A 2 ... A l: ) + Si:S 0 N(BA,.A y . .Ak) 

if JlZ "b to' ‘its iro^r Trt 

product k witl, A it win P ,c k up a 

piocess. Similarly, m me second term, the signature factor will' 
dc d L b k , Hence 


... Aj^B) 


iA».. ,AfcB) — b} : $] : N(AtoAiA*y. ^/ci5)+5 0 8 ;j S n ^ 


(_ 


j 


0 ‘n 



i 
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(_I 


Hence the R.H.S. of (145) 


N(A 0 AiA 2 . . .AkB)+NiAoAi...AnB) 


k 


A^(/lj[^2*' *^3*' * *Ak B) 

r*»l I_, 

A^Mo^i * ■ • A i:B) + N(/f o A l ...AkB) 

t_i 


K 


* 1 * 2 / ^[AqA-^Aq ** • Af<.. Af'B) 

r = I (_1 

k 

=N(A 0 Ai...A k B)+£ N(AvAi...A*..-AkB) 

r«D i _— 

Thus the eqn. (145) gives the equation : 

N(A(.A]..-Ai:) B=N(A 0 A 1 ...AkB) 

1: 

-[- 2 / N(A 0 A 1 ...A r ...A u B) 

r°o t_„j 


...(146) 


Eqn. (146) shows that the lemma is true for (/c+1) desruction 
operators, if it is true for ^-operators, and lienee it is true in 

general. 

Now we are in a position to give the proof of the Wick s 
theorem, which is again by induction. For a single factor, the 
theorem is trivial. For two factors it is also true because by 
definition 

TiAxA^NiA^+AxAt 

t 

~N{A l A 2 ) J ~N{A l A^) 


Now assuming that the theorem is true for 11 factors, we 
prove it for (n+1) factors. For it we multiply (i37) by A^x from 
right hand side, the time label of A+i is earlier than that of all 
the other A! s. Then 

jT£AiAo...An) An\-J.— h\A±A 2 * t »An) 

N{AiAo. ,.Ai Ai+i, ,.zln)] 


-[-[Z* L N(AiAn..*Ai Ai±i*"A r Af+i...Ati)] 

i r 1 —' 1 —* 


Since t, <t , we can write the LJI.S. of the above as 

ZErt+l An 
TfAiAz.t.Art An+i)' 


i 
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Using the above lemma, we have the first term on the R.H.S. 

as : /'; r 

»+i 

=== A (A^AnA^ ■ < * An-^l) “S'* S - • • A? • • 

J'-1 I_p 

A particular term of the second term of R.H.S. is 

A (AjAnAg ,. • A n) A n^~ ] An^f) 

1 - 1 I-j 

Tt i-1 

~r ^ Bl^A\A2A2 ./fr■ *• Anx. l) 

r"l 1 — 1 1_1 

Hence we get : 

••An+'i)" N(A -±*. *An+i) 

-~\-Z/ Iv[A\A%A% ...Aii) 

4~27 2 N(AiA2As...j 4 t . ... 

1 — 1 l- 1 

Thus the theorem is true for (/*~f 1) factors also and hence by 
induction it is true in general. This completes the proof of the 
Wick’s theorem. 


PROBLEMS 


Problem 1. Give a representation of an arbitrary state vector 
for a Boson field in terms of a complete set of basis vectors in the 

BOCK-SPACE , together with an explicit calculation of the normali¬ 
zation for the basis states. Show how this representation incorporates 

Bose Statistics in the corresponding wave-functions. 


1 'Discuss briefly the modifications needed for a Fernii-field. 

Sol. The space in which the number operator AT is diagon¬ 
alized is known as the Fock-spacc. The state-vectors of N h in 
this space are built from the vacuum states, I 0>, in which there is 
no particle, by the operation of the creation operator of. For 

example, a state in which there is only one particle with mo¬ 
mentum is given by 


al I 0> 


'K 


—CO 


a state in which there are 15 particles with momentum k* and 20 
particles, with momentum k 2 can similarly be written as 


a 


t 


20 


a 


k 


1 0> 


...(H) 


and a general state, with one particle of.mqmentum kj, one particle 
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of momentum k *,one particle of momentum k» can be written as 

* + + + . 

<7 Cl. ...a. 1 

k y k 2 kn ••*U 1 U 

All the states of the type (iii) form a complete set and hence 
we can represent any general state in terms of them. An arbi¬ 
trary state vector <^v)'for the Boson field can be written in terms 
of the complete set (iii) as 

I 0>+ V f(k :,) a] | 0 >+ y f(k„ k 2 ) a 1 al | 0 > 

At M /v 2 


kj 


+ -.+ 



k j, k-2 

_i 


(iv) 


■ /(A-j, k 2 ,...,k„) a a ...a, | 0 > + .. 

/t ^ K 2 fi 

^ t 2^***2 ^ f i 

Here/ ; s are c-number functions depending on the characteri¬ 
stics of the particles (momenta and spins) and on the positions of 
the particles. They describe the spatial dependence of the system 
and the distribution of particles over the various possible indivi¬ 
dual states. The summation is over all possible momenta and 
spins of all particles. 

The successive terms on the r.h.s. of (iv) are the no particle, 
one particle, two particles..., states. Let us now properly 
normalize these basis states. 

The no particle state is clearly normalized. For one particle 
state we have 

• <° i %% i °> = <° i { % i -% % } 10 > 

{v a I 0 >=0> 

k l 

=-•< 0 | [a* x . el]|0>-l 

1 

Thus it is also properly normalized. ■ . 

For the particles state, we have 

. 1 . ,1 T 

i \ a k l a k a L i °> = <° I a i < 2 a +a {-j % ) a l 

0 1 ‘V*, 1 0 > 


! 0> 


+< °i a /c 2 fl L % 


T 


H-< 0 j (\ 2 ki + a ki a ki ) ^ kl k 2 + X 


H-8. , 8. , {V 

k 2 k l /Cj/vg 


a k 2 10 >=% 10 >=0} 


— 1 *F 1 = 2 ! . 

Hence the normalization constant for two particle state is 


1 


V(2) l 
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Similar])’, it can be shown that the normalization constant for 
three particle state is and in general, the normalization 

I- " the 

' in -"»* » r 


constant for the // particle basis state will be 



«*)»/o: o >+ 




V 
— % 


vuy.^L, /(ki) % l°> 

b ' 

f 'i 

j ^ 

Mi, k 2 ) a] a \. 

* JCr K 


r 


V(2)1 



X 

! 


1 


*i» A- 


n 

Hi 


0 ) + .„ 


» j * | 



V(») r ^ /( /c l5 fc„ .... *„) a' a' ...ol I 0>+... 

f. /. r rv l ^2 A 7i 

/L 3? . . kn --.(v) 


7* > ft 

;i can a,so Lx; represented by a column vector a* 

J * / \ “ 

1 r j _ /o!o> 

AU!'2 /(/c3) i i0 * 

/i-j 

1 


m 
m 


r 


1 


. 


rf,n. p) ( 

i \ - y 


M) 


in o n\ 

i \+ 3 **— > ■ 1 . J 


--— v vyr- ?. \ ,.J i 

i v(2j!X a A 

1 kb' 

; Jv e> * 


0 ) 


1 

i 


» ■»- 


t k r » /to , , , , k * 

L : 


# » * 


, h~)a,n: ...a; |0> 


in order to show that this representation is for Bosons operf 
.oi^ we note that the operators a' a ? 

With each other and hm.ee ,n int*’’ ^ "\ kn C ~ tes 

any difference to the repres-nhtinn"^ of . these do « not make 
Ranged, On the Se[ E reraa f s «»- 

operators is equivalent to the intc'chanoc '^,‘>1"'' pair 01 these 
particles-. Thus we can say that the iates of 
are symmetric under the interchange of pan rl£* 

basic requirement of the Bose-Statistics. P th,s }S the 

the Bose field, ^The litStbn?'thrtftS'f' to tbat of 
perty of antisymmetrized basis’vectors is such thnt t? r °" 

one particle can be there in any state. 1101 more than 

The zero particle and one particle states are the same M 
-he case ol Boson field. The only difference here is that we have 
io use the anticommutators in place of the commutators. 
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Problem 2. Show that for o Dirac field 

<0 r [ fa (x) tip a-')]-/v y, (x) h (*')]=o 

(") i j (r,X? i Oh (x), h (x)]=£ S (y„) a , w (X tip). 

a l* an 


Sol. (j) We write 

V* (a) tjjf 3 ( x ) = 

Afc 



* I 


vr, , X1 , +. W W + >+^f+> 

A [ t k> (.X) vp (*')]=W+) (x) iyt-) (x')—ti/ -) (V) i 2 <+> (x) 

+ k < } (x) fa l+> (x')+<pj-> (x) V") (*'). ...(i) 

For x 0 > x'q , 

T N't ( x ) (x')]=X ( ^ (X) t/iW ) (.v')+ti« (+) (X) 6p<-> (x') 

(x) tjjp<-+) (x'j+i^t-) (x) (x 7 ). ...(ii) 

Icnce using cqn. (110), vve have 

(A) ^ (-01=[W +> (*), ^ ( - ) (x )]p=0. 

T L^« W ^ (•*■■)] = —V +) (*’) ti*<+> (A-)-V _> (*') tia <+ > 

„ ~~^ <+) O’) &<'> (x)-l'’ P <-) (x‘) tk/-> (x)-; 

Hence, we have ; 

r W“ W ^ 00 -X 0* (-v) tip (*')]= . IV<J 

■ t-i tIV + . ) O'), (a-)l -ri/-> (x') 6 <-> 

Inis the result (i) is true lor both the cases 
, (l ,') T° P[°ve this result, vve have 

2 j*A’ fl, f J , v O) $>• 0)]=-J (2'^'H 3 

ti- (J 4-0 f? t (77 Uw +, +?.<->) (*,«•>+V"> 

J \ y * 7 VV J V;r .t*'7 J 6777# (-) 6 ( M 

l,Vf? ; +, +^ t ' 6 i .-r 0lC ;)' , + l!) A L 

.1 % ^<-5 tip<v) + 7, (+) 7-)) 

i“/j (+ ,, (+) s 70 , . 4«'-> 

* lv « vp ’ ^ (T, +W-I 4h) 




- . r ti,(+) (x'), 



(*)]=o. 


I'f'o ^ (+) l+-H- [;V-), 6 4 (+)j. 

~ 2 0a< + )]. 


1 

>7 


T 


( 0 ) 


N o vv 


17^ (0). 



■», W">] + 


,..(iv) 




1 


d 3 k 


nd 


( 2 «) 






IS 


<±) 

f'v£ 


(/W—^ /^<±) 


1 


^ 3 /c , 

O- (±»2 

2co/, 


(2^)3 

Using (v) in (iv), we get " 

(7r-)a/! {i ['A, (x), (x)|—A r [4 (x) tj;p (x)j} 


ii()p, 


...(v) 


\ T ‘t 


+ H 


, ■: V J ’■ *’~ m 

1 l ■ i -7 7 ',- -V* 
h ' -: - ^ . 7 7 - V ^-,7 

: - * :7'.'■ 7 ■ r tf-fcTvr* 
- ;.>-iv..; t ^vrr ; 

-.■ ^ ■ t Vv**. 7 V-“ 7 i 

v ■ ‘‘v J ; 7 7 >cr; 

■*» - ■ s. _■# "t > L M 4 | - 

_ -™ ■ _ I 6 " _ - » =» _ ■ . J ■ 'jl n, IT ja Y .1 
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Lt 


m 


y~~> 0 (2^)^ 


d*k 

2w fc e±ih " J (y„)«fj. 


i * 


r 2 (yM l O'), vp (*)]- 

« 

" Mi 1 race (Yf) 


'f f ^ (4i v«) 

=o 


an d hence, we have 


£ £ (») s u i 0)> 4- a W] 

a /? 


=* £ OAe A' (#. <M 

a £ 


problem 3. S/kjh’ that for a free Dirac field (y), 

Tli>z (a) $2 (“ v 01 N [4'z (a) ?a (*')] 

i ^ ty* (*) $?. (a: 1 )] 1 0> 

andfi'td a four-dimensional integral representation for the right hand 

side, 

Soi. Similar to problem 3, here also we can easily show that 

T [6, Gy) 0, (a f )] - N [o a (a) ft (x')} 

“<0 | T (da. (A*) ft (*') 1 0> 


r /5‘v (.v-.v') 


lor ,Yq > To' 




■< 






for A'o < Yo' 


l.n order to find the integral representation, we have 


S ls C x-x') = {m-fy), f A ( - f 0: 




1 




<->’ tar 


(2 »)«J 


__ 

A: 2 4-mj 3 


i f ‘ 4 r 


(?„+hj) Sff (x-x’) 

—-(/?i L> —av) 


3 



I w 


d*k 

Id + tn 2 


i ft-y 


3 


(2") 


1 


r/ 4 /v 5 4 O’) 


Or 






Thu 


= --5 4 (y-jy') 

"0 i S ( ~J (x—x’) = -iS i (.x—x‘) 


’ ln case °f free Dirac field 


Plays 


the 


; s ( i 


(x-x'j 


r °le of the Feynman’s propagator 














SOME IMPORTANT TEXT BOOKS 


QUANTUM 


1. D. Bohm 

2. P.A.M. Dirac 

3. R. EL Dicke, 

J. M. Wittke 

4. R. P, Feynman, 
A. R. Hibbs 

5. V. A. Foclc 


6. E. Fermi 

7. L.V. Tarasov 


8 . 


R.P. Feynman, 
R.B. Leighton, 
M. Sand 


e 

o 


9. C.W. Sherwin 


10 . 


II. 


L. Paulina, 
E.B. Wilson, Jr 

E. Merzbacher 


12 . 


13. 


J. L. Powell, 

B. Crasemann 
L. I. Schiff 


Quantum Theory . Prentice Hall, New York, 
1951. 

The Principles of Quantum Mechanics (4th;:.ed.) : 
Oxford, The Clarendon Press, 1958. 

Introduction to Quantum Mechanics. Addison- 
Wesley, I960. 

Quantum Mechanics and Path Integrals. 

McGraw-Hill, New York, 1965. 

Fundamentals of Quantum Mechanics. Mir 
Publishers, 1978 (Translated by Eugene 
Yankovsky). 

Notes on Quantum Mechanics. The University 
of Chicago Press, Chicago 1971* 

Basic Concepts of Quantum Mechanics. Mir 
Publishers, Moscow, 1980 (Translated by Ram 
S. Wadhwa). 

The Feynman Lectures on Physics. VoL 3 7 
Quantum Mechanics. Addison-Wesley, Read¬ 
ing, Mass, 1965. 

Introduction to Quantum Mechanics. Henry 
Holt and Co,, New York, 1959. 

Introduction to Quantum Mechanics. McGraw- 
Hill Book Co., Inc. New York, 1935. 

Quantum Mechanics , 2nd ed., New York : 
Wiley, 1970. * 

Quantum Mechanics , Addison-Wesley, 1961 


Quantum Mechanics . 3rd ed., New York i 
McGraw Hill, 1968. 

14. A. Sommerfeld Wave Mechanics. Dutton, New York, 1929. 

Quantum Mechanics. D. Von Nostrand Co.. 
Inc., Princeton, N. J., 1968; ■' 

Elementary Theory of Angular Momentum , 
New York : Wilev, 1957. '" 

17. R. G, Newton Scattering Theory of Waves and Particles. New 

York, McGraw Hill, 1966. - •• 


15. G. L. Trigg 


16. M. E. Ro se. 


18. K. Gottfried 


19. A. Messiah 


Quantum Mechanics . New York, Benjamin, 
1966. * j 

Quantum Mechanics. Amsterdam, North 
Holland, 1962. 


i * i 















632 


20* I a-You Wu, 

T. Ohmura 

21. J.J. Sakurai 

22. M.D. Scadron 


23. 




K 


Os 
J - 


N.F. Mott. 
H.S.W. Massey 
L.D. Landau, 
E.M. Lifshitz 
H.A. Kramer 



26. S. Gasiorowicz 

27. J.D. Bjorken. 
S.D. Dr ell 

28. J.D. Bjorken, 
S.D. Drell 

29. L.D, Landau, 
L.M. Lifshitz 

30. -S.S. Schweber 


s~* 

vjr 


. Wentzel 


34. 


N.N. Bogoliubov, 
Y.D. Shirkov 

A A \ r h 

* -»* * *. ill J t : *. 

V.B. Serestetski 
R.P. Feynman 


35. S. Gasiorowicz 

36. W. Heitler 


37. C. Kit tel 


+J * jt, CL 

39. P. Roman 

40. J. Schwinger 

r 

41. S.S. Schweber, 
H.A. Bethe 

F. deHoffmann 

42. G. Kallen 

« 

43. A.S, Davydov 


ADVANCED 


HUM THEORY AND FIELDS 


Quantum Theory of scattering, Prentice-Hall, 
Inc., New York, 1962. ' 

Advanced Quantum Mechanics, Reading, Mass, 
Addison-Wesley, 1967. 

Advanced Quantum Theory Springer-Verlag, 
New York, 1979. 

The Theory of Atomic Collisions. 2nd ed., 
Oxford, Clarendon, 1949. 

Quantum Mechanics. Reading, Mass, Addi¬ 
son-Wesley, 1958. 

Quantum Mechanics (f reins. by D. ter Haar ), 
North Holland, Amsterdam, 1958. 

Quantum Physics. New York, Wiley. 1974, 
Relativistic Quantum Mechanics, New York, 
McGraw-Hill, 1964. 

Relativistic Quantum Fields, New York, 
M c G r a w-Hi Ik 19 65. 

The Classical Theory of Fields (4th ed.), 
Pcrgamon Press, Oxford. 1975. 

An Introduction to Relativistic Quantum Theory , 

Evanston III., Row, Peterson, 1961. 

Wave Mechanics of Collision and Radiation 

Process . Springer Verlag, Berlin, 1933. 

introduction to the theory of Quantized Fields . 

New York, Interscience. 1959. 

* 

Quantum Electrodynamics, New York. Inter- 
science, 1965. 

Quantum Electrodynamics. New York. Benia- 
min, 1961. 

Elementary Particle Physics. New York, 
Wiley, 1966. 

Quantum Theory of Radiation. 3rd ed., 

Oxford, Clarendon, 1954. 

|» ™ 

Quantum Iheoiy oj Solids . New Ybrk Wiley 
1963 . ‘ ’ ■ 

Fields and Particles. New York, Benjamin, 
i y oy. 

Theory oj Elementary Particles. Amsterdam, 

North Holland, I960. 

Quantum Electrodynamics. New York Dover 
1958.' ’ 

Meson and Fields, Vo!. I, Row, Peterson* 
Co., evanston, Illionois, 1955. 

QuantumElectiodyncimics, New York, Sorin^er- 
Verlag, 1972. & 

Quantum Mechanics. 2nd ed. (Trans, by 
D. Ter Harr), Pcrgamon Press Ltd. Heading- 
ton Hill Hall, Oxford, England (1976). 


1 


TA 


1 

l 


t 

f 

P 

I 


f 

I 


V 









